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PREFACE 


^HE present work is intended as a test-book in Algebra for all 

classes of students in our schools. It differs, however, in several 
respects from tho existing text-books on the subject at present in use. 

Algebra like every other branch of Mathematics should be studied 
more as a subject for mental discipline than for anything else. An 
intelligent grasp of principles, therefore, is to be chiefly aimed at and 
not the mere learning by rote of a certain number of rules with some 
readiness in thoir application. This is tho ideal I have ever kept in 
new in the preparation of this work. 

The elementary principles of the subject have been dwelt upon 
at considerable length in tho earlier chapters of the book. The full 
import of negative quantities has been explained, it is believed, with 
some degree of clearness, almost at the very outset, and rules for their 
addition and subtraction have subsequently been deduced therefrom by 
a very simple mode of reasoning. 

The proposition of each article after being clearly demonstrated 
has been copiously illustrated by a number of select examples, a 
much larger number of other examples, arranged progressively, has 
then been added as an exercise for tbo student. The last article of 
«aoh chapter consists of a number of miscellaneous examples fully 
worked out as interesting illustrations of special artifices ; these 
again are followed by similar others lor exercise. 

The chapters on Eormulse and Factors will, it is hoped, be 
particularly acceptable to the young learner. The subject of factori- 
sation has been treated exhaustively as far as the limits of this work 
would allow. The last chapter, on Elimination and Miscellaneous 
Artifices will, I hope, bo of considerable use to the more advanced 
student. < 

Entrance Examination Papers of the Calcutta University from 
1868 to 1890 will be found at tho very end. Tho more important 
and difflcult problems from these papers are fully worked out in the 
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body of the work in illustration of the principles upon which their, 
solutions depend, whilst others, comparatively simpler, have been 
suitably introduced among the exercises, just to give the student an 
opportunity of reassuring himself, when successful in working them 
out with unaided exertion, that his knowledge has, to some extent 
at least, come up to the University standard. With the examination 
papers are also given references to the pages where these problems 
are to be found in the body of the work. 

Instead of ending the "book with a collection of miscellaneous 
examples promiscuously arranged. I have added a number of mis- 
cellaneous examples in the form of separate examination papers, 
any one of which may he regarded as a good exercise for the student 
at a sitting of about t^yo hours and a half. 

The entire book contains nearly • 3000 examples in all. of which 
over 400 are fully worked out. Many of these examples have been 
specially devised for this work whilst for the rest I am indebted to 
several of the standard works of English Universities. 

I have attempted to make the work useful to the school student 
as a means of acquiring algebraical skill along with a sound knowledge 
of principles; and I have spared no pains for it. It is now for all 
experienced teachers of mathematics to judge as to how far I have 
been successful in •^m-y,- endeavour; < To gentlemen interested in the 
cause of education I shall be much obliged if they will kindly com- 
municate to me any corrections or suggestions that they may consider 
necessary for the improvement of the work. 


Dacca : March, 1890 


K. P. BASU 
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PREFACE TO THE SECOND EDITION 

A FEW words of explanation seem to be necessary in connection 
with the publication of this edition. The first edition having been 
published rather unseasonably last year, I did not -at all anticipate 
that a second edition would be in demand so soon. Accordingly , the 
work of re-publication was not taken at hand earlier than January 
last. But the book beginning to be received with increased favour 
in different educational circles with the commencement of the new 
academic session, the first edition, consisting of 2250 copies, was found 
to he exhausted before the end of the last month. Hence, in the > 
interests of the students of all those schools in which the book has 
been adopted as a text-book, my publisher had no other alternative 
than* to hasten the work by all possible means.' In consequence of 
this, I am sorry, I have not been able to give the book as thorough 
a revision as I intended, nor to effect such improvements as have 
been kindly suggested by some friends. 


Dacca : March, 1891 


K.’p.,BASp 


PREFACE TO THE FIFTH EDITION 

In this edition the bulk of the work has increased by about 60 
pages. The additions that have been made are as follows : (1) an 
increase in the number of examples of exercises in the earlier chapters 
of the book ; (2) the insertion of examples with Fractional Indices 
in the chapters on Multiplication and Division ; (3) the introduction 
of three sets of Miscellaneous Exercises in suitable places in the 
body of the work ; (4) an article on the Method of finding the Cute 
Boot of a Compound Algebraical Expression ; and (6) a chapter on 
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Quadratic Equations. For several of these improvements I am 
indebted to the kind and repeated suggestions of friends who are 
practical workers in the field of education. It is, therefore, hoped that 
the present, edition will be found considerably more useful than its 
predecessors. 


Dacca : Jammy, 1894 


K, P. BASU 


PEEPAOE TO THE SIXTH EDITION 

In this edition the book has been thoroughly revised and answers 
to the examples in all the exercises have been carefully verified. Some 
additions and alterations have been occasionally made, but they do 
not deserve any special mention. I am indebted to several friends 
for their kindness in pointing out errors and misprints. My special 
thanks are due to Baba Bepinbihari Ganguly, B.A., Teacher, Jubilee 
School, Dacca, and to Moulvie Abdullah Khan, Teacher, D. B. School, 
pipalpur (Montgomery). 


Dacca : April, 1895 


K. P. BASU 
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ALGEBRA MADE EASY 

INTRODUCTION 

1. How things are measured and represented by number. 
This will be best explained by taking up some particular instances 
familiar to the student. 

(i) If we want to know the length of a piece of cloth we are 
satisfied when we find how often this length contains a smaller length 
called a evhit (the distance between the elbow and the tip of the middle 
finger). 

(ii) If we want to know the distance between Dacca and Calcutta 
we are satisfied when we are told how often this distance contains a 
smaller distance called a mile. 

(iii) If we want to know the value of a sum of money we are satis- 
fied when we are told how often this sum contains a smaller sum called 
a mpee. 

(iv) If we want to know the weight of a quantity of rice we are 
satisfied when we find how often this weight contains a smaller weight 
called a seer. 

From the above instances it is clear that whenever we have to 
measure a thing we do so by finding how often it contains a smaller 
thing of the same kind. The ‘smaller thing’ chosen for this purpose 
is called the unit and the number which shows how often this unit is 
contained in the thing measured is called the numerical measure (or 
simplyi the measure) of the latter : thus in the first instance, the unit 
of length is a cubit ; in the second, the umt of distance is a mile ; in 
the third, the Mnit o/Traojiey is awpee; and in the fourth instance, the 
unit of weight is a seer. Again, if we know that the piece of cloth is 
10 cubits long, that the distance between Dacca and Calcutta is 
260 miles, that the sum of money is 500 rupees, and that the weight 
of the rice is 25 seers, than, 10 is the measure of the length of the cloth, 
260 is the measure of the distance between Dacca and Calcutta, 500 is 
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the measme of the sum of'inoney, and 25 is the measure ol the -weight 
of the rice. 

A thing is said to be represented by the number which shows 
how often that thing contains the unit of its kind : thus in the 
above instances, the length of the. piece of cloth is represented by 
10, the distance between the two places is represented by 260 ; and 
so on. 

Note 1. Such expressions as ‘a sum of money estimated in poii7uis=S0', 
‘a distance estimated in miles=35’, and the like, respectively mean ‘the numerical 
measure of a sum of mone]! when a & is the unit, is 30’, 'the numerical measure of 
a distance when the unit is a mile, is 25’, dc. 

Note 2. II must be clearly understood that one and ‘the same thing will be 
r^esented by different numbers when the units are different' •. thus taking a foot as 
the unit, a length of W feet is represented by lOJ but if the unit be 2 feet, the same 
length is represented by 3. 

Example 1. If the vnit of length be a foot, what will be the 
measure of 5 yards and 2 feet ? 

5 yards and 2 feet, being equivalent to 17 feet, evidently contains 
the unit of length a foot) 17 times. 

Hence, the required measure is 17. ^ 

Example 2. If a minute and a half be represented by 30, what is 
the unit of time ? 

A minute and a half is equivalent to 90 seconds. 

Now, since 30 is the measure of 90 seconds, it is clear that the 
unit of time is contained 30 times in 90 seconds. 

Hence, the unit of time is g^th part of 90 seconds, and is, therefore, 
equal to 3 seconds. 


EXERCISE 1 

1. What will be the measure of 2 maunds and 20 seers, when a 
seer is the unit of weight ? 

2. What will be the measure of the same weight, when 10 seers 
is the unit ? 
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3. If a disfiaiice of 360 miles be represented by 30, what is the 

unit of distance 1 • 

4. If the same distance be represented by 45, what is the vnit ? 

5. If a sam of 400 rupees be represented by 16, what will be the 
measure of Bs. 225 ? 

6. If a length of 7 feet 4 inches be represented by 22, what will be 

the measure of 4 feet ? * 

7. What must be the unit of time m order that 3 hours and ■ 
45 minutes may be represented by 5 ? 

8. If the unit of time be 15 seconds, what time will be represented 
by 60? 

9. If the unit of weight be 7^ lbs., what number will represent 
2 t cwt. ? 

10. If 8 square feet be the unit of area, what number will repre- 
sent an area of 16 square inches, and what will represent 18 sq. yards ? 

11. If an area of 125 sq. ft. be represented by 8t, how many 
square yards are there in 3 times the unit area ? 

12. What is the unit of mone'y if a sum of £10. 2s. 6d. be re- 
presented by 27 ? 

13. If 7s. 8d. be the unit of money, what will be the measure of 
£7. 13s. id. ? 

14. If Bs. 5. 11a. 2p. be the unit of money, what will be the 
measure of Bs. 51. 4a. 6p. 

15. If 23 seers 5 chattacks be the unit of weight, what will b^ the 
measure of 16 maunds 12f seers ? 

16. If Bs. 20. 10a. be represented by 5^, what will be the measure 
of Bs. 45, supposing the new unit to be 3 times the former ? 

17. If 273 be the measure of 9 cwt. 3 qrs., what number will re- 
present one ton, supposing the new unit to be one-eighth of the former ? 

18. If 84 be the measure of 39 yds. 2 ft., what number will 
represent 75 yards, supposing the new unit to be three-seventeenths 
of the former ? 
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19. If 26 days 10 hours and 26 minutes i)o represented by 120, 
•what number will represent* a leap-year, supposing the new unit to be 
47 minutes 13 seconds loss than the former ? 

20. In the preceding example what would ho the answer if the 
latter unit exceeded the former by 6 hours 54 minutes 47 seconds ? 

2. Different uses of the w’ord Quantity. 

• 

(i) Any thing that can bo ropresented by number is called a 
Quantity. Thus time, weight, money, distance, &c., which all admit of 
numerical representation, as shown in the preceding article, are 
quantities. 

(ii) Quantity is also often used in the sense of number, integral 
or fractional. 

(iii) An algebraical expression also is sometimes called a quantity. 
[We shall refer to this again in its proper placo.l 

N. B, Quanlitics lihc might, money, distance, aiea, tfc.. ore of as 

concrete quantities, as distinguished from numerical quantities lehich mean 
only Arithmetical numbers, integral or fractional. 

[Kotc. Any tohole number « called an integer or an integral number.] 

3. What is Algebra V Algebra, like Arithmetic, is a science 
of numbers with this distinction that the numbers in Algebra are 
generally denoted by letters instead of by figures. 

Hence, whenever concrete quantities come under the domain of 
Algebra, it is only their numerical measures (i.g., the abstract numbers 
which represent them) with which wo must concern ourselves. 

Note. The name ‘Algebra’ is d<.Ttvcd from (he title of a certain Arabian 
treatise ‘Al-jebrxu’al Maqabalah'. Thu booh teas Iratulaled iby early Bnropean 
scholars who first learnt of Algebra ftom the Arabs, But as in Arithmetic, so in 
Algebra, the Arabs got their first lessons from the ancient JJindus whose contributions 
to this scteacfi are of a fundamental charceler. £vcn some of the technical terms 
•which are commonly used in modern Algcbtaare of Hindu origin. 



OHAPTBE I 

SYMBOLS ; SIGNS SUBSTITUTIONS 

4. Symbols. The letters of the alphabet a, b, c, &c. are 

used to denote numbers and the signs +, x, +, = &o. are 

used either to denote operations to be performed upon the numbers to 
which they are attached or as abbreviations. These letters and siqns 
are called symbols. 

The letters as distinguished from the signs are called symbols of 
quantity. 

6. The Plus Sign. The sign + is read plus and when placed 
before a number indicates that the number is to be added to what 
precedes it. Thus, a+b (which is read a plus b) means that the number 
denoted by b is to be added to that denoted by a ; hence, if a denotes 5 
and b denotes 3, a+b denotes 8. Again, a+b+c means that the number 
denoted by b is to be added to that denoted by a, and to the result tbusy 
obtained, is to be added the number denoted by c ; hence, if a, 6, c ' 
denote 5, 3, 2 respectivels’. a+b+c denotes 10. 

6. The Minus Sign. The sign - is road minus and ' when 
placed before a number indicates that the number is to be subtracted 
from what precedes it. Thus, a-b (which is read a minus b) means 
that the number denoted by b is to be subtracted from that denoted by 
a ; hence, if a denotes 8 and b denotes 3, a-b denotes 5. Again, 

<x - 6 -c means that the number 'denoted by 6 is to be subtracted from 
that' denoted by a, and from the result thus obtained, the number 
denoted by c is to be subtracted ; hence, if a, b, c denote 8, 3, 1 respec- 
tively, a-b-c denotes 4. 

A/i B. When any number of quantities are connected with one another by the 
.'ttgns plus and minus the order of the opeialwns is from left to right. Thus, 
a—b+c means that the number denoted by b is to be subtracted from that denoted by a 
and to the result thus obtained, is to be added the number denoted by c. 

7. The Sign Plus or Minus. The sign ± is read plus or 
minus and when placed before a number indicates that the number is 
to be either added to or subtracted from what precedes it. Thus, if a 
denote 7 and b denote 2, a + b (which is read a plus or minus b) denotes 
either 9 or 5. 

8 . The Sign ^of Difference. The sign ~ when placed between 
two numbers indicates that the less of the two is to be subtracted 
from the greater. Thus, if a denote 5 and b denote 8,a-b denotes 3. 

9. The Sign of Multiplication. The sign x is read into and 
when placed between two numbers indicates that the number on the 
right of it is to be multiplied by that on the left. 
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Thus, axb (which is read a into b) means that the number denoted 
by b is to be multiplied by that denoted by a ; hence, if a denote 5 and 
6 denote 3. a x 6 denotes 6 times 3, or 15. 

The sign of multiplication is generally omitted with its position 
is between two numbers either ( 1 ) both of which are denoted by letters, 
or ( 2 ) the first of which is denoted by a figure and the second by a letter. 
Thus, ab is used for axb, and 4a for 4 x o. 

Note. The reason why 83 cannot be used for 8x3 is clear, because in Arith~ 
uielic 83 has already been underslood la mean 80+3. 

Sometimes the sign x is replaced by a dot, thus, a.5 and 5.4 
respectivelj^ mean the same as a x 5 and 5x4. The dot so used is always 
placed as shown in the above instances in order to distinguish it from 
the decimal point which is put a little higher up ; thus, 5.4 is read five 
into four whereas 5‘4 is vend five dectmal four. 

10. The Sign of Division. The sign t- is rend by and when 
/placed between two numl)ers indicates that the number on the left of it 

is to be divided by that on the right. Thus a-t-b fwhioh is rend a by b) 
means that the number denoted by a is to be divided by that denoted 
by b ; hence, if a denote 6 and b denote 3, a+5 denotes 2, Similarly, 
a+-5+-c means that the number denoted by a is to be divided by that 
denoted by b ; and the result, thus obtained, is to be divided by that 
number denoted by c. 

N. B. When any number of qiianlUies are connected together by the signs of 
, muUiplicaiitm and division, the order of the operations is always from left to right. 
Thus, o X 6+c means that the number denoted by b is to be multiplied by that denoted 
by a, and the result, thus obtained, is to be divided by the number denoted by c. 
Similarly, a-i-h X c means that the number denoted by u is to be divided by that denoted 
by b and the result^ thus obtained, is to be multiplied by the number denoted by e. 

Note, a divided by b is also often expressed as ^ ; ihxis, ^ means the toxne 
Of a+t. 

11. Expression ; Term. Any intelligible collection of letters, 

figures and signs of operation is called an Algebraical Expression. Such 
a collection is also sometimes called an Algebraical Quantity, or briefiy, 
a Quantity. [Sea Art. 2] 

Note. Signs like +, x.-tr, which mdicate the opeiaiims to be performed 
upon the numbers to which they arc attached, are railed signsaof operation. 

The parts of an Algebraical Expression that are connected by the 
sign + or - are called its terms. 

Thus, 5 a+a 6 -«-cxd- 8 cx/+flr is an algebraical expression of which 
the terms are 6 a, a 6 +c xd,Qc x/+ < 7 . 
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Expressions are either simple or compound. A simple expression 
IS one which has no parts connected by the sign + or which 

consists of only one term, as Sab, and is also called a Monomial. A 
compound expression consists of 'two or ihore terms ; if it consist of 
two terms, as 2a+Sbcd, it is called a Binomial ; if of three terms, 
as a+bo+Sefg, a Trinomial ; and if of more than three terms, a 
Multinomial, or a Polynomial. 

12. Functions ; Variables. Any expression involving a letter 

IS called & function of that letter. Thus, x^+5x+8 is a function of 
® ; a®+a 6 + 6 ® is a function of a and b ; + +c®+ 2 o 6 e is a function 

of a, b and c ; and so on. 

The letters of which a function consists are called its variables. 
Thus, a;® + 6 * 2 /+!/® is a function of which the variables are a; and y. 

13. Sign of Equality. The sign = is read ‘equals’ or ‘is equal 
to’ and when placed between two expressions indicates that they are 
equal to one another. Thus, 6 +c=o (which is read bpfiis c cgitals a) 
means that the number denoted by 6 +c is equal to that denoted by a. 

' EXAMPLES 

N, B. (1) A disitneiion mmi he observed between a-rbxc and a+ic. The 
latter means that the number denoted by a is to he divided by that denoted by be, 
whereas the former means that the number denoted by a is to be divided by that deno- 
ted by b, and the result, thus obtained, is to be multiplied by the number denoted by c. 
That IS to say, when the sign of multiplication is omitted between any number of 
quantities the result obtained by multiplying them togethei is to be regarded as simple 
quantity, 

N. B. (2) In finding the value of any expression the lalncs of the several 
terms which it contains must be first determined by the process meniioiwd in the Note 
of Art, 10 and afterwards the value of the whole capression is to he found by the 
process mentioned in the Note of Art, S. Thus, in finding the value of the expression 
axb-c-irdxe-hfxg we must first of all find the' values of the three terms, namely, 
axb, e-i-dxeandfxg : then subtract the value of the second term from that of the 
first, and to the result, thus obtained, add the value of the third. 

The above principles will be suflBciontly illustrated by the following 
examples : 

Example 1- If o= 2 . 6=3, c=5, find the value of 5ffl+86+7c. 

6a=6xo=5x2=10 ; 

. 86=8x6=8x3=24:; 

7c=7xc=7x6=35. 

Therefore, 5a+86+7c=10+ 24+ 35 = 34 + 35 =69. 
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Example 2* If a=8, 6=5, c=2, find the value of 6a“56+4c. 

6a= 6xa = 6x8 =48 ; 

56 = 6^6 = 5x8 = 25; ‘ 

4<J = 4xc = 4x2 = 8. ■ 

Therefore, 6a -55+ 4c =48 - 25 +8 

=23+8=31. 

Example 3. If to=3, «=7, t=9, «=4, find the value of 
7 to-^-2»x8^-s-3v. 

As the order of the oi^erationsis from left to right, we must proceed 
as follows : Divide 7«i by 2», ; multiply 8{ the result ; and then 
divide the result thus obtained liy 8u. 

•vr n 7m- 7 x3 3 

Now. (i)7m+2H=^=^^=2. 

(2) f x8t=f x8x9=3x4x9; 

(3) 3x4x9+3u=^m^=9. 

Hence, the required value =9. 

Example 4. If a=l, 6=2, c=3, (f=6, e = 5, /=0. find the value 
,of a 6 c— <Z-i 7 . 6 xo+de/+ 6 -!-axc— d-^- 6 c. 

The given expression consists of 5 terms, namely, abc, d-^-b^a, def,. 
6-*-oxc and dH-6c. 

Now, (l)a6c=ax6xc=lx2x-3=6 ; 

(2) d-«-6xa=6-^2xl=3xl=3 ; 

(3) de/=d X e x/=6 X 5 X 0=0 ; 

(4) 6-s-oxc=2-s-l x3=2x3=6 ; 

Hence, the required value=6-3+0+6-l=3+6-l=8. 

EXERCISE 2 

If a=8. 6=2, c=4, find the numerical values of the following 
expressions : 

1. 6+cxo. 2. a-6xc. 3. a-s-cx6. 

4. a-s-c6. 5. a-5-3x6. 6.’ a+36. 

7. a— c-t-6. 8. 6+a-i-c. 9. 3a— 4c+26. 
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10. a-c-i-b+a-^c. 11, a-*-c-*-2x6. 12. a+c-4-2&. 

13. 5a-*- 2c. 14. 5fl-*-2xc. 

15. 46c-a-*-4x6+c-*-26. 

16. 80-*-cxa5-f80-*-cflx5.* 

17. 3ca-^16Z»-l-5a-*-16xfc— a-»-2cxc-*-5x4. 

18. 48tt-*-c-^6x6-t-4c-3fl-*-2o-*-4x3-*-5x8-t-66-*-a-^2xc-*-3x5. 

If 7»=»2, Ji=3.iJ=4, g=0. r=7, s=10, find the numerical values of 
the following expressions : 


19. 8j?i— 3p-^-JJ^Ji-^<7x3}•■^5s-*-2x^> 

20. s X 6-*-Smi X 8;j-^16>i 

21. mnr+ 5gs - 3s -*■ ?«-*- 5»i + 4r-i-3p x Gm. 

22. 3x7'-*-5xs-^7xj)-8rs-*-7tt-^3x7i‘-*-7j)-h57n— 2) x7. 


23. 


24. 


25. 


4x”_~”*_3x^— -*- + 2x^””. 
p V m 

27+9 S7J+2 

2.” _ 477 - 87 7 , 2/7 + 3777 
5 + 77 <7 + 7 9+777 


14. Factor. If any number be equal to the product of two or 
more numbers, each of the latter is called a factor of the former. 

[Note The pradaet of Iv 0 01 more vtimbei s is the icsult obtained by mutti- 
plying them lotjethet.'] 

Thus, 3, 5 and 7 are the factore of 105, . ' 105 =3x6x7. 

Similarly, 3, a, b and x are the factors of 3abx, because 
3o5a:=3 xaxftxa:. 

16. Co-efNcient. The 77umber expressed in figures or symbols, 
which stands before an algebraical quantity as a multiplier, is called 
its co-eflieicnt. Thus, in Gabo, 5 is the co-efiScient of abc, 5a is the 
co-e£Scient of be and tab is the co-eificient of c. 

A co-eSicient which is purely a numerical quantity is called 
a numerical co-efficient ; thus, in Sahe. the co-eSicient of abc is 
numerical. , 

A co-eiScient which is. not wholly numerical is called a literal 
co-efficient : thus, in 5o6c, co-efficients of be and c are literal. 

[Note. When no aiithmelical number stands befoie a quantity the number 1 is 
undei stood ; thus, a is understood to mean la.] 
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16. Power ; Index ; Exponent If a quantity be multiplied 
be itself any number of times, the product is called a power of that 
quantity. Thus, axa, axaifa. a^anaxa, &c., are powers of a. 

a X a is called the second power or square of a and is ■written a® ; 

a X a X a is called the third power ai?euhe of a and is •written a® ; 

axaxaxaxax &c. to n factors is called the jtth power of a and is 
written a". 

The small figure or letter placed above a quantity and to the right 
of it to express its power is called the Index or Exponent of that power. 
Thus, 2, 3, 5, m are respectively the indices or exponents of a®, a®, a®, a". 


[Moto. a- iistialli/ read 'a sgaared', fl* is read ‘a cubed’, a* is read 
'a to the fourth’, or stinply. “a fourth’; and so on. Thus, a.” is read 'a to the 
nth’ or ‘a nth’. 

The qtiaiili/)/ a itself is called the first potrei of a and thus a is understood to 
mean a ' .] 

17. Dimensions' and Degree of a Product. Each of the 
letters which occur as factors of an algebraical product is called a 
dimension of the product, and the number of the letters is called the 
degree of the product. TJius, a°x‘y which is equivalent tooxaxajxax 
®xaxa:xp, is said to be of eight dimensions, or of the eighth degree •, 
similarly, o6®c*d® is said to be of twelve dimensions or of the twelfth 
degree, 

A numerical co-efficient is not counted. Thus, 5ai)®c® and ai»®c® 
are both said to be of six dimensions or of the sixth degree. 

When an algebraical expression contains terms of diffdrent dimen- 
sions, the degree of the term which is of the highest dimensions is also 
called the degree of the expression, 

18. Homogeneous Expression. An algebraical expression is 
said to be homogeneous when all its terms are of the same dimensions. 
Thus, the expression 6a®t-7o®ic+8b®c® is homogeneous, for each of 
its terms is of four dimensions. 

EXAMPLES 

Example !• If a =3, find the numerical value of a® - on. 

We have n®=axnxnxnxn , 

=3 x 3 x 3 x 3 x 3 = 243; • 

and 5o=5xa 

=6x3=15. 

Hence, the given expression =243 -15 = 228. 
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Example 2. If a= 4, find the numerical value of 2a® — oa~. 

We have 2a®=2xoxaxoxaxa 
=2x4x4x4x4x4 
=2048 ; 

and 5a°=5xaxa 

=5x4x4=80. 

Hence, the given expression =2048 - 80 =1968. 

Examples. Ifa=2, 6=3, c=4, d—5, find the numerical value 
a^b^d 
c® 

m, • _ oxaxaxaxffxixixfcxd 

The given expression = 

C X c 

_ 2x2x2x2x2x3x3x3x5 
4x4 

=2 x 3 x 3 x 3 x 5= 270. 


^ EXERCISE 3 


If a=8. 6=12, c=4, wi=7, n=6, ®=2, y=3, find the values of : 


1. 3»® 

4. 8ci/®-oa:j/®. 
7. o'+c*. 

9. 2a!“6-s-a®6*. 


2. 7a^+b. 3. 2ii;’-7»=. 

5. 5c®-s-3a®. 6. 76s®y®-i-mn*. 

8 . 9a^b~c*^-*-8n’‘x^V^ -b-y-frx. 

10. 3c"ic*-<-o"’j/®, 


11. Find the value of j/® - 65y* + 66y® - Zly +40, when y =8. 

12. Find the value of 8a:* + 6a:* + 11a:® + 13a: +29, when a: = ’75. 

13. Find the value of 15a* — 34a* +7o— 4a® + 35a®— 3, when 0 =$. 

14. Find the value of 23 + 20fft + 78 to® - 199ot® + 25to®, when m = 2’6. 
16 Find the value of 50i/^-51y* + 35i/-563y®-19. wheny=3'4. 

16. Find the value of 64?i*'°— 65re*+32n® — 12l7i®+64n®— 4n®+79, 

when w=r375. 


Find the values of a® + 6® +c® -3a6c ; 

17. When a = 29, 6 = 24, c = 27. 

18. When o=5'625, 6 = 3'625, c=4’625. 

19. When a =44? , 6 = 51?, c = 58f. 

20. When a=1667, 6=1674, c=1659. 
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19 . Roots. That quantity whose square (or second power) js 
equal to anj' given quantity a, is called the square root of a, and is 
denoted by the symbol “/ft, or more simply, by ^/ft ; thus, 3= ij9, 
because, 3“ =9. 

That quantity whose cube (or third power) is equal to any given 
quantity h, is called the cube root of a, and is denoted by the symbol 
%/a; thus, 2* ®/8, because, 2® =8. 

Generally, that quantity, whose Jith power, where n is any whole 
number, is equal to any given quantity a, i^called the 7ith root of a, and 
is denoted by the symbol "/ft. Thus, 2=^32, because 2® =32; 3=t/SI. 
because 3*=81 ; and so on. 

The sign J is often called the Badical sign. It is said to be a 
corruption of the letter r, the first letter of tlie word radix. 

Note. ,Ja, winch means the square root of a, is often read simplif as ‘root a'. 

20. Brackets. Each of the symbols ( ). [ ], is called 

a jmr of braoiets. When an algebraical oKpression is enclosed within 
brackets it is to be regarded as a single quantity by itself. Thus. (a+b)x 
means that the number denoted by x is to be multiplied by that denoted 
by a + i, wheteas ft+h® means that® is to bo multiplied by b and the 
product added to a. 

Hence, the espressiou d+(ft+6)® must beOregarded as a binomial, 
the two terms being d and (,a+b)x. Similarly, c-{d+(ft+6)®} also must 
be regarded as a binomial, the terms being c and {(?+(ff+&)®}, whereas, 
if the brackets be taken oil, c~d+a+bx is a multinomial consisting of 
four terms, namely, c, d, a and bx. 

Sometimes instead of enclosing an expression within a pair of 
brackets a line called a vinculum is drawn over it. 

Thus, a-b-c and a-{b-c) have the same meaning. 

N.B. From the above it is easy to understand the distinction between s/a+h 
or ,Jfa+b) and tja+b ; either of the first two expressions means the square root of 
the number denoted by a-Hi, whereas the last means that b ts to be added to the square 
loot of a. Similarly, ,Jab or $J{ab), means the square root of the number dmoted by 
ab, whereas ^Jah means the product of b and the square loot of a. 

Note. The three different hinds ofbiachcts (),{},[] are often called respec- 
tively parentheses, braces and crotchets, 

EXAMPLES 

Example 1- If ft=2, i=4, c=9, find the values of : 

s!ch+ sJb+5, -Job dr ^(6 + 5) and \f%dr Jia. 

(i) ^/ch+^/6+5=^/9x4+^/4+5 
=3x4+2+5 
=12+2+5=19. 
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00 Vc6 + n/(6+5)=^9x4+ ^/(4+5) 

•= is/B6+ ,^9 
=6+3=9. 

OiO = ysiTi + 2 

= ?/8+2x2 
=2+4=6. 

Example 2. If a=3, i=5, c=8, d=12, e=20, find the difference 
between the numerical values of ; 

a{c + 6® - a(e t d)} and a\c + b°— a{e — d)}. 

The 1st expression = 3 x {8 + 5® - 3 x (20 - 12){ 

=3x{8+25-3x8} 

=3x18+ 25 - 24} 

=3x9=27; 

and the 2nd expression = 3 i^8 + (5® - 3) x (20 - 12)} 

=3x}8+22x8} 

=3+}8+176} 

=3x184=6^2. 

Thus, the reqd. diff . = 652 - 27 = 625. 

Examples* If to= 10, n=8, p=2, g=12, r=15, find the difference 
between the numerical values of the expressions 
[{m -2g-n(pg-m)}-i-p]x{r-m-p) 

and [{rm — 2.q— n{pq — m)\ +p] x r - to - p. 

The first expression 

= [{15 X 10 - 2 X 12 - 8 X (2 X 12 - 10)} -- 2] X (15 - 10 - 2) 

=[{150 - 24 -8x14}+2]x 3 
= [{126 -112}+ 2] X 3 
= [14--2]x 3=7x3=21 , 

and the second expression 

= [{15 X 10 - 2 X (12 - 8)(2 X 12 - 10)}- 2] x 15 - (10 - 2) 

= [{150-2x4xl4}-2]xl5-8. 

= [{150 - 112}+ 2] X 15 -8 
= [38+2] X 15-8 
=19x15 - 8 = 285 - 8= 277. 

Thus, the reqd. differonce=277 — 21=266. 
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EXERCISE 4 

If c = 7, i=3, c=8, rf=9, tf=4,' /=0, ?tt=5, m= 2, 2)=1, fiad the 
values of : 

1. 2. 3* 4. 6V^. 5. 4V4e. 

6« 7* 2 v/4c". 8. ^iJ4lC“. 9. m+UiJd, 10. m-hiiijd. 

11. 3^/p+c. 12. 37 ^. 13. V3(c+ri. 14. 378(i+3c). 

15. 3^8(6+ 3c). 16. fjm+d. 17. f Ja^. 18. 3rf-(2c-7j). 

19. 3rf-2(e-ji).20. 3(d-2e)-».21. (3(f-2)c-Ji.22. (3d-2)c^ 

23. 3{d- (26-71)}. 24. 3 (iZ-2)(c-7i). 25. 7c-(6=-7t-). 

26. (7c-b)--n-. 27. 7c-(6=-7i)=. 28. 7(c-i)=+7i®. 

29. {7c-(5=-7i)}=. ' 30. Vc+3p+4c(p + 5)». 

31. 7c+3p+4cfp+5)®. 32. 7c+3p+4e(p+6)®, 

33. ?/o+(3p+4a)p+i®. 34. i/c-hSl(p+4)ep+b^^. 

If 85=2, ^=>3, r=4, a=6, d^S. c=6, 71=9, p=l, find the values of : 

35. tt(®+7/)®(a-c-j6)®, 36. i\n ~a{d-a +p} - 4}» - a(d! - a) +p}. 

37. 5{c+a:’^+p(n-(f-z)}.-5}(c+®®+y)w-d74. 

38. [a:+i/®{ap-2(c-a^)}] 

on a:*+3/®+2*-7p' c‘+z~+x~ 7i(?r-z®+c“)\ 

3(®=+p®)+7r+2=- V lc=-(s=+®'')~“7F+2®-ca y 

21. Like and Unlike Terms. Terms or simple' espressions are, 
said to be like when they do not differ at all or differ only in their’ 
numerical co-efBoients ; otherwise they are called unlike. Thus, 3a®®p® 
and Sax^y^ are like terms, whereas 3ax"y^ and oax^y*‘ are unlike ; 
similarly, dbc, 5axbd, 7a~b^ and c"d^x are all unlike. 

22. Special meaning of the word Sign : Like and Unlike 
Signs. The word sign is often used to denote ejiclusively the signs 
+ and — . Thus, when we speak of the sign of a term we mean the 

, plus or minus sign which stands before it. 

Two signs are called like when they are boilt + or both —. other- 
wise they are called unlike. Thus in the expression ax" -^bx-cv+d^-f. 
the signs of the 3rd and 5th terms are like as also those of the 1st, 2ad 
and 4th, whei'eas the signs of the 2nd and 8rd terms as well as those of 
the 4th and 5th are unlike. 
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23. The Sign > , <, and The sign > when placed 
between two quantities indicates that the quantity on the left of it is 
greater than on the right. Thus, a+6>c+d means thata + iis 
greater than c+d. 

The sign < when placed between two quantities indicates that the 
quantity on the left of it is less than that on the right. Thus, 
a+a: < b+y means that a+x is less than b+y. 

The sign '.‘is used as an abbreviation for the woii because or 
since. 

The sign .'. is used as an abbreviation for tbe word t/jsre/ore or 
hence. 


CHAPTER II 

POSITIVE AND NEGATIVE QUANTITIES 


24. Quantities of the same class, but of opposite character. 
When we speak of a quantity of money, it may be either a pozra or a 
loss a receipt or a payment. Now it is quite clear that whilst a gain 
adds to our stock, a loss lessons it ; moreover, gam and loss are so 
related that if we gain as much as we lose the effect on our stock is 
nothing. Hence, a quantity of money which forms a gain is said to 
be opposite in chaiacter to a quantity which forms a loss. 


When wo speak of a distance measured from a point, it may be m 
either of two opposite directions, either towards the north or.towards 
the south of the point, either towards the east or towards the west of 
the point, either towards the north-east or towards the south-west of 
the point ; and so on. It is also clear that distances measured towards 
the east are so related to those measured towards the west that if wo 
first walk any distance towards the east andthen wa.^ an equal distance 
towards the west there will be no change in our position with respect to 
the starting point. Hence, a distance measured in any direction is said 
to be oppoiitUn character to that measured in the opposite direction. 

Thus in the first illustration, in so far as a gain and a loss are both 
looked upon as portions of money, they are said to be quantities of the 
samrclass but as they affect our stock in directly opposite ways (a gam 
KaSS knd a loss diminishing it) they are said to be o/ oi^osite 
Sa^aer In the second iUustration, a distance measured towards the 
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south of the point as well as one measured towards the north may both 
be styled distance, and thus far they are said to be quantities o/f/ie same 
class ; but when we consider the directions in which they are measured 
they must be regarded as opposite in character, 

25. The Signs Pins and Minus under a new aspect. It has 
been shown in the introduction how concrete quantities are represented 
by numbers. It now remains to be seen how quantities of the same 
class but of opposite character are distinguished in their numerical 
representation. 

When we consider any pair of such quantities, we prefix the sign 
+ before the numerical measures of one, and the sign - before those of 
the'other. It is quite immaterial which of the two quantities, we select 
for representation by numbers preceded by the sign +, but when 
we have once made our choice, we must stick to it throughout anj 
connected series of operations. The following example will illustrate 
the principle : 

Income and debt are evidently quantities of opposite character. If 
then wo choose to represent incomes by numbers preceded by the sign 
+ , we must represent debts by numbers preceded by the sign - , and 
vice versa. 

Hence, if in any problem we choose the sign + for incomes and the 
sign - for debts, +30. +45, +90 will respectively represent incomes of 
£30, £45 and £90 whereas -30,-45, - 90 will represent debts of £^, 
£45 and respectively, a £ being the unit. But if the contrary choice 
be made +10, +25, +36 will respectively represent debts of £10, £25 
and £36 and - 10, — 25, - 36 will represent incomes of £10, £25' and £36 
respectively. 

Hence, generally, if a represent a portion of any quantity, -a will 
represent an equal portion of the quantity opposite in character to it. 

Graphical Illustration : 

ADO C B 

' Suppose AB is a I'oad. If a person starting from any point 0 on it 
travels towards B to any point G and then travels bach to 0, it is evident 
that his position on the road is just the same at the end of his journey 
as at the commencement. Thus, it is clear that distances measured 
along the road from left to right \ are opposite in character to those 
measured from right to left- Accordingly, if distances measured from 
left to right be represented by numbers preceded by the sign + , those 
measured from right to left must be represented by numbers preceded 
by the sign - , and vice versa. ^ 

On the otherhand, if we choose the sign + for distances measured 
from riplit to ?e/t, distance of -3 miles from any point 0 will mean a 
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distance of 3 miles measured from 0 towards the right ; again, if a milp 
be the unit of distance, and if C and D be two points on opposite sides 
of 0 at distances of 5 miles and 4 miles respectively then the distances 
OD, OG, 023 and jDO will be respectively represented by +4, —5 +9 
and -9. j . . 

Proin the above distances it is quite clear that the signs + and - , 
besides being used as signs of the operations of addition and subtraotioni 
are also used as_ signs of distinction between quantities of opposite 
character. The signs when used in this sense are often called sigm of 
affection. 

3V1 B. tVlien no sign is prefixed to a number, the sijn + is understood ; thus, 
a and +a have the same meaning. 

26* Positive^ and Negative Quantities. Numbers or symbols 
preceded by the sign + or no sign are called positive quantities. 
Whilst those preceded by the sign — are called negative quantities. 
Thus, each of the expressions 4, +6, a, +b, +c is a positive quantity, 
whilst each of -4, -6, ~a, ~b, -eie a negative quantity. 

Hence, the signs -t* and - are often respectively called the positive 
and negative signs. 

Note 1. In ‘positive and negative quantities' the loord Quantity is used in the 
sense of number. There is no difficulty however in vnderstandiAg a negative 
number, when the esgalanation given in Art. 25 is remembered. 

Koto 2. The absolute value of a positive or a negative quantity is its value 
considered apart from its sign, Thiu, if a standsfor 5 and bfor 3, +{ab) and —{ab) 
have thi%ame absolute value, namely, 15. 

N.B. It is important to bear in mind the meanings of such expresdansas 
'a gain of -JB20’, ‘o rise of -8 inches', ‘a distance of -6 miles to the north,' do. 
The expressions respectively mean 'a loss of £20', 'a fall of B inches', ‘a distance of 
6 miles to the south', dc. 


EXERCISE 5 

1. If £4 be the unit, what is meant by "^I’s gain** -25” ? 

2. If a trader’s loss of £30 be represented by 30, what will 
represent a gain of £70 ? 

3. If an income of £60 be represented by 15, what will represent 
a debt of £100 ? 

4. If a debt of £100 be represented by 25, what will represent an 
income of £400 ? 

5. If a distance of 76 miles to the north of a point he represented 
by 15, what will represent a distance of 150 miles to the south of it ? 

1—2 
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6. If a river level rises 12 inches on any day, falls 9 inches the 
nest day, and again rises 5 inches on the third, how would you represent 
the rises on successive days, taking 3 inches as the unit of length ? 

7. A man gains Bs. 30 in one year, loses Bs. 20 in the second 
year, loses Bs. 40 in the third year, and gains Bs. 60 in the fourth year ; 
how would you represent his gains in successive 3 '^ears, taking Bs. 2 
as the unit ? 

8. In the preceding question, how would the man’s losses he 
represented ? 


OHAPTBB III 
FOUR SIMPLE RULES 
I. Addition 

27 . Definition. When two or more quantities are united 
together, the result is called their snm and the process of finding the 
result is called addition. 

§ 

Note. As negative nuvibers are not recognised in Arithmetic, there is clearly a 
difference between the Arithmetical and the Algebraical significance of the tcord 
addition. Eence, when we ^eah of an Algebraic sum, we mean that guantiiics 
added together arc not iieccssarily all positive, 

28. The result when one positive quantity is added to 
another. Suppose B'B is a road and that distance measui'ed from 
left to right are reckoned positive whilst those measured in the opposite 
direction, negative. 

b' a' O a B 

Suppose 0, A and B are three points on the road such that OA is 
2 miles and AB is 3 miles ; then if a mile be the unit of distance and if 
A and S be situated as shown in the figure, OA and AB will be respec- 
tively represented by -1-2 and +3. 

If then a man starting from 0 travels to A in the first hour and 
from A to B in the second hour, his distance from 0 at the end of two 
hours is evidently OB and will therefore be represented by +5. 
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Hence, since (the distance travelled in the 1st hom'}+(the distance 
travelled in the Snd hour) = (the distance travelled in two hours), we 
have (+2}+(+3)=5. 

Hence, generally speaking. (+a)+(+6)= +(a+&), or more simply, 
(o)+(fc)=(a+6). 

Thus, when ttoo “positive quantiti&s are added together, the sum is a 
positive quantit'u whose absolute value is equal to the arithmetical sum 
of the absolute values of those quantities. 

29. The result when one negative quantity is added^ to 
another. Suppose in the above figure 04^=2 miles and miles, 

and that A' is on the left of 0 and on the left of A' as shown in the 
figure. Then the distances OA' and A'B' are respectively represented 
by - 2 and ~ 3. 

If a man starting from 0 travels to A' in the first hour and from 
A' to B' in the second hour, his distance from 0 at the end of the second 
hour, will evidently be OB' arid will therefore be represented by -5. 

Hence, since (the distance travelled in the Ist hoi:u)+(tbe distance 
travelled in the 2nd hou.r)=(th6 distance travelled in two hours), we 
have (-2)+(-3)= -5. 

Hence, generally speaking, (-a)+i-b)= -{a+b). 

Thus, when twb negative quantities are added together, the sum is a 
negative quantity whose absolute value is equal to the arithmetical sum of 
the absolute ^values of those quantiles. 

Example 1. Find the sum of -a, -6c, -o®6, when a=2, 6-=3, 

c=5. 


We have 0=2, 6c=3x5=15, 0®6=2®x3=12. 

Hence, (-a)+(-6c)+(-fl=6)=(-2)+(-16)+(-12) 

= -(2+15+.12)=-29. 

Example 2. Find the value of (-3c)+(-o®d)+(6+/+g) when 
0=3, 6= -2, c=4, d=5,/= -6, g= -8, 

We have 6+/+j7=(-2)+(-6)+(-8) 

= -(2+6+8)= -16; 
also, 3c =12, 

and 0*5=3® x5=27 x 5=135. 

Hence, the given expression=(-12)+(-135)+(-16) 

= -(12+135+16)= -163.' 
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EXERCISE 6 

1. Mud the Bum of -2, —9 and -11. 

2. Eind the sum of -5x, —y and ~z, when a:=2, 2/=3, z—h. 

3. Eind the sum of - 7, a and y, and find the result of adding it 
to -10, when a= -6 and j/= -19. 

4. Eind the value of 2a-3(h+c), when o= -5, 6=2. c=l. 

5. Eindthevalueof (-a®c*)+(-a*6®)+{-(c’'-a“)K when a=2, 
6=3, c=4. 

6. Eindtheaumof -3a®6*, d, e, -20c® and (d+e), when a=l, 
6=2, c=3, d<= -4, fi= -5. 

7. Eind the sum of -a*{b—c), -6*(c-a)and -c*(6-a), when 
0=2, 6=6, c=4. 

8. Eind the value of {-(o®-6®)}+{-(o®-6®)}+{-(a*-6*)}, when 
0=3, 6=5. 

9. Eind the sum of -»%®-z®), and -z®({/°-a®), 

when ®=3, j/=6, z=5. 

10. Eindthosumof -{o*-*-6*-c*}, -|a*-5-{6*-c*)}, -{a*-5*xc*} 
and - {(o* - 6*) x c*}, when o = 60, 6 = 4, c = 2. 

30. The result when a negative quantity is added to a 
positive quantity. In the figure of Art. 28 suppose a man starting 
from 0 travels to B in the first hour and from R to A in the second 
hour ; then the distances travelled in the first and second hours 
wRl be respectively represented by +5 and -3, and therefore the 
distance from 0 at the end of the second hour will be represented by 
(+5)+(-3). Sut the distance of the man from 0 at the end of the 
second hour (t.e., OA) is also evidently represented by +2. Hence, we 
have C+5)+(-3)= +2, that is, = +(5-3). 

Again, if the man starting from 0 travels to B in the 1st hour and 
from B to A' in the second hour, then the distances travelled by him 
in the 1st and 2nd hours will be respectively represented by +5 and 
—7, and therefore his distance from 0 at the end of the second hour 
will be represented by (+5)+(— 7). But his distance from 0 at the end 
of the second hour (i.e., OA") is also represented by -2. Hence, we 
have (+5)+(-7)= that is, =-(7-5). 


Thus, generally speaking, we have ( + a) + ( - 6) = + (a - 6) or, - (6 - o) 
according as 6 is less or greater than a. In other words, if a positive 
and a negative quantity be added together, the sign of the restiU 
is positive or negative according as the absolute value of the negative 
quantity is less or greater than that of the positive quantity and the 
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absolute value of the result is always equal to the difference between the 
absolute values of the quantities. 

Cor.'l. Since, a+(-6)= -(6-a) when 5 is greater than a, put- 
ting a=0, ■we have +(-b)= -b \ that is, to add a negative quantity is 
the same as to subtract its absolute value, and conversely, to subtract a 
positive gziantityds the same as to add a negative quantity having the 
same absolute value. ^ 

Note. Sence, there is no difficulty va, finding the value of a—b when b is greater 
thana; for a—b can always he taken to be equivalent to a+l—b),and thelatter 
IS equal to —{b—a) when b is greater than a. Thus, 3— 8=3+(— 8)= —(8—8)= —5. 

Cor.y. From Oor. 1, it is evident that the sum of _ any number 
of quantities can be expressed by writing down the quantities one after 
the other with their respective signs. Thus, a-b+c-d means the 
same as a+(— 6)+c+(-d). - ' 

Example 1- Find the value of a— 3&+2c-7d, when a =2, 6=4, 
0=3, 5=1. 

a — 36 + 2c— 75= a +( — 36) + 2c +(—75) 

=2+(-12)+6+(-7)= -10+6+(-7) 

= -4+(-7)=-11. 

Examples. Find the value of o®6— 6®c+c®5— 5®a— 6c®, when 
a=l, 6=2, c=3, 5=4. 

The given expression 

=(1®x2)-(2®x3)+(3®x4)-(4®x1)-{2x3®) 
=2-12+36-16-18= -10+36-16-18 
=26-16-18 
=10-18= -8. 


EXERCISE 7 

1. Find the sum of 117 and - 114. 

2. Find the sum of 218 and -223. 

3. Find the value of a: - y + s, when a; = 8, y = 25, ^ = 13. 

4. Find the sum of 3a:, -6y. 2z,u and 14u, where a: =2, y= 5, 
2 r=l, u=3, v=—2. 

5. Find the value of 3m — 5n+6q+r, when 7»=4, n=6, q=2, 
r= -8. 

6. Find the sum of — a®c, 65®, — c6® and —a^d^, when a=2, 
6=5, c=3, 5=6. 
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7. Eind the value of 2x°ij-Sy^x-5x°y~ +x^y*’, when x=y—2. 

8. Find the value of o®— 3a®6+3a6“-6®, when a =3 and 6=5. 

9. Find the value of 
when to= 4 and «-=6. 

10. Find the value of a®-6a®6+15a'‘6“-20a®6®+15o®6*-6o6® 
+ 6®, when a=3 and 6=2. 

31. When any number of quantities are added together, 
the result will be the same in whatever order the quantities may 
be taken. 

Suppose a man starting from a place travels 6 miles to the north 
and then travels back along the same path Smiles to the south! Then his 
position at the end of the journey is 2 miles to the south of that place. 

Again, if the man' first travels 8 miles to the south and then travels 
6 miles to the north, then also at the end of the journey he is still 
2 miles to the south of the place. 

Thus, we have 6+(-8)=(-8)+6, each being equal to -2, or, more 
briefly, we have 6-8= -8+6, and a similar result in other case. 

Hence, generally, o-6=-6+o. 

Again, since 2-10+6= -8+6= -2, 
and also -10+6+2= -4+2= -2, 

wo have 2-10+6= -10+6+2, and a similar result in 
every other .case. 

Hence, generally, a-6+c= -6+c+a. 

Similarly, it may he shown that 

a-6+c-d+e-/=o+c+c-6-d-/ 

= -6+e-d-/+c+a 
=&o. &cT &c. 

32. When any number of quantities are added together, they 
can be divided into groups and the result expressed as tlie sum of 
these groups. 

We have 

3-7-8+6-4+2= -4-8+6-4+2= -12+6-4+2 

= -6-4+2=-10+2=-8; 

{3-7)+{-8+6)+(-4+2)= -4+(-2)+(-2)= -8 ; 

3+(-7-8+6)+(-4+2)=3+(-9)+(-2)= -8 ; 

3+(-7-8)+{6-4)+2=3+(-15)+2+2=-8. 
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Thus, -we have 

3-7-8+6-4+2=(3-7)+(-8+6)+(-4+2) 

=3+(— 7— 8+6)+(“4+2) 
=3+(-7-8)+(6-4)+2, 
and similar results in all o^her cases. 

Hence, generally,** the expression a+h—c~d+e~f-i-g can be put 
in any one of the following forms - 

(1) c— d)+c+(— /+p) 

(2) £t+(6-c)-d+(c— /+g) 

(3) (ffl+i-c)+(-rf+c-/)+p 

(4) a+(6-c-d)+e+(-/+g) 

(6) (ffl+i-c-d)+{c-/+(/) 

&o. &c. &o. 

Cor, /. Conversely, wo have (o+6)+(-c-d)+e+(“/+g) 
’=a+b-c~d+6-f+g. Hence, the following rule : 

To add together two or more algehrateal expressions write down the 
terms in succession with their proper signs. 

Cor. 2. Since ffl-&+c-<f+e-/=a+c+c-i!»-<?-/ [Art. 31] 

=(a+o+6)+(-b-dI “/), we have the following rule : 

When any number of quanhUes are to he added some of which are 
positive and other negative, collect the positive terms in one group and 
the negative terms in another, and express the result as the sum of these 
two groups. 

Thus, 3-7+8-9+6-6=(3+8+5)+(-7-9-6)=16+(-22)= -6. 

Example 1. Simplify 5ffl - 36 + 2c — 4a + 26 — 7c. 

The given expression = 6a — 4a — 36 + 26 + 2c - 7c [Art. 31] 

=(5a-4o)+(-36+26)+(2c-7c) [Art. 32] 

=a+(-6)+(-5c)=a-6-5c. 

Example 2. Simplify 3a*6+56®c-6c®a-10o®6-76®c+8c®a+4a®6 
-6®c+c®a. 

The given expression 

= 3o®6 — 10a®6 + 4a®6 + 56®c — 76®c — 6®c — 6c®a + 8c®a + c®a 
= (3a® 6 - 10a® 6 + 4a® 6) + (56=c - 76®c - 6®c) + ( - 6c®o + 8c=o + c®a) 
= ( - 7o®6 + 4a® 6) + ( - 26®c - 6®c) + {2c®a + c®o) 

= ( - 3a®6) +(- 36®c] + (3c®a)*= - 3o®6 - 36®c +3c®a. 
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Note. In the process above, it must be noticed that tohen like teniis are added 
together, the result is obtained by annexing the common letters to the sum of the 
numerical co-efficients. For instance, we find that 56’c— 7&’c— 6*c= — 35®c. and 
evidenlIy-3 is the sum of the eo-cffidenls 5, -7, and -1. 

EsanipleS. Add together So— 26+c and —5<^+6e—/, and find the 
numerical value of the sum, when a=2, i=l, c=3;d=>4, e=7,/=5. 

We have (3a-2b+c)+{-5d+6e~f) 

= 3ff-26+c-5d+6c-/=6-2+3-20+42-5 
=(6 + 3 + 42)+(-2 - 20-S)=51+(-27)=24. 

33. The ordinary rule for adding together compound expres- 
sions. Put the expressions under one another so that the different 
sets of like terms may stand in vertical columns and draw a line below 
the last expression ; then add up each vertical column and put the 
result below it. The following examples will illustrate the method : 

ffxample 1. Add together 3d-56+7c-9d. -Bc+Sa-Sd+lb, 
id+2c-a and 26-3o+6ii. 

The first expression = 3a-5b+7o-9d 
The 2nd expression = 5o+76-8o-3d [Art. 31] 

The3td expression =- o +2c+4d 
The 4th expression = 2& -• 3c + 6d 

The sum= 7a+ib-2o-2d 

Example 2. Pind the numerical value of the sum of 20a"h° 
-255®c*+d’, -22a®6*+19h®o*-3d^ and 2a=6®+7h®c*+2d\ when 
a=498, 6=3, c=2. d=19. ' 

The first expression = 20ft®6® - 256®c* + 

The 2nd expression = — 22a®6® +196®c* — 3d'' 

The 3rd exprassion= 2o‘“6®+ 76®o*+2d’ 

The sum = 6®c* 

^ = 3® X 2* =27x16= 432. 

EXERCISE 8 

Simplify the following : 

1. 2x+3y-z-3x~2y+z, 2. 9m®-7n®+5p®+8»®-4p®-8»»® 

3. 8a®-5a®6-7d“+5c=-2a®+6a®6-4c=. 

4. 3ffl6c - 6o® + 6vinp~ - abo + 7c® - 9mnp^ - 2c®. 

6. - 7a®6 - 56=c® +10a®6 - 36®c® + 3d/- a®6 - 6®c® - 5d/. 

6. 8aj*y - Sxyz - nx*y + 20®®p® - 2xyz - 35®®y® + Bx^y - ixyz + 5s®p® 
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7. 2a%c - + 5c®a6 + 36®ca - 5o®6c - c®afe. 

8. 202;°m9^ — 239n^nx + 14^n^xm — B7x^mn — Hn^xm + Sisn^Tix 

- 8x‘mn + 13ra®a:m - 15 to®7i® + 20»®ajm. 

If a=9, 6 = 10 , c= 12 , <i= 6 , &= 2 , m=3, m=4, «= 6 , y=7. z= 8 , find 
the numerical value of the sum of : 

9. -ft+3m+5nand 5(f-4a:-6y. 

10. 5TO-2y-75-8c and 3<2+®-10o. 

11. 3fc®.-5TO=+7ra®, -2®+56-candl0d-7a. 

12. — 2fe+3jn— 4n, — d— 5®+6p and 82 — 5a~36+5c. 

13. —lcm+az,bc—4md+y, —n° — d^+abs,ndGJcn—5y—7x+hmn. 

14. k^m-dnx, by’^-chm-x^d, -6z+3o“-2m*£Z and 5n"-7bdz 
+Ult^-ZbH. 

15. 3m*6-5a®®-46®2, -lSk‘b+iz’‘d-7d^n, -5c“n+86®i/+9d® 
and 5az° - 76®c - 4®®6 + 8a(2». 

Add together : 

16. a-26+5c and -7a+36-8c. 

17. -3«+5i/-9z, 5®-3y+7z and -2y+z. 

18. s® + 3»®-5«+4, 2a;®-6®®+7®-8, -®®+7®®-2®+9and5®®+2. 

19. 3a-26+7c-8d, 2c+6d-5a, 36+<Z-10c, c-46+a and -7d+56. 

20. ®®+2®j/+3y®-®+y+2, -5®®+y® + 2®-5, -dxv-7y- + By+l 
and Gx^+xy-x-iy+2. 

If 0 = 5 , 6=4. ® = 8 , y=7, find the numerical value of : 

21. (3®® +5p® - 20a= + 496®} +(17o® - 276® - 23®*) + ( - y ® + 36® - 3o®) 
+(-236®-4y®+7a=+20®®). 

22. (10a®-26®®y*+30®®6® + 17a®y») + (35®®y* + 16a®y^ - 304a® 
- 28®®6®)+(-8o®y’ - 9®®y* - 7®®6*)+(5®®6® - 25o®y’ +289o®). 

23. (2a®-76®+9®®-13y®+15o6- 21®y) + (5r+86® + 17®y - 60 ® 
-8o6-20®®)+a3®®-20a6+5o® - 16®y - lOy® - 26®) + {13o6 - 2®= + 36= 
+23®y-o®+18y°). 

24. (29a6® - 396®y + 49®ya - 59ya6) + (296®y + 49yo6 - 19o6® - 39xya) 
+ (2a6® - 12®yo + 6bxy + 24j/a6) + (Sxya+ibxy - 13o6® - 14ya6). 

25. (18o=6®-436®®®+62®®y®-23o6®y)+(39o6®y + 286=®= -25a=6= 
-42®®2/®)+(196=®®+37o®6® -25a6®y+35®®y®)+ (9a6®y-29o®6® -55®®y® 
—46®®=). 
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II. Subtraction 

34. Definition. Any quantity h is said to be subtracted from’ 
any other quantity a when a third quantity c is found such that the 
sum of b and c is equal to a. In other words, c=a-b, when c is 
such that b+c=a. 

The quantity /ro»i which another quantity is subtracted is called 
the minuend and ths quantity subtracted is called the subtrahend. The 
result is called the djjerence or the re^nainder. Thus, if a—b=c, a is 
the minuend, b the subtrahend and c the remainder. 

35. To subtract a positive quantity is the same as to add a 
negative quantity having the same absolute valuei and to subtract 
a negative quantity is the same as to add a positive quantity 
having the same absolute value. 

Since, 3+4=7, we have 7-3= 4=7+(-3), 
again, since 6+(-2)=4, we have 4-6= -2=4+(-6). 

Hence, generally, a-b=a+{-b) ; i.e., to subtract a positive 
quantity is the same as to add a negative quantity having the same 
absolute value. [See Art. 30, Cor. 1] 

Since, (-3)+5=2, we have 2-(-3)=5 [by definition] =2+3, 
similarly, since ( - 6) + ( - 4) = “ 10, 

we have (-10)-(-6)= -4=(-10)+6. 

Thus, generally, since (-6)+(o+6)=a, we have a-(-6)=o+6; 
i,e., to subtract a negative quantity is the same as to add a positive quan- 
tity having the same absolute vahie. 

Note. One quantity a said to he greater than another quantity b when a—b is 
a positive quantity. Thus, —4 is greater than —5 for (—4)-{—6)= —4+5=1. 
Similarly, —6 > —7, -10 > —20 ; aitd so on. Hence, in the series 5, 4, S, 2, 1, 0, 
-1, —2, -3, -4, -5, -o' -7, -8, Ac., each number is less than (he one before it. 

36. Illustration. Suppose AD is a railway line running from 

^ A o B C D 

west to east, and A, 0, B, G, D are stations on it such that, AO=OB= 
20 miles, BC= 30 miles and GD =10 miles. Suppose a man travels from 
0 to C in two days. 

Then evidently, (the distance travelled on the first day)+(the 
distance travelled on the second day) =60 miles ; and hence, by defini- 
tion, 50 miles -(the distance travelled on the first day) = the distance 
travelled on the second day. 

^ Now, (i) if on the ^first day the man travels from 0 to B, i.e., 
travels 20 miles towards the east of 0, then on the second day he has to 
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travel from B to C, a distance of 30 miles more towards the east ; thus, 
we have (60 miles)— (20 mileB)=30 miles. 

(ii) If on the first day the man travels from 0 to A, i.e., travels a 
distance of 20 miles towards the west, then on the second day he must 
travel from to C, a distance of 70 miles towards the east ; thus, we 
have (50 miles) -(—20 miles) =70 miles. 

(iii) Again, if on the first day the man travels from 0 to D, t-o., a 
distance of 60 miles towards the east, then on the second day he must , 
travel from D to G, i.e., a distance of 10 miles towaids the west ; thus, 
we have (50 miles) — (60 miles) = — 10 miles. 

Hence, taking a mile as the unit of distance, we get the following 
results : 

60- 20= 30 

50 -(-20)= 70' 

50 - 60= -10 

Example 1. Find the value of a-b+c, when a=5, h= -2, c= -3. 
a-b+c=5-(-2)+(-3) 

=6+2-3=4. 

Example 2. Find the value .of — a — ( — b) + c, when tt= — 2, b= - 3, 
c=-4. 

The given expression = -a+ 6 +c 

=.-(-2i+(-3)+(-4) 

=2-3-4= -5. 

EXERCISE 9 

If 0=3, b= -6, c= -6, d— -8, find the values of : 

1. — o+b— c+d. 2. o+(— b)+c— 3. c— <1 — (— b)— o. 

4. c~(-d)+b-a. 5. -(-o)+b-(-c)-d!. 

If ra= -47, «=50, a;= -154, 1^= -234, find the values of : 

6. 7 t-m-{-x)+y. 7. '-(-m)+yT-(-n)-a;. 

8. -(-a!)+TO-}/-(-«). 9. -{-y)-m-x-(-n). 

10. -{-n)-y~(-x)-m. 

37. To prove that (i-(b+c) = a — b-Cj 
and — (& — c) = — 6 + c. 

Since, {b+c)+{a—b—o)=a, 

hy definition, o-(b+c)=o-b-c. 
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Again, since (6-c)+(a-i+c)=a, 

/. a—(b—c)^a — b+c.* 


Cor. Thus we arrive at the following rule for subtracting one 
algebraical expression from another : Change the sign of every term 
of the subtrahend from + to - or from — to + as the case may be, and 
then write down those terms in succession after the minuend. Thus the 
result of subtracting 2a + 3h - 5c from o - 25 +c=o— 26 +c— 2o— 3h+5c 
' = -a-55+6c. 

Example 1. Subtract -3a+25-5c from 2o+6-8c. 

The reqd. result = 2a + 6 - 8c + 3a - 25 + 5o 

=(2a+3a)+(5— 25)+(— 8c+5c) 

=5o+(-5)+(-3c) 

=6a-5-3c. 


Example 2. Subtract 2a® + 3a5 - 55® from - 3a® +2a5 - 45®. 

The reqd. result = - 3a® + 2a5 - 45® - 2a® - 3a5 + 55® 

«=(-3a®-2a®)+(2a5-3a5)+{-45®+55®) 

= -6a®-a5+5®. 


38. The ordinary rule for subtracting one compound expres- 
sion from another. Put the subtrahend below the minuend in such 
a way that the different sets of like terms may stand in vertical 
columns and draw a line below the subtrahend ; then supposing the sign 
of every term of the subtrahend to be changed, write down the sum of 
each vertical column underneath it. 

Example 1. Subtract - 2®® + S®y - y- from a® - 2!cy + 3y®. 

The minuend = a® — 2®y+3y® 

The subtrahend =— 2a!® + 3®y— y” 

The remainder = 3®®-5®y+4i/® 

Note. It must he noticed that the signs of the terms of the subtrahend are not 
actually altered in the process, but they are supposed to be altered and the operation 
of combining each pair of like terms is performed mentally. 

*When a, b, c are all positive quantities and a is greater than b, and b is 
greater than c, the following proof is generally given of this result in most treatises 
on Algebra : ^ 

If we subtract b from a, we get a— 6, but we thus subtract too much from a. 
for we have to subtract not h but a quantity which is less than b by c. Hence, we 
must add c to this result ; thus, a— (6— c)=ffl— b+c. 
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Example 2. Subtract -3ab+5x--y° from 3a!®+2j/®-7a*. 

The minuend = 3®® + 2!/®-7a® 

The subtrahend = 5®®- y~+ a’^-Sab 

The remainder •= -2a:*+3y®-8a®+3flf» 

EXERCISE 10 

. Subtract : 

1. a— b+c from 3a+2J— c. 2. 2a-5b+4c from — a-2b+8c. 

3. -®+y-a from 2a+32/-4i. 

4. 5m® — 6»?i+3 from 7»tt®— 8m— 1. 

5. ®®-2y® + 32® from 3®®-®®+2z®. 

6» 42/®+4a:2; — 2®® from 2j/®— 3®y+®®. 

7. — 3a® + 2o6 — 7b® from a® — 5ab — 8b®. 

8 . - 2 bc+ 6 c®- 8 ®j/ from 6 bc-c®+ 2 ®j/- 

9. 2®*— 4*® + 7® +6 from a® —3®® +6® +7. 

What is to be added to : 

10. ®+ 2 y +2 tomate^P 11. -2®+6i/-42 to make ®+y+s ? 

12. 3m®+5m-6 to make m® ? 

13. a*+3o®b+3ob®+b® to make o®+b® ? 

14. o* — 2a®b® + b* to make a* + b* ? 

16. What is to bo subtracted from a® - 3a®b + Sob® - b® 

to make o® - b® ? 


39. Removal and Insertion of Brackets. 

(a) The laws for the removal of brackets are : 

(i) If any number of terms be enclosed within a pair of brackets 
preceded by the sign +, the brackets may be struck out as of no value ; 

(ii) If any number of terms bo enclosed within a pair_ of brackets 
preceded by the sign — , the brackets may be removed provided that the 
sign of every term within the brackets be changed, namely, + to — , and 
— to +. 

The reason is obvious, for any expression, included within brackets 
preceded by the sign +, has to be added to, whilst one, enclosed within 
brackets preceded by the sign — , has to be subtracted from what goes 
before. 

Thus, a— b+(o— d+e)=a— b+c— d+e, 

whilst t a — b—{e—d+e)‘=a — b—c+d—e. 
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(6) The laws of insertion of brackets are : 

(i) Any number of terms in an expression may bo enclosed within 
a pair of brackets, with the sign + prefixed ; 

(ii) Any number of terms in an expression may be enclosed within 
a pair of brackets, with the sign - prefixed, if the sign of every term 
put within the brackets be altered. 

Thus, a-b+c-d+e-/=a-b-(-c+cI-e+/). 

Note. We of ten find brackets within brackets as in the expression 2a— {fib— 
-{4c— {5<i— 6c)}] ; here it is meant that the expression within the braces { } is to be 

subtracted from 3b and the result thus obtained is to be subtracted from 2a ; whilst 
the expression within the braces is to be found by subtracting the expression within the 
parentheses ( ) form 4c. 

When an expression of this kind is to be cleared of brackets, it is best far a 
beginner to remove first the innermost pair, then the innermost of those that remain, 
and so on ; and lastly the outermost pair. 

Example 1. Simplify a-{6-(c-d){. 

> 

Example 2. Simplify a-[6-{c-(d-c)}-/]. 
a-\b-{o-{d-c)\-f]’=^a-[b-\c-d+c\-f] 

=a-[b-c-i-d-e-/]-=a-b+c-d+e+f. 

Example 3. Simplify a-i-[-h-{c-[d-D-f)-g\-h]. 

<i+[-b~\c-{d-f^-g\-H] 

=a-¥[-b-\o~d+c-f-g]-li] 

=a+[-6-c+(7-c+/+(7-7i] 

=a-b-c+d~c+f+g-li. 

Example 4. Simplify 2a-[3a+{46-(2G+6)+5(i}-76]. 

The given expression = 2a -[3a+H7’“2a+fc+5a}- 76] 

= 2o - [3a + ifit + 3o} - 76] 
=2a-[3a+56+3a-76] 

=2a-[6a-26] 

=2a-6a+26= -4a+26. 

Example 5. Simplify a-[-6-{c-(d-c -/)}], first removing [ ] , 
-.then { }, then ( ), and last of all the vinculum. 

a - [ - 6 - ]c - (d - c -/)}] *«= a -1- 6 + {c - (d - c -/)} 

=o+6+o-(d-c-/) 

=o+6+c-d+c-/ 

•=a+6+c— d+e— /. 
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Note. The expression within [ ] consists of two terms, namely, — h and 

-{c—{d~e~f)) ; hence, when this pair ofhraekets, which is preceded ly the sign 
■is remeved, we get h+{c—(d~e-~f)}. A similar reasoning applies to the removal of 
other brachets. It must be noticed carefully that ^only one pair of hraekeis is to be 
removed at a time. 

Example 6. Simplify [a-{fc-(c-d)}]-[2a-{3b+(2o-4:5)H. 

We have a-{b-{c~d)\=a-{b~c+d\ 

=a-b+c~d; 

and 2ffl— ■{36+(2c — 4d}*=2fl!— {35+20— 4d} 

=2a-36-2c+4d. 

Hence, the given expression 

= 5+c— d] — [2fl— 35— 2c+4d] 

=ffl— 5+c— d— 2a+35+2o— 4d 
= — ffl+25+3c— 5d. 

Example 7, Of the expression a+ 5 -c+d-e-/ enclose the first 
three terms within a pair ofhraekets and the last three in another, each 
preceded by the sign - , and then put the last two terms of each of these 
bracketed expressions within an inner pair of brackets preceded by the 
sign 

According to the given directions, 

fli+5— o+d— e— /=■ — o— 5+c{— {— d+e+/{ 

= -{-a-(6-cH-{-d-{-c-jf)K 


EXERCISE 11 


Simplify : 

1. 2a— 35— (4a— 66)+C— 2ffi+55). 

2. a!+(-j/+4®)-(-2x+3y). S. 

4. 3o— {6a+(25-a)}. 5. 

6. 2a-{55 - 76 -2ob 


- (5a: - y) + ( - 3 ® + f) - (2y - 6®). 
— a— {25— (6a+ 45)}. 

7. 3 -{5 -(6 -7^}. 


8. -2-[-3-{-4-(-6-6)}]. . 

9. -a-[-35-{-2a-(-a-45)}]. 

10. a -[26 -{3c -(a -25 -3c)}]. 

11. 3® - [5y - {lOz - (5® - lOy - 34 3- 

12. -a-[-5-{-c-(-a-5-c)}3. 

Simplify the following expressions removing the brackets m the 
reverse order, i.e., the outermost first and the innermost last 

13. 2®-[5y-{9®-(l0y-4®)}3. W- -5a-[35-{6o-(55-7a)!]. 

15. -7?n-[37J-{8TO-(4»j-10jn.)}3. 
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16. -2a-[-4t-[-6c-(-8a--106-12c)}]. 

17. -3®-[-5j/“j-72-(-9a; — lli/-13z)}]. 

18. -2ic-[-4v-[-6z-(-3a; --5y-7z )}]. 

19. -a:-[-32/+{-5r-(-2a:+ -4y-62)[]. 

20. -2a+[-5b-{-8c+(-3a--66+9c)}]. 

21. -a;+[-5y-{-9z+(-3a: 7j^+ll2)}]. 

Simplify : ' 

22. \2a - (36 - 5c)} -[a- [26 - (c - 4a)} - 7c]. 

23. [a!-{y-(z-a!)}-(v- 2 )]-[z-{«-(i/- 2 )}]. 

24. [2a-(6-c)-[36-(2o-c)}-{-2a+(c-46)}] 

- [ - 3 6 - (2a - 4c) + {6c - (26 - 3a)} - [ - 5c + {6a - 76)}] . 

In the expression a—b—c+d—m+n~x+y—z : 

25. Include the 2nd, 3rd and 4th terms in a pair of brackets 
preceded hy the sign - , and the 5tb, 6th and 7th in a pair of brackets 
preceded by the sign + . 

26. Include all the terms after the Ist in a pair of brackets preced- 
ed by the sign-, and of the expression thus enclosed put the last four 
terms •within a pair of brackets preceded by the sign +\ 

27. ^ Enclose the first five terms •within a pair of brackets preceded 
by no sign and the last four within a pair of brackets preceded by the 
sign — , and then put the last three terms of each of these bracketed 
expressions within a pair of brackets preceded by the sign — . 

28. Enclose every three terms from the first in a pair of brackets 
lireceded by. the sign - , and then put the last two terms of each of these 
bracketed expressions within a pair of brackets preceded by the sign - . 


III. Multiplication 


40. Definition. One number is said to be multiplied by another, 
when we do to the former what is done to unity to obtain the latter. 


Thus, since 4=1+1+1+1, we must have 
4xa: or 4x=x+x+x+x. 


Similarly, 4x5=5+5+5+5 = 20 

3x6=6+6+6 = 18 

5x3>=3-f-3+3+3+3 = 15 

3x(-5)=(-5)+(-5)+(-5) = 15 

4x(-3)=(-3)+(-3)+(-3)+{-3) =-12 


5x(-4)=(-4)+(-4)+(-4)+{-4)+(-4)=-20j 


... I 

... n 
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Again, since -4= -1— 1-1-1, we must have 
(-4)xa;= —x~x-x-x. 

Similarly, 


(-4)x5=-5-5-5-5 . =-20 1 

(-3)x6=-6-6-6 =-18 ' 

(-5)x3=-3-3-3-3-3 =-15 i 

Also, 

(-3)x(-6)=-(-6)-(-5)-(-6) 

=5+5+5 = 15 » 


(-4)x(-3)=-(-3)-^-3)-(-3)-f-3) 

=3+3+8 + 3 = 12 ■ 

(-5)x(-4)=-(-4)-(-4)-(-4)-(-4)-(-4) 
=4+4+4+4+4 = 20 > 


-III 


•IV 


The number multiplied is called the multiplicaDd and the number 
by which it is multiplied is called the multiplier; the result is called 
the product. 


EXERCISE 12 

From the definition of multiplication deduce the result : 

1. When 5 is multiplied by 3. 

2. When 6 is multiplied by 3. 

8. When 9 is multiplied by 4. 

4. When -8 is multiplied by 4. 

5. When -15 is multiplied by 3. 

6. Whan -13 is multiplied by 6. 

7. When 8 is multiplied by -3. 

8. When 7 is multiplied by -5. ' 

9. When 15 is multiplied by - 3. 

10. When -9 is multiplied by -4. 

11. When -12 is multiplied by -5. 

12. When -16 is multiplied by -4. 

41. The Law of Signs. From the last article it is clear that if 
a and b are two whole numbers, we have 
(-ha)x{+b)= +(ab) 

(+a)^{-b)= -(ab) 

(-o)x(+5)= -(ab) 

(-«)x(-5)=+(fl5j . 


1—3 
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Thus, the produqfc of two whole numbers is positive or negative 
according as the multiplicand and the multiplier have like or unlike 
signs. 

The same thing can be found when the numbers are fractional. 
For instance, since, -s= -a-i, i-e., since - j is obtained by subtract- 
ing a third part of unity, twice, to multiply any number x by - j we 
must subtract a third part of x twice. 

TX f X X 9x 

Hence, I- a; 

Similarly, ( - §) x s = - ib" , 

=^+-iT=TB- : and so on. 

Hence, we can enunciate the Law of Signs in a more general way, 
thus : The sign of the product of any two quantities is positive or 
negative according as the multiplicand and the multiplier have like 
or Tinfilrn signs. Or, more briefly, thus : Like signs produce + , and 
unUhe signs 

Cor. ' Since (-®)x(-a:)=»a:“ and also (+®)x(+®)=®® we have 
Jx^ — ±x. Thus every algebraical quantity has got two square roots 
which are equal in absolute value but opposite in sign. 

Example. Simplify (a~b-cd){c'‘-d-), when o=-2, 6= -3, 
c=“4, d=5. 

Since o=b=(-2)=x(-3)=4x(-S)= -12, 

and C£i!=(— 4) X 5= — 20. 

a=6-cd=-12-(-20)=-12-h20=8. ... W) 

Also, since c° = ( - 4)® •= 16, 

and d®=(5)==25, 

.-. c®-d=“16-25=-9. ... ... (B) 

Hence, from (A) and (B), we have 

(a®fc-cd)(c®-d=)=8x(-9)= -72. 

EXERCISE 13 

Find the'value of : 

1. ab-cd, when a= -2. 6= — 3, c= -8, d=6. 

2. ix^-y’‘]b-axy, when a=l, i= -3, ®=4, j/= -0. 

3. dx^y-Zxy^+xyz. when x= -1, y= -2, s= -7. 

4. (-<i)Zi®-cd® + i)(-c)®, when a— 5, b= -7, c=4, d= -3. 

5. -®®{-c)+6®(-j/)+4a®, when a==-2, 6= -3, c=-l, 

®=6, y-6. 
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6. a^b~c)+b"{c- a)+ o^(.a—b), when a= -2, 6= -5. c= —7. 

7. x^(y-z)+y^{z-x)+z%x-y), when!C= -3, y=8, z= -5. 

8. 2>®(7®-»’®)+g®0‘®-j)®)+r%=-g=), when jj= -3. g= -6, 
r= — 7. 

9. a® + 6® + c® - 3a6o, when a = - 12, 6 = - 13, c = - 16. 

10. Show that (n+6)*=a* + 5a*&+10o®6® + 10a®6® + 6a6*+6®, 

when a = 3, 6= -5. 


42. To prove that flx 6=6 X a, /.e., 6 multiplied by a gives 
the same result as a multiplied by 6. 

t 

(i) First let a and b be any two positive integers. 


V Place h units in a horizontal row and write down a such rows in 
such a manner that units in similar positions in the different rows may 
be in the same vertical column ; thus : 


11111 

11111 

11111 


b times 
b times 
b times 


to a lines. 


This being done, evidently it may also be said that we' have 
written down b columns, each containing a units. 

Now let us count up the total number of units thus written down. 

Since we have got a rows each containing b units, the total number 
of units = (the number in the 1st row)+(the number in the 2nd row) 

+ (the number in the 3rd row) + +(the number in the nth row) 

=6+6+6+ to a torms=ax6. ... ... ... (1) 

Also, since we have got 6 columns each containing a units, the 
total number of units = (the number in the 1st column) + (the number in 
the 2nd column) + (the number in the 3rd column) + ••• + (the number in 
the 6th column)=a+o+a + -” to 6 terms = 6xo. ... ... (2) 

Hence, from (1) and (2), we have o x 6= 6 x a," 

i.e., b taken a times = a taken 6 times. 

\ 

*Sincoa& = &a, it does not matter much whether ive read ai as a times 6 or 
b times a (i.o., as b multiplied by a or a multiplied by b) , but until the proposition 
of the prssenl article has bssn proved it seems expedient to stick to one and the same 
mode of mterpreting it. If a beginner is taught to read 7a as ‘7 times a' whilst 
7 X 4 as ‘4 times 7’ he is but unoonsoiously led to think that such expressions as 6n 
aud ab mean the same, but that consequeutly no amount of reasoning is necessary 
to establish the above proposition. As a safeguard against this evil, I have hitherto 
throughout taken aX b to mean 'atimes b* or *6 multiplied by a*. 
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(ii) Next 

let a and b be two positive fractions ; 

suppose 

a = — and 5= 
n 

^ , where m, n, p, q are positive integers. 


Then 

ax6=^‘x2=„,x((2^)^4=mx-S.=2i£ 
n q n ff / J ng ng 

- (I) 

and 

P ..771 „ f/nt\ 1 TO PTO 

bxa=^ X -=flx <(-|-s-g f=px — =^— • 
q n ^ Will j qn qn 

•• (ID 


But 7» and are positive integers, therefore, mp=pm, and simi- 
larly, nq‘=q7t. 

Hence, from (I) and (II), we have ai(b=b7ia.' 

Thus, it is established that for all positive values of a and b we 
must have flx!l)=&xa, ••• ••• (.4) 

Cor. 1 . From Art. 41, wo have a: x (.- j/) = - (xy), 
and (-y)^x^ -(yx) ; bnbxy=yx, 

a:x(-j/)={-j/)xa;. — — ••• (B) 

Cor. 2, From Art. 41, ( -») x (-i/)== +xy, 

and (-y)ii(-x)=+yz; hubxi/'=vx, 

(-*)x(*-y)=(-!^)x(-»). — - (C) 

ilence, from (^4), (B) and (O), we conclude that Iot all values of 
a and'i, ox&=hxa. 

EXERCISE 14 

Prove that ; 

1. 4 X 5=6x4. > 2. 6 X 3=3x6. 3. 7 x 5=5x7. 

4. 4x8=8x 4. 6. 9x5=5x9. 

*We can illustrate a x 6 = i X a trlicn b and a are fractions as follows : 

Let us prove that t x 1 = | x §. 

§xf means that we have to divide i of any thing into 8 equal parts and take 2 
of those parts whilst 1 X 3 means that we have to divide %oia thing into 5 equal 
parts and take 4 of those parts. 

A B 

Take a line AB 15 inches long, then | of the line will be IS inches, and 
evidently § of 13 inche5=8 inches ; thus, Sx^ of the line=8 inches. 

Again, V 3 of the line is 10 inches, and $ of 10 inches =6 inches, 

.'. ^Xj of the line also =8 inches. 

• Hence, we have f x f f x §. Similarly, any other case may be illustrated. 
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1 \ that (cW X c= a X (6c) or, = 6 x (ac), i.e.. to multi- 

ply c by the product of a and 6 is the same as to multiply c first by 
either of them and then that result by the other. 

Place h brackets in a horizontal row each containing e units 
and write down a such rows in such a manner that the brackets in 
similar positions in the different rows may be in the same vertical 
column, thus ; 

[c] [c] [c] [c]" -6 times 

[c] [c] [c] , [c]-- -6 times 

[c] [c] [c] [c]”*6 times 


, • to a rows. 

This being done, it may also be said that we have written down 
b columns each containing a brackets. 

- As we have got together ax 6 brackets and as each bracket 
contains c units, the total number of units = (ah) xc. ••• (a) 

Again, since we have got b brackets in a row each containing 
c units, the number of units in a row=6c, and as there are a rows 
altogether, therefore the total number of units =ax (6c). (^) 

Again, since we have got a brackets in a column each containing 
c units, the number of units in a column -ac and as there are b columns 
altogether, therefore the total number of units = 6 x (oc). • • • (y) 

Hence, from (a), (P) and (y), we have 

(o6) X c = o X (6c) = 6 X (oc). 

Cor. Prom the results of the last article and this, we deduce that 
abc—hca=cab. For, by the present article o6c=ax (6c), and by the last 
article a x (6c) = (6c) x o = bca ; hence, we have a6c = bca, and similarly, 
bca^cab. Thus, we are led 'to conclude that the value of a product is 
the same in whatever order the factors may be taken.* 

Note 1. Although the factors of a product can be taken in any order it ts 
always found convenient to place first the factor expressed in figures, and to put after 
in the factors expressed in letters in the alphabetical order of those letters. Thus, 
c’ X d X 7 X 6 X O'* IS written 1a*bc'd. 

Note 2. ire are now in a position to modify a little the definition of 
Co-effieient given in Aft. IS. In an algebraical product one or more of the /actors 
may be called the co-efficient of the remaining faelore. 

For instance, in labcd we may call lac as the co-efficient of bd for labcd can be 
written as lacbd and therefore by the definition alluded to, lao is the co-efficient of bd. 

*Th 0 validity of the conclusion has been established only for three factors. A. 
general proof, however, has not been attempted as being too tedions for the class of 
students for whom the book is meant. 
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44. To prove that a”* x wherem and « are any two 

positive integers. 

N. B. Fiom Art. 42, we know that the qiiantily on either side of x may he 
rcgaided as the muliipher and that on the other as the multiplicand. Eence, we need 
not any longer observe the restriction ve hare hithcito placed upon the meaning of 
axb. 


[See foot note, pages 35, 36.] 


Since. 


and 


a°=aa, 

a^=aaa. 


Again, since 
and 


=axoxaxaxo [Art. 43] 
o* = aaaa, 

' * I - 

a®=flaaaffla, 

a* X a® = (aaaci) x (aaaaaa) 

=fflxaxfflXoxoxflxaXflXaxa [Art. 43] 


Generally, since a” = aaaa 


and 


a"=aaoaa 


a™xa"=(aaao 


OeOeQiOiCLCtaQrQe * 


to m factors, 
to n factors, 
to m factors) 

x(oaaao ••• ton factors) 
to {m+7i) factors 


•a' 


m+n 


Cor. 1. a"'Xffl"xo'’=a”^"+'’, where m, n and p are positive 
integers. 

. For ffl"‘xa’'=a”+" : .’. a”'xa"xa'’=a*’+”xa'’=o('"+’’)+*’=a”+"+'‘. 
Cor. 2. (a™) = 0 ”", where m and n are positive integers. 

(a”) =a”‘xa’''xa''‘X”' to n factors 


For 


45. Applications of the principles established in the preced- 
ing articles. 


Example 1. Show that ( - a&)° x a^b~ 
(-abY=(-ab)x{-ab} 
=(a6)x(afr) 
=ax6xax6 
=axax6x6 
=(aa)x(66) , 

=0=6®. 


[Art. 41] 
[Art. 43. 
[Cor., Art. 48 
[Art. 43 
[Art. 44] 
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Example 2. Multiply -5a®6® by 4a®6*. 

(-5a»6®)x(4a*6*)= -{(5a*6S)x(4a®6*)} [Art. 41] 

= -{5xa®x6=x4xa®x6*} [Art. 43] 

= — ]5x4xa®xo®xl)®xi>*} [Cor., Art. 43] 
= - ]20 X (a*a®) x (6=6*)} [Art. 43] 

= -20ffi®6«. [Art. 44] 


Example 3. Simplify (-2a:®ff*2)x(4®®y’2®)x(-6®j/®z*). 

We have ( - 2a:®y*2) x (4a!=y^z=) 

= -{(2!B®^/*2)x(4a!®1/’2“)} 

= -{2xa!®xy*xax4xa:®xj/’x2®} 

= -{2x4Xffi®X!B® Xj/*Xy^ X2X2®} 

= - is X (a®®®) X (y*y’) x (22®)} = - Qx’y^'^z^. 

Hence, the given expression , 

=(-8a!V^s’‘)x(-6a:y®2*)=(8xVV)x(6xy®2®) 
=8 X a® X X 2® X 6 X ® X I/® X 2* 

=8x6xa^xaxy*^xy® X2®X2* 

=48 X (a’a) x x {2®2*)=48®®i/^*2'^. 

EXERCISE 15 

Show that : 

1. {-a)x66= -6a6. 2. (4ffl)x(-26)= -806. 

3. -7a!®x8a:«=-66®“. 4. (-26)x(-10o)=20o6, 

5. (-7cJx(-3o6)=21a6c. 6. 10 x 35 =25x14. 

7. 15 X 75=5® X 3®. 8. (-a)®=-a®. 

9. (-c6)®=-ffl»6®. 10. (a*6=)»=a”6®. 

11. (-a®6®)®=a«6i°. 12. (-!r)®=-«®. 

13. (-4a;®j/*)®=16a*y®. 

Multiply : 

14. 2a®j/ by - 3a:® j/*. 15. -7o®6®c by -Sa6c®. 

16. -5a:^®y®by -8a:®y“. 17. -12a:®y®z= by 13s®y®2*. 

18. ■-14a:2/®z® by -10a®y®2^®. 

Simplify : 

19. (-a:)®x(-2a:y®)®x(a=y}®. 20. (-2a®)x(7fl*6®)x(5o»6®). 

21. (- 6a!®i/®2j X (22*a®j/®) x (- 4y®z=a®). 

22. ( - %x-y) X {izy"x) x ( - x^z^y*] x {2sa:y). 
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46. Products of monomial expressions can be always found by 
the method illustrated in the last article ; it is necessary, however, 
when dealing with more complicated cases of multiplication, that such 
products should be found mentally. Hence, the student must get 
thoroughly accustomed to this kind of mental work, for which an 
exercise is added below. > 

Sxample 1. Write down the product of 3®* and -bxy. 

(3®“) x(-5zy)= - ISx^y. 

bizample 2./ Write down the product of ~5a®6 and —8ab~. 

(-6a®6)x(-8o6®)=40fl®ft®. 


EXERCISE 16 
Write down the product of : 


1. - 2®® and 5®*. 

2. 

5a®6 and -4ab®. 

3. and 

4. 

3®®{/® and -6®J/®. 

6. and -3tt*i®. 

6. 

SwMt'* and 

7. -10®j/2® and -5®i/®2. 

8. 

4x’‘y^z and - 6®ifs®. 

9. -6®®y®2* and -Bx^y^s. 

10. 

-5a®&‘'c® and -6o®6*c®. 

11. 3®®ys* and -Bxy^z. 

12. 

-4o6®|/ and -Qa^xby^. 

13. and -5a62. 

14. 

5a*x^y and -12®®^*^®. 

15. -14®j/* and ~5x*yz. 

16. 

2obc® and -9o®6®c. 

17. -7o“®®yand -9®®ya". 

18. 

-8®®y®2® and -20y®2®®' 

19. — 13a®6^V® and — 56c®a®. 

20. -7a®®®2/Vand -162®®=a'>y® 

47. To prove that fl((6+c)*=fl6+fl!c. 


Whatever b and c may bo if a bo a positive integer, we have 

a{b+c)={b+c)+(b+c)+{b+c)+ to a terms 

=(6 + 6+6 + '" to ffterms) 

+(c+c+c+ to a terms) 

=‘ab+ac. ••• , • ■” (1) 

Hence, conversely, d-h e= — ; that is, if pandff be . 

a an 

any two quantities and r a positive integer, then =-® + ^« — (.4) 


*JBvery binomial expression can be put in the form 6+c, ^ Pot instance, the 
expression 2®*— Sp”, which can also be written as (2a’)+(— 3y*) is of the form b+c, 
2ai* being regarded as h and — Sp* as c. 
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Next suppose a is a positive fraction, i.e.. suppose a=^> whore wi 

n 

and n are positive integers. 

Then. ^(b+c}=mi(^ 


'n 

_ m(b+o) 

n 

_ mb+mc 

n 

mb , me 
= — ^ — 
n n 

m, , m 
=-o+ ~c. 
n n 


[by the definition of multiplication] 

[by(l)] 

[byU)] 


( 2 ) 


Hence, from (1) and (2), for all positive values of a, we have 
a(6+c)=a&+ac. ••• ••• (3) 


Next. suppose a is any negative quantity, i.e., suppose o= -ar, 
where x is any positive quantity. 

Then ( - tB).(6 + e) = - [a:(5 + c)] 

= -(!Bh+a!c) [by (3)] 

= -xb-xc={-x).b+[-x).c ; 
thus, for any negative value of a also, we have 

a{b+c)=ab+ac. ••• ••• (4) 

Hence, from (3) and (4), for all values of a, b and c. we have 
a(6+c)=ah+oc. 

Cor. / . Conversely, ab+ac^aib+c). 

Similarly, xya^+xyb^=xy[a^ + b^) 

Cor. 2. Since - c = 6 + ( - c), we have 

alb-c)=a[b-^( — c)]^ab+a[~c)=ab-ac. 

Conversely, ab — ac=a(b- c). Hence, 20®— 2ay=2a(a!—t/). 

Cor. 3. a{6+c+£Z)=a{6+(c+d!){=oh+a(c+d)=ai+ac+ad. 

Similarly, a{b+c+d+e+y+'-)=ab+aG+ad+aB+af + •• 

Thus, when any multinomial expression is_ multiplied by a mono- 
mial, the result is the sum of the products obtained by multiplying the 
different terms of the multinomial by the monomial. 

Conversely, ah+ac+od+oe+"'=o(6+c+d+c +■■•)• 
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Example 1. Multiply 2ai— 3fe® by 5fls6. ^ 

5a&(2a6 - 36^)*= 6aZ)j2ffl& + ( - 86®)} 

=5ab X 2ab+5ab x ( - 36®) 

= 10a®6®-15ffi6®. 

Example 2- Multiply a:* -3®° +5®® -6® 4- 4 by -6®®. 
(-6®®)(®^-3®®+5®®-6®+4) 

=(-6®®)}®*+(-3®®) + 5®® + (-6®)+4} 

= { - 6x®).®* +■{- 6®®)( - 3®®) + ( - 6®®).5®® 

+ (-6®®)(-6®) + (-6b®).4 
= - 6®® + 18®® - 30®* + 36®® - 24®®. 

N. B. T)ie beginner is parlieuldrly i ecommended to-^noih out at first each 
example in the method shoton above, but after some practice he can safely do atcay 
with the intermediate steps and lonte down the result at once m the manner exempli- 
fied below. 

Example 3. Write down the prodnctiof 

-4a*+5a®6-6a®6®-8a6®+96* and -3a®6®. 

■ . -4a*+5a®6-6a®6®-8a6®+96* ‘ 

, • -3a®6® , 

12a“6® -15a®6® +18a*6*+24a®6« - 27a®6® 

Example 4. Simplify 2®®(3s-2)+2®(2®+3)-6(®-3). 

We have 2®®(3®-2)=6®®-4®®. 

2 ®( 2 ® + 3 )= 4 ®® + 6 ®. 

6(®-3)=6®-18. 

Therefore, the given expression 

' = (6®® -4®®) + (4®® +6®) -(6® -18) 

=6®® -4®®+4®®+6®-6®+18=6®® + 18. 

Example 5. Simplify 3a(2a — 5)— 3a(a-6). 

Putting ® for 2a- 5 and y for a - 6, we have 
3a(2a - 5) - 3a{a - 6) = 3o® - Say = 3a(® - y) 

= 3a}(2o - 5) - (a - 6)} = 3o(a + 1) = 3a® + 3a. 

EXERCISE 17 

Multiply ; 


1. 

2®-y by -®. 

2. 

a-26 + 3c bj"^ —5a. 

3. 

2® - By hy Aocy. 

4. 

2a® - 36® - c® by a6c. 

5. 

■ ®® 1 /- 2 ®j/®- 2 /® by -Sxy. 

6. 

3a®6®-a6®-5a®+a®6by76®, 
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Write down the product of : 

7 . 3 a"a;— 4 aa:“+ 5 oi: and —2a". 8. — 2 wi®+ 3 ni*M— 5nMi® and 47B»t. 
9 . a°6c-6®ca + o®a 5 and -afec. 

10. and fljj/r. 

11. -2c=d + 3i®c-5cd*-4c®ff®and -6cV^ 

12. 8 a*- 6 a® 6 + 5 a® 6 “- 4 a 6 ® and -2a®6®. 

Simplify : 

. 13 . 7 ®®(® - 2 ) - 2 a:®(® - 3 ) - 8®=(1 - 2 ®). 

14 . x"{y‘ - 2®) + - 1®) + 2®(®® - y®). 

15 . 9 ®®{®®- 2 y®)+ 5 tf®( 3 ®® + ff®)+ 32 /®(®®- 10 j/®). 

16 . ®®(s® + 2®® + 2®) - 2®®(®® + 2®® + 2®) + 2®(®® + 2®® + 2®). 

17 . o® 6 ®(a® 5 ® - 2 a* 6 ® + 2 a®&)+ 2 a*i=(a®i® - 2 a* 6 ® + 2 a® 5 ) 

' + 2 o® 6 {a®Z)®- 2 a* 5 ® + 2a®i>. 

18 . 2o®6*(2a®i® + 6a®6^ + 9 a* 6 ®) - 6a‘6^(2o”6* + 6a® 6‘ + 9 a® 6 ®) 

+ 9 a®f)®( 2 a» 6 ® + 6o®M + 9 a® 6 ®). 

19 . o®( 2 ® - Zy) + a®( 3 ® + iy) - a®{ 5 ® - 2 y). 

20. lia=x~-yz,b=‘y^-zx&xiic=z^~xv, > 
find the values of (i) ax+by+oz; (ii) cx+ay+bz. 

IV. Division 

48 . Definition. One quantity a is said to be divided by another, 
quantity b when a third quantity c is found such that c x h=a. In other 
words, a-^b=c, when a=b^c. 

Thus, when ®=2/X2, we have x-^y=z, and x-f-z=y. 

When one quantity is divided by another, the former is called the 
dividend and the latter the divisor ; the result is called the quotient. 

49 . Fundamental Propositions. 

(i) To prove that 6=0. 

If we denote a-*-b by ®, we must have, by definition, 
xnb=a. 

Hence, a-i- 6 x 6 =®x 5 =a 

(ii) To prove that o-r6-i'C=0'5-6c. 

Wo have (a-i- 6-*-c) X 6c= X c X J 

= H(a-*-6)-i-c}xc] x 5 
= (o 6) X 5 - [by the last result] 

= 0 . 

Hence, by definition, a-i-b-*-c=a-*-bc. 
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That is, to divide any quanlily sticcessively by tivo others is the 
same as to divide it at once by their product. 

Cor. Hence, a+Z)-*-c=o-s-c-s-6, for each of them = a-*- (6c). 


(iii) To prove that a-5-6=ax-^' 


We have 
Hence, 


^ X 6 =l+6x6=l. 


ax^x 6=ax|^ xjj 
=axl=ff; 
|fflx x6=a. 

Therefore, by definition, ffl-*-6i=ax 


[by(i)] 
[Art. 43] 


t.e. 


Thus, to divide one quantity by another is the same as to multiply 
ihe former by the reciprocal of the latter. 

Cor. a-i-bxo=axo-i-b. 


For 


a-»-6xc=ax rXc = axcxr. 


[Oor., Art. 43] 


II 

III 


and this latter■=axc-^6. 

50. Law of Signs. 

Since ax(-b)= -ab, 

by definition, (-o6}-j-o= -6 ‘ 

, and (-a6)-i-(-6) 

Again, since (-a)x(-5)=a6, 
ab-f-( — o)= -b 1 
and ab-^[—b)=‘—a I 
It is evident also that ab-t-a= b | 
and ab-^b= a j 

Hence, from I, II and III, wa have the following law of signs in 
division : 

When the dividend and ihe divisor have the same sign, the quotient 
is positive, and when they have different signs, the quotient is negative. 
In other words, like signs pi-oduce +, and unlike signs-. 

.51. Division of one menomial expression by another. 

Let us examine a few particular cases : 

(i) Since 3a®6x5a®6®o=16a®6®c, we must have 
(15a®6*c)-*-(5a®*’®c)=3fl!®6. 


-6 1 
a ] 
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Thus, if the dividend =15a®6®c 

=3x5xa®xo®x5®x5xc, 
and the divisor=5o®5®cf 
we have the quotient = 3a®5. 

(ii) Since (-2a^‘*6®c^^) + (-3fl®c®)=6c“6W. 
we must have 6a^®6®c®d+(-2a®^°6®cd)= -3a®c®. 

Thus, if the dividend = 6a^ ®6®c®d 

=2x3xo>^‘>xa®x6®xcxc®xd, 
and the divisor= 
we have the quotient = - 3a®c®. 

(iii) Since (-5a®6®c®d)x(4a®c^)= -20a®6®c®d, 
we must have (-20a®6®c®d)-i-(-5a®6®c®£i)=45®c*. 

Thus, if the dividend = -20a®5®c*£Z 

=(-5)x4xa®x6®x5®xc®xc*xd, 
and the divisor = -5a®6®c®d, 
we have the quotient = 45® c*. 

Hence, from I, II and III, we are led to *deduce the following rule 
for dividing one monomial expression by another ; 

Take aioay from the dividend all those factors which make up the 
divisor and to the remaining factors prefix the sign + , or no sign, if 
the two expressions have the same sign, and the sign -, if they have 
different signs. 

Note. TFe /jaw o*’''ro'' = (a*xo’)4-o’=o" [= 0 ”“’]. 

Similarly, a’®■^o°=o“, o'”-ro*'' = 0 ’, and so on. Bence, generally, 
o"Ta"=o"*"", where vi and n ai,e positive mlegeis and in > n. 

Example 1. Divide 18m®»i®p by - 5m^n^p. 

The dividend = IQm^n^p 

=6x3xm® xmxn^xjj. 

The divisor = -Gm^n^p. 

The quotient = —3 to. 

Example 2. Divide -24a®6®oby -6a*5o. 

The dividend = — Ma'^b^c 

=(-6)x4xa*xo®x6xb® xc. 

The di visor = -6o*5c. 

The quotient =4o®5®. 
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EXERCISE 18 


Divide ; 

1. 16a;^ by -Ax. 


2. -l&i:® by 6x®. 


3. — by 

5. by -larbc. 

7. -70a:^°7/'’rby -Ux^°y^. 

9. by 27m^n^p*. 


4. 36a:“i/“ by 12.^*y*. 

6. -20p^-g®r® by 10p^°g®r®. 

8. 64o^®6’^c® by -8o®6’^c®. 
10. -59a'’b*c° by -23a=iV. 


28a;®®® by -Ax^^'. 
-91a^®«&®°“ by 13a»’6®®. 


11. 25x"®y®5» by -5a:^“y?®. 

12. -42ffi®®a:®®2/®£® by -14a*^^a! 

13. by a®^ 14. 

IS. 667re®°" by -8wt®«®. 16. 

53. Division of a multinomial by a monomial. 

l?rom Cor. 3, Art. 47, we have 

(i{b+c+d+c +f +•••)= ab +flc+flf?+ac+fl/+ 

Hence, (ab+ac+ad+ac+—)-i-a=b+c+d+c+ 

=(ai-»-a)»i-(ac-i-a)+(a^+a)+(ac-»-o) + 


Thus, to divide a multinomial expression by a monomial we have to 
divide each term of the dividend by the divisor and take the sum of those 
partial quotients for the complete quotient. 


Example 1- Divide 4a®a;®-6ffl®a;®+10fla;* 
4 o®.t® - 6a“a;® + lOaa:* 

The reqd. quotient = — n~ = 


by -2aa;. 

4o®a;° I -6a°a:® 
-2fla;^ -2oa; 


lOtKC* 

-2a.T 


= - 2o®a; + 3ax~ - 5x®. 


Example 2. Divide 9a;®-4.T*o-2.r®a® by 3a;®. 
( 

The reqd. quotient =- 


e/tv I 

-=ors + 


3 ®®^ 3 ®® 


3®® 


3®® 

= 3 ®®- 9 ® 0 - 5 «®- 

Note. 'After a mile practice the student can safely do away uiththc (mter- 
rnediate) step vii each case and write down the quotient at once. 


EXERCISE 19 

Divide : 

1. 3a®t>®-2a®i® by a^'\ 2. 2a®6-3a6® by -ab. 

3. 6a*b"-9a"b^ by 3a®b®. 4. 12x*y--9.v^y by -3®®2/. 

5. 14®''i/®-21®®i/'' by -7®®y®. 6. 4j?t7i® -12j?r»r +16jM®»i,by 4nm. 
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7. + by 

8. 12a:®-8a:®a®+20aa:* by -4a:». 

9. by 
.10, 8pV-5iJ®g®-3p®5* by, -8pV- 

11. - 14a:®y« + 21a:^°y® - 28!c’y® by Ix’y^. 

12. 15a®a;«-30o’a!®-45ffl®a:® by 20a*®®. 

13. -60®*a®-76®®a®+80®®fl* by -20®® a*. 

14. 125TO®7j*p®-175m*Ji®p®-200»i®?i®p® by 267 »®k®p®. 

'15. <i®6*c*®*y*a®+2a*i®cVj7V-3a*i*c®®*ff®z* ' 

by ~-a^h^c^x^y^z^. 

MISCELLANEOUS EXERCISES I 

I 

1. _ What numbet •will represent an mfcorval of 5 boars (i) if the 
unit of tirae he half an hour ; (ii) if the unit of time be 10 hours ? 

2. If ® stands for 17 and y for 25 what does X'^y denote ? 

' 3. Define /‘Co-effioienfc". Distinguish between a numerical 
'co-efficient and a literal co-efficient. 

What are the co-efficients of »® in 15s®, 2as®, 'lah^x^ and 167»®pgs® ? 

4. Distinguish between ^/ab and ^Jab. Eind the value of 

•Jab'^^/ab, when o=9, 5=4. 

5. If a distance of half a mile to the north of a place be represen- 
ted by 40, what will represent a distance of 11 yards to the south of it ? 

6. State the result when a negative quantity is added to a positive 
quantity. Hence deduce that -H{-6)=-6. 

7. Define subtraction. Hence deduce that 4—6= —2 and that 
5-(-3)=8. 

8. Arrange the following numbers in descending order of magni- 
tude ; 2, 5, -3, 7, -8, -1. 9, -4. -12. 

II 

1. If a =4, 6=5, find the values of : 

(i) a6-ax6 ; (ii) 45-o6 ; (iii) 74-7a ; (iv) 85-86. 

2. What does a” mean ? Distinguish between a* and7i“. Eind 
the value of a*-4a®6+6a®6®-4a6®+6*, when o=7, 6=5. 
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3. What is the relation between a and each of the following : 

Va. ^/aandiyo? 

Find the value of X ^/5 ®-c'‘-2c, when a=8, 6=7, c=6, 

d=5 and e—1. 

4. What is meant by the absolute value of a positive or a negative 
quantity ? Illustrate this by an example. 

6. Add together 3a:“j/, -Sx"y, -19x"y and Vlx-y ; and find the 
numerical value of the sum, when a:=4, y=5. 

6. Write down the sum of 16a:*, — 8a;y®, 2ix^y~, y* and — 32a:*j/ ; 
and find its numerical value, when x=i,y = 5. 

7. Subtract 4a - 136 - 25c from 176 - 12c - 19a. 

8. Simplify 3a: - [4i/ +\2z-{x-5y+ Sz)}] - (3a: - 7y). 

Ill 

1. Express algebraically the following statements : 

(i) The result of multiplying the sum of a and 6 by c is the same 
as the result of dividing x by the product of y and z. 

(ii) The square of the product of x and y is the same as the result 
of adding together the square of x, the square of y, and twice the product 
of X and y. 

(iii) If the cube root of the result of subtracting « from m be 
divided by the product of the cube of an and n, we get a quantity whicli 
is less than the sum of the square roots of x and y. 

(iv) Since a is greater than 6, therefore three times a is greater 
than three times 6- 

2. A, B, C, D,E, F, G are a number of successive points 'on a 
straight line such that 'the distances AB, BC, CD, DE, EF, FG axe 
respectively 3. 4, 6, 8, 5 and 7 inches. If DC be represented by 3, what 
numbers will represent DB. DE, DF, DA and DG respectively ? 

3. State the result when one negative quantity is added to another. 
Eind the sum of —a®, — 3a®6, — 3a6®, —6®, when a=6, 6=4. 

4. Show by a numerical example that when any number of quan- 
tities are added together, the result is the same in whatever order the 
quantities may be taken. 

5. If a=16, 6=10, c=5, d=l, find the value of 

(a - 6)(5 ^/a - 6) + J{a-bKc+d)- 

6. If a=^, 6=1, prove that 

^ = a* - a®6+ a® 6® - a6® + 6*. 
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21 - 9 bc-ia^~lS^^^^'' + 2 s=- 6 a=*-lo+ 66 c and 

. 8 . Simplify a-[5&-{(i-(30-36)+2c-(a-26-c)}]. 

IV 

1. If a =9, find the valne of : 

(0 «y49“ ^/4® ; (ii) ^49— J4a, 

_ _ 2> Show by a numerical example that when any number of quan- 
tities are added together, they can be divided into groups and the result 
expressed as the sum of these groups. 

3. If ffl=2, 6=3, c=4, find the value of 

a~h+c j h-o+a c-a+b 
a4rb-c b-hc-a c+a-b' 

4. Define an Algebraical Expression. Distinguish between a 
simple expression and a compound expression. 

Is 42a6®* a simple or a compound expression ? Give the names 
with illustrations of the different classes of compound expressions. 

5. It ®=2, y-S, a<=Q, 6 = 6 , find the value of 

^6(® + &)* + V(sG+a)i,b-2x) + Vx{b - y)“- 

6 . A certain sum is divided between A, B and C ; B receives 
a pounds more than A, and G receives 6 pounds more than . 8 ; if .i 
receives x pounds, find an expression for the whole sum divided. 

7. Add together a^-3ab-M^‘$ 26“-'j6®+c®. a 6 -^ 6 ®+ 6 ® and 
2 a 6 -| 6 ®. 

8 . Beduce to its simplest form 

^2!8® - (y® - ®y)}- k® - (4®® - y®)} + {2y ® - {3®y - ®®)}. 

V 

1. What is meant by the dimensions and degree of a product ? 
What is a Homogeneous Expression ? Write down two trinomial 
homogeneous expressions, ono of six dimonsions and tho other of SBren. 

2. ' If you were asked to find the value of the expression 
ox 6 -c+d 5 <e+/-*-y 6 , how would you proceed ? 

3. Define /actor. What are the simple /octors of 2ab(a+b)? 

4 . If a = 4 and ® = 2, find the numerical value of 

2a®® _ 6i/^ 29j® _ 

(o-®)® a® V2a+4® 64a 


1—4 
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5. Mnd the value of (sc® -7®* + 6 ® +5) +{-3® + 2 ®* + 4 + 5 ®®) 

+(-ll-4iB®+2®— 7®®)+(9*®+2+5®®-4®), when ®=5. 

6. Prove that a-{6-c)=o-6+c. Howls this generally proved 
when 0, b, c are all positive quantities and a is greater than b and b is 
greater than c ? 

7. Simplify 2® - [(3® - 9y) - 1(2® - 3y) - (® + 5y)}]. ' 

8. When is one number said to be multiplied by another ? Prom 
the definition deduce the result when —8 is multiplied by -4. 

VI 

1. Define the power of a number, and the index of the power ; 
and illustrate them by a numerical example. 

2. If 0=16, 5=10, ®=5, 2 /=l, find the numerical value of 

(a-v)J 245® +®® + ^/(a-®)(5+y), 

3. Show thata® + 6®+o®— 3a5c=(0+5+o)(d® + 5®+c®-a5-ac-6c) 

(i) when 0=3, 5=4, c=5 ; 

(ii) when 0 =|, 5=§, c=l. 

4. State the propositions from which the following result may bo 
deduced 

0--6+c-d+e-/=(o+c+e)+(~5—d-/). 

5. lUustrate clearly by an example that 40 - 15)=65. 

6. Pind the numerical value of the sum of 7®®-25 
19Vy«“32*“12®® and2z*+5®®+7Vy^^i when ®=17, y=16, z=15. 

7. State the operations indicated by the expression 

50-[45-{3c-(25-7c)}]. 

8. Pind the value , of 

[[ 0 ® + 5 ®-H!®+d®){ 0 + 5 -(c— 0 )J+ 0 ® 5 +c“d] X 

{0®-(5®+o®)+d*K when 0=4, 5=3, c=2, d=l. 

VII 

1. Distinguish between : 

(0 0 -*' 5 c and 0+6 x 0 ; (ii) 0 * and 4a ; (iii) 3 ,Ja and %/a ; 

(iv) ./ 0+5 and ^0 + 5; (v) Jab and Jab. 

2. If 0=1, 5=2, c=3, d=0, find the value of : 

0°5+5®c+c®d+d®a 

(0+5)(c+d)-«0-d)+(c-5)) 


(ii) V6^ + V4(c-0)-V3(8a+55+3c-2d). 
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3. Show that the expiessionB 

(o+5+c)°+o®+6®+c®, (a+5)®-h(5+c)®+(c+c)®+6o5c and 
2a®+-35®(a+c)+25®+3c®(o+5)+2c®+3a®(fe+c)+6flic are equal to one 
another, 

(i) when ^=2, 6=3, c=4 ; 

(ii) when o=7, 6=4, c=l. 

4. Simplify: (i) l-[l-{l-(-l+®)}] ; 

(ii) 3o — (6— 2 c)~{o+d— ( 3tt“6“2c)J— (2o~3b+4c). 

5. Express algebraically the following statements : 

fi) That the product of the sum of two numbers multiplied by 
their difference is equal to the difference of the squares of the numbers. 

(ii) That the square of the sum of two numbers exceeds the 
sum of their squares by twice their product. 

6. Eind the value of 

17ffl - 56 - [7o - 36 - {Ufl - 6) - (2a + 36)}], when a = 39, 6 = 62. 

7. If F=5a+46-6c, X= -3'a-96+7c, 

!F=20fl+76“5c, X=13o-56+9c, 

calculate the value of 'V—{X+Y)-¥Z. [Mad. TJ. Matrio., 1683.] 

8. Erom the sum of a—^b+Jc— J-ti, —^c+ia—ib+d,id“ib+o—a, 
Ja—fd+b—lc and 8o “ 66 +3o~4d subtract 

7III 


1. Prove that ax5=6xa, when a and 6 are any two positive 
integers. 

2. If Jlf stands for o(ni+7i)and N stands for b{m-n), find the 

, ,M,N ,M N 
values of -+-^and-— 

3. In the identity c(a+6)=ca+c6, substitute : 

(i) m+n for c and find the value of the product {wi+»)(o+6) ; 

(ii) a+6 for c and evaluate (a +6)®. 

4. Simplify; {i) x{y-e)+y(z-x)+z[x-y); 

yz zx xy 

5. Prove that 

(i) a”-»-o“=a"‘", wliere m and n are positive integers 
and m>n; 

and (ii) o+6-*-c=0'»'C-*'6=0'*-6c. 
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6 . If a=Bxy~ys—sx, b=Zyz—xy—zx and c—Zzx—xy—yz, 

find the value of — — 
xyz 

7. Multiply 

' by 24o®6®c^fl:®y^s®. 

8 . Divide 

+fa®®fc^V'‘sV®z^° by {a^°b^°c^°x^y^z^. 


CHAPTER IV 

SIMPLE FORMULiE AND THEIR APPLICATION 

53. Definition. Any general result expressed in symbols is 
called a formula. In other words, a formula is the most general expres- 
sion for any>t&eorem respecting numerical quantities. 

Formula (ct±i6l5s/*5ii2c&J-j&S 

[ {a+b)^ ={a+b){a+b)=a{a+b)+b{a+b) 

= o“+2ab+6“.] 

That is, the syiiare of the sum of any two quantities is equal to the 
sum of their squares plus twice their product. 

Cor^ ' ^+b ? = (a® + 2o6 + 6”) - 2a6 = ( a + b)°-2g& ,. 

Example 1. Find the square of 2x+8y. 

(2® + 3j/)® = (2®)® + 2(2®X3y) + (83/)“ =4®“ + 12xy + 9y~, 

Example 2. Find the square of 5® +4. 

(5® + 4)® = (5®)“ + 2(5®).4+ 4“ = 25®= + 40® +16. 

I 

Examples. Find the square of 4o®+76*. 

(4o= + 76*)= = (4a=)“ + 2(4ft=)(76* ) + (76*)= = 16a« + 56a® 6* + 496®. 

Example 4 . Find the square of a+6+c. 

{a + 6 + c)®={a+(6+c)}®, [regardilig i>+e as one term) 

=a=+2o(6+c)+(6+c)= 

=a=+2a6+2ac+6=+26c+c= 

. =a= + 6®+c®+2a5+2oc+26c. 
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Example 5. Find the square of a+6+c+<Z. 

* (rt + Z> + 0 + d)“={(a + b) + (c + d)}®, [regarding a+t as one term 

and as another] 

= (fl! + 6)= + 2(a + bKc +d)+(c+dr 
= (fl® + 2a6 + 6°) + 2(oc + ad + 6c + 6d) + (c® + 2cd + ) 
=a®+6®+c®+d®+2a6+2ac+2od+26c+25d+2cd. 
Example 6. Simplify 

(0 +6-0] "+ 2(a + 6 -c)(o -6+ c) + (0 -6+0 )°. 

Putting X for^a+6 — c) and 1/ for (a — 6+c),'^'we have the given 
expression =®® + 2xt/ + y® = ( sb + j/)® 

={(a+6-c)+(a-6+c)}® 

= (2rt)®=4fl®. 

Example 7. Find the value of 9a!®+30j52/+25y®, when !c=15 
and j/= -9. 

The given expression = (3®)® + 2(3®)(5j/) + (5y)® = (3® + 5y)®. 

But 3®+5»/=3>«15+5 x(-9)=45-45=0. 

. ■ . The given expression = 0. 

I 

EXERCISE 20 

Find the square of each of the following expressions : 

1, ®+4. 2. 3o+2. 3. ®+2y.: 

4. 2x+7y. 5. 3a +46. 6. 5a +76. 

7. ap+36®. 8. a®+26c. 9. 3®®+2j/®. 

10. 4®®+t/®. 11. a+26+3c. 12. o6+6c+ca. 

13. 2p+3g+4r. 14. ®®+y®+2®. 15. 2x+3]/+4s. 

16. ®®+y® + 2*. 17. ®+y+2o+36. 18. 3a+46+o+2d. 

19. 2a+x+iy+3z, 20. 4wt+3?j+3p+2g. 

Simplify : 

21. (®+!/)®+2(®+i/)(x-2/)+(®-y)®. 

22. (a-y+z)"+(y+z-x)“+^x—v+z)(i/+s~x). 

23. (2o - 36 + 4c)® +(2a+36-4c)®+ 2(2a - 36 + 4c)(2o + 36 - 4c). 

' 24. (5a-76)®+2(5a-76)(96 -4a)+(96-4a)®. 

25. (2® - 5!/ - 32)® + {6j/ + 32 - ®)® + 2(2® - 5]/ - 3s)(6i/ + 3s - ®). 

Find the value of : 

26. 9®®+12®+4,whon®=-l. 27 16®® +64® +64, when ®= -2. 

28. 25m®+40mn+16n®, when 771= -18 and n=23. 
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29. 49a®+66a&+166®, 'wheo o= —7 and 6=13. 

30. ^^64a®+16ao+c*, ■when a=6 and c= —49. 

31. 81®® + 18®£r + 2 ®, when ® = 7 and z = - 67. 

32. 3^®+132i7Q'+121g®, when2)=12 and g= -7. 

33. ^If m+;^ =4, show fchab m® + ( — \ =14. 

m ' \m I 

^65. Formula l a-b)^=a^-2ab+b^ . 

[ (a - 6) ® = (a - 6)(o - 6) = o(a - 6) - 6(a - 6) 
=a®-2a6+6®.] 

That is, the square of ike differenoe of any two quantities is equal 
to the sum of their squares minus twice their product. 

Note. This formula is virtually included in the formula of the last article. 
^ Forj.{^V={a+(-6)}*=a*+2a(-6)+(-6F=a’-2fl&+5’. 

I. + 6® = (ffl® - 2g6 + 6°) + 2o6 = ( a - 6)° + 2g6. 

y' Cor. 2. Since (ffl+6)®=ffl®+2a6+5®, ^ 

1 ,/ and (o-6)®=a®-2a6+6®, 

‘ ■ evidently we have - 

{a + 6)® =-(o — 6)® + 4a6 and (a - 6)® = (a + 6)® — 4a6. 

Example 1. JFind the square of 3a -46. 

{3a-46)»=(3o)®-2{3a)(46)+{46)® 

=9a®-24a6+166®. 

Example 2. Knd the square of x—y—z. 

(®-y-z)®={a!-(y+z)}®=a®-2®(y+z)+(i/+r)® 

=a®-2®j/-2®z+v®+2j/z+z® 

=®®+y®+z®-2®y-2®z+2yz. 

Examples. Find the square of 2®-3!/-4z. 

' (2®-32/-4z)®={2®-(32/+4z)}® 

= (2®)® - 2(2®)(3y + 4z) + (3y + 4z)® 

=4®® “ 2(6®i/ +8sz)+K32/)® + 2(3y)(4z) + (4z)®} 

= 4»® - 12®!/ — 16®z + 92/® + 24J/Z + 16z ® 

= 4»® +92/® +16z® - 12®y - 16®z + 242/z. 

Example 4. Find the square of a- 6— e+d. n 

(a— 6-c+d)®={(o— 6)— (c— d)}® 

= (a - 6)® - 2(o - 6)(c - d) + (c - d)® 

= (o® — 2o6 + 6®) — 2(ac — ad - 6c + 6d) + (c® — 2cd+ d®)' 
= 0 ® — 2a6+ 6®— 2ac+2ad+26c— 26d+c®— 2cd+d“ 
=a® + 6®+o® +d® — 2a6 — 2ac+2ad+26c— 26d— 2cd. 



IV.] 


SlMPIiB FORMULA AND THEIB APPLICATION 


55 


Example 6. Simplify 

(cKB- + cs)® + {.ax -by- ez)~ - 2(aa: ~by+ ce)(ax -by- cs). 

Putting m for {ax-by+cz) and n for {ax-by-oz), we have 
the given expression = m® + - 2mn = (m - n)® 

= {(flx - hp + cz) -{ax -by- cz)\^ 

= (2cz)®=4c®e®- 

Example 6. Pind the value of .9a®-48fl5+645®, when a^lhand 

i=6. 

The given expression •=(3ffl)®-2(3ffl)(86)+(85)®=(3o-86)® 
=(46-48)®=(-3)®=9. 


EXERCISE 21" 

Pind the square of eaoh/of the following expressions : 
"^2. 2x-5. 


1. a- 3. 

4. ax -by. 

7. p^-mn. 

10. 3a® -56®. 

13. a^x*~b^y*. 

16. 3m-4n-6(7. 

19. a-2x-3b-iy. 
22. 600- 2, 


5. Bm-3n. 
3.''x%-xy‘. 

11, -xyz-abc, 
14. a— 26— 2c. 

17. a® -36® -6c®. 

20. 90-1. 

23. 1000 - 7. 


3. 3x-5y. 

6. pm-qn. ' 
9. x^-9xz. 

12 , x^yz-y^zx, 
IB. 2!»-3p-4c. 
'Ys. x-y-a-b. 

21. 120-3. 


Simplify : 

24. (a+36)®-2(a+36Xa-36)+(o-36)=. 

25. (2tt-46+6c)®+(2a+46+5c)® - 2{2o - 46+5c)(2a+46+5c). 

26. |3a+ 56 + 7c)® + (7c - 4o + 56)® - 2(3o + 66 + 7c)(7c - 4a + 56). 

27. (Sx® - 1 /® - 5z®)® - 2(2®» - p® - 6z®)(6z® + 2a:® - y=) 

+(6z®+2»®-p®)®. 

28. (a6 - 6c + ca) ® + (a6 + 46c + 2ca)® — 2(a6 - 6c + ca)(o6 + 46c + 2co). 


/Pind the value of : 
■^29 


A 


30. 

31. 

32. 
13. 


a®6*-12o6c+36c®, when a=4, 6=7 and c=5. 
a®p® -24®ps + 144z®, when a=7, p=9 and z=6. 
25(a+I/)®+z®-10z(s+j/), when »=47, p= -22 and z=129. 
9c®-42c(o+6)+49(a+6)®, when a= -37, 6=67 and c=45. 
64(7p-62)®-96(7p-6g)r+36r®, when p=28, ff=32 and r=46. 


34, If c- ^ =4, Bhowthatc® + |^j =18. 
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SG.^Formula (a+b)(a-T>)=a^-b^. 

[ (a + &)(a - b)—a[a -b)+ b[a - b) 

=fl=-6=.3 

That is, the product of the stem and difference of any two quantities 
is equal to the difference of their squares. 

Note. Conversely, a^ — b’ = (a-t-Mfo— Hence, wc can alicays find the factors 
of an cign'ession 7Dhicli is of the form a’ — b*. 

[TF7i« 71 ojic expression is the product of tioo or snore expressions each of the latter 
is called a factor of the former.] 

Example 1. Multiply Bx+5y by Sx-5y. 

{Bx+5y)[3x-5ij)={Bxr -(5j/)==9a:= -25r . 

Example 2. Multiply a+b-c by a— b-^c. 

(ff+h-c)(fl-6+c)=3o+(6-c)Hn“{i>-c)t 
/ ' =a:-(6-c)® 

= fl® - (h® - 2bc + c=) = a “ - + 21w - c=. 

Examples. Multiply x^+xy+y" by x°-xy+y^. . 

(a® + xy + !/®){»® -xy+ j/®) *={(a®+ 1 /®) + + 1/®) ” tcy\ 

={®®+5/®)®-(®y)® 

=®* + 2x'y- + j/* - x^y- =®* +®®j/® + j/*’. 
Example 4. Simplify (<i®+a6+6®)®-(a®-a6+6®)®. 

The given espression={(a®+flb+b®)+(a®-ab+b®)} 

X {(o® + ab + b®) - (fl® - ob + b®)} 
=(2o=+2b=)x2ab 
= 2{o® + b®) X 2fflb= 4ab(a® + b®). 

Examples. Find the value of (9726854)®— (9726849)®. 

'The given 6xpression=(9726B54 + 9726849)(9726854 - 9726849) 
=19453703 x 5 = 97268515. 

Example 6. Resolve into factors {a+b)--{c~d)". 

The given expression=3(a+b)+(c-d)H(os+b)-(c-d)( 
=(o+b+c-(Z)(a+b-c+(f). 

Example 7. Resolve into factors 16a* -81®*. , 

The given expression=(4a®)®-(9®®)®=(4a®+9®®)(4a®-9i®). 

Again, 4a® - 9®® = (2o)® - (3®)® = (2a + 3®)(2a - 3®). 

Hence, the given espr. = (4o® + 9®®)(2a + 3®)(2o - 3®). 
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EXERCISE 22 


Slulfciply together : 

'lU x+3andx~3. 

3. s+2aand®-2a. 

5. a7B+7t' and ojJi-ir. 


2. 5s+13 and 5 j!-13. 
4. ax+b]/ and ax- b]/. 

6. x]/+ys and X7j-y::. 


and a:®+2yr. x-i/+X!/" and xy-~x^}/. 

il ®+l, a:-l and 2 :“+l. 10. and o*+5’‘. 

11. a + I»+c and a+i-c. 12. a+5+c and o-5-c. 

13. 77i®+77l77 + 77® and 7B--7B77 + 72®. 

14. ^®-J^2ry+2i/" and a,"-2rj/+2t/®. 

15. na;-6i/+cr and aj:+&j/-c 2 . 

16. “fljj+h//+c 2 and aar+ip+c^. 

17. h"m~c‘n+a"p and 5®7?t+c®7i— o®;j. 



«=-8&'' + 27c» and fl“+86*-27c“. 
a "x" - 2ax+2 and a ~x^ + Sax + 2. 
a*x* -a®a:®+l and o*x*+fl"a;®+l. 
771 ®+ s/2.7n7t + 77 ® and 777 ®- «/2.?7f77 + 7l“. 
X®- jSx-^l, x®+ J2s+l andx*-l. 


-c)®-(o-5+c)®. 24. (o-2Ii+3c)®-(a+2t>-3c)®. 

25. {x®+xp+i/®)®-(x®-xi/+i7®)®. 

(x+y-«+/7)®-(x-y+fl-5)®. 

27. (2a + 35 - 5c + 7d)= - (2a - 35+ 5c - Id)-. 


Simplify : 
(a +5 


Find the value of : 

'id. 2345 x 2345 - 2343 x 2343. 29. (53497)= -(53487)® 

30. 498567 x 493567 - 493562 x 493562. 


Eosolrc into factors : 

25x®-86. 82. 9fl=-16c®. 


34. 4p=-81</=. 
37. 49 - 64d®. 


36. a®x®-645®. 
38, 144c® -25rl!®. 


33. 16m=-49ft=. 
36. 36x*-121y*. 
39. (o+5)®-c®. 


40. (a+25)=-2.5c=. .41. 4x®-(3o-45)®. 42. a® -(26 -3c)®. 

43. a*-8l5‘. ^44. {x-y)--{fl-b)-. 46. 81x*-625y*. 

4G. (4a+75)®-(3a-85)®. 47. C3x+6y)®-(2x-7i/)®. 

^48. («+25-3c)®-(o+5-c)®. 49. (27»+37i-5p)=-(27J+3p)®. 

50. (3x-4p+7c)®-(9x-3y+5c)®. 
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57y Formula (fl+&)®=o®+3c®&+Sfl6“+&®,' 
or, =fl®+6®+3o&(fl+&). 
[(o+5)3=(o+i){a+6)e=(o+6)(a=+2a6+6‘') 

= a(a® + 2oZ> + h”) + + 2ab + b®) 

^a^ + Sa^b+Sab^+b® ; 

this latter = a® + 3ab(a+ b) + b® = a® + b® + 3ab(a + b). ] 

= {a® + b® + 3ab(a + b)} - 3ab(a + b) 

~ ( a +.b)® — 3ab(a + b ). 


J ' and this 
Cor.'^® + b®= fa®- 


Example !• Find the cube of 3a+5b. 

(3a + SbJ® = (3aJ® + 3(3a)=(5b) +3(3a)(5b)® + (5b)» 
= 27a® + 3(9a®)(5b) + 3(3a)(25b®) + 125b® 
=27a®+135a=b+2S5ab=+125b®. 


Example 2. Simplify , 

(a - vY + (a + vY + 3(a - !/)®(a + j/) + 3(a+j)®(a: - v). 

[0. '0. Entr. Paper, 1876.] 

Fatting a for a- j/ and b for a+y, -we have 

the given expression = a® + b® + 3a®b + 3b®a 

-a® + 3a®b+3ab® + b®, 

and =(a+b)®={(a-y)+(a+i/)}®'=(2a)®=8a®. 

Example 3. If a+b=5 and ob=6, find the value of a®+b*. 

We have o® + b®=(a+bl® -3ab(a-b) , 

and by the given condition 

=5®-3x6x5=125-90«36. 

Example 4. If a + ^ =p, show that a® + |^| =p®-3p. 

Since a® + b® = (a+b)® -3ab(a+b), 

Hence, the reqd. value =p® -3p. 


Example 5. Find the cube of p+g+7’. 

(p+g+r)®=]Cp+g)+r}® 

= (P + 9 )® + 3(p + g)®r + 3(p + g)r® + r® 

= (p® + 3p®g + 3pg® + g®) + 3(p® + 2pg + g®)»' + 3(p + g)r® +r® 
=p® + g® +r® + 3p®g + 3pg° + 3p®r + Zpr~ + 3g®7’+3gr® +6pgr. 
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Example 6, Bfedthevalu0ofa!®+9a:®y+27a:2/®+27w® wheniB=5 
andv=-2. 

The given expr0asion=ic®+3a!®(3i;)+3a!(3i/)®+(%)®=(®+3j/)» 
=(5-6)®=(-l)®=-l. 


EXERCISE 23 


Find the cube of : , 
l/^s+S. 2/.2a!+l. 

5. ®®+2j/. 

9. 


XV +yz. 


4'fy4x+3v. 

8. e(+b+2o. 


3a+b. 

7. a’‘b+c^d. 

2®+3y+«. 10. ®®+y®. 

Simplify : 

{3m + 5re)® + 3(3m + 5n)® (2m- 5n) + 3(37» + 5n){2m - 5»)® + (2m - 5»)®. 

12. (3* - 8y)® + (9y - 2®)® + 3(® + j/](3® - 8y){^y - 2®). 

13. (8a-7b)® +(10b - So)® +9b(3a- 7h)(10b - 3a). 
yl'4. (5® - 2)® + (3 - 4®)® + 3(® + 1)(5® - 2)(3 - 4®). 

*^3. (3 - 7®)® + (8® - 1)® + 3(8® - 1)(3 - 7®)(® + 2). 

'u'lO. (a - 5 + c)® +jia + 6 - c)® + 6a{a“ - (b - c)®}. 

/Find the value of o®+6* : 

'^\7. When 0+5=6 and 18. When o+ 5=7 and o6=8. 

^9. If o+ - =3, show that a® + (~ ) =18. 
a \al 


^9. Ifz+i 

z 


fir 

I ® / 


=4, find the value of a® + 

. Find the value of : 
v21. ®® + 6®® + 12® + 8, when ® = - 2. 
s°+12»®+48»+64, when ®= -6. 

23. 8o®+36o®5+54o5®+275®, when o= -3 and 5=2. 

24. ®®+18®®+108®+351, when ®= -11. 

If ®+v=5, show that ®®+y®+16®y=125. 

Y^6. If o® + 5® =p®, show that a® + 5® + 3o®5®o® = c®y 
nH?. f ^ g = 2, show that p® + g® + 6pg = 8. 

68.^^ormula (a-6)®»a®-3c®6+3c6®-6®, , 

^ or, =a®-&®-3o&(a-6).^^ 

(a - 5)® = (a - 5)(o - 5)® = (a - 5)(a® - 2a5 + 5®) 
=a(o®-2a6+6®)-5(a®-2a5+5®) 
=o®-So®6+3o6®--5® ; v\ 

and this latter=a®— 3a5(o-5)-5®=a®-5®-3a5(a-5). ] 
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{a® - &® - 3oi)(ffl “ b)\+Bab{a- b) 
= (o - b)® + 3ab(a - b). 


Example 1. Find the cube of Sx-ii/. 

{3x - 42/)® =(305)® - 3(3a:)=(42/) +3(3a5)(42/)® - (42/)® 
=27as® - 3(9a5®)(4!/)+3(3a5)(16i/®) - 647/® 
= 2705® - 108 o5®2/ + 144i7/“ - 642/®. 


Example 2. Find the cube of o—b—c. 

(a - b - c)® ={(®“ b) -cp 

=(o-b)®-3(a-b)»c+3(ffl-b)c®-c® . 

= (a® - 3a® b + 3ab® - b®) - 3{a® - 2ab + b®)c + 3(a - b)c® - c® 

= a® - b® - fi® - 3a®b + 3ab® - 3a®c + 3oc® - 3b®c - Bbc~ + 6abc. 

Example 3. Find the value of 27®® - 54®® + 36® - 64, when ® = 2J. 

The given expression = (3®)®- 3(9®® ).2+3(3»).4-8- 56 
=(3®-2)®-56. 

Hence, the reqd. value =(7-2)® -56 =125 - 56 = 69. 


EXERCISE 24 

iT 

Find the cube of ; 

1.'/®— 2. 2. 2®— 1. 3. 2— 3o. 4. /S— 4a. 

5t\'2o— 3b. 6. 5771—471. 7. 2®-5j/. S.’' 2a-b— c. 

9. 2x-3y-s. 10. jj®-g®-r®. 


Simplify ; 

(o + 2b)® - 3(o + 2b)®(o - 2b) + 3(a+ 2b)(a - 2b)= - (a - 2b)*. 
>^12. (3® - St/)® - (2® - 77/)® - 3(3® - 6v){2x - ly)[x - y). 

✓13. (5® - 8)® - (3® - 8)® - 6i(5® - 8)(3® - 8). 


Find the value of : 


/U 

A 


16. 

17. 


m®— 12777®?! +4877171® -6471®, when 7/1=12 arid 77 = 3. 
27a® - 135a® + 225a - 125, when a = 4. 
8-9a+27o®-27a®, when a=3. 

216-144®+108®® -27®®, when ®=3. 


-^8. If a- - =3, find the value of a®-( M • 
/l9. If c- ^ =5, find the value of * 
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I 

•^0. If a:-y=3^show that a:®-i;®-9a:y=27. 

'^1. If 3 > — 2g = 4, show that jj® — 8g® - 24gjg = 64. 

22. If 2o - 36= 5, show that 8a® - 276® - 90a6 = 125. 

59. Formula (,a+b) {a^-ab+b^)-a^+b^ . 

[ (a + -ab + 6®] = a(a® - a6 + 6 ®) + 6(a® - a6 + 6®) 

=(a® - a®6 + a6®) + (a®6 - a6® + 6®) 

■ =a®+6®.] 

Note. Conversely f -^-h^ -“Ob-hh^), Sence* we can ahvays resolve 
an expression into factors when it ts of ihefmm a®+6“. 

Example 1. Multiply ai*-a!®+l by a!®+l. 

Putting a for and 6 for 1, we have 

a!* - a® + 1= (a®)® - a®.l + 1® *= a® - a6 + 6®. 

Hence, (a® + l)(a* - a® + 1)= (a + 6)(a® - a6 + 6®) 

' =a®+6® 

={a®)®+l®=a®+l. 

Example 2. Multiply 9a® -12a +16 by 3a +4. 

Potting a for 3a and 6 for 4, we have 

9a® - 12a + 16= (3a)® - (3a).4 + 4® 

, =a®“a6+6®. 

Hence, (3a+4)(9a® -12a+16)=(a+6)(a® -b6.+6®) 

=o®+6®=(3a)®+4® 

= 27a* +64. 

Example 3. Multiply 16a® - 20a6 + 256® by 4a+ 56. 

Putting a for 4a and y for 56, we have 

16a®-20a6 + 256®=(4a)=-(4oX56)+(56)® 

=a®-a2/+j/®. 

Hence, (4a+56)(16a®-20a6+ 256®) 

=(a+y)(a® -ay+p®) 

=a® +y ® = (4o)® + (56)® 

=64a®+1256». 

Rxnmplp 4. Eesolve a®6®+ 8c® into factors. 

o®6®+8fl®=(o6)® + (2o)® 

=(o6 + 2c){(a6)® - (a6)(2c) + (2c)®}: 

= (o6 + 2c)(a®6® - 2a6c + 4c®). 
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EXERCISE 25 

Multiply : 

''1. by i+l. 2. l-ar+4flj® by l+2r. 

'3. 25p"— 5p+l by 5p+l. 4. 49a® — 28o6+166“ by 7ffl+4&. 

5. 64a:® - 24a:y + 9j/® by 8a: + Sy. 6. o®b® - 4o6c + 16c® by ali + 4c. 
^7. o®a:®-5a6a:+25b® by aa:+55. 8. 25o®-45a&+816® by 5a+96. 
Eusolve into factors 

'9. a®+l. 10.'" a:® +8. 11. 8a:® + l. 12. 27o®+8. 

13. 87a® +64. 14. 64p®+125. it 8a:®+216y®. 

16. 27c®+343y®. 17. 216a*®® +y®. 187 27a®fc® + 64®*!/*. 

19. 729a*i®c* + 100®®i/®2*. 20. 1331o®6®*»+729c«y®2®. 

€0. Formula (a-6)(a®+a6+&®)=fl*-6®. 

[ (o - b){a- +ab+ b~) => a(a® + ab+b‘) - b(a~ +ab+b‘) 

= (a® + a®6+a6®) - (a®6 + a6® + 5®) 

=a®-6®.] 

Note. Conversely, a‘—b* = (a—b)(a*+ab-i-b^). Hence, toe can always resolve 
cnlo faelors an expression which is of the form a*-b*. 

Example 1. Multiply 4a®6* + 2o6® + 1 by 2a5® - 1. 
(2a6=-l)(4a=6‘.+2a6®+l) 

=(2a6® -l){(2a&»)® + (2a5®).l+l®} 
■=(2a6=)®-l®=8o®6®-l. 

Example 2. BosoIto 64®® -a®p® into factors. 
64®®-o®!/®=(4®®)®-(cy®)® 

= (4®® -aj/®)K4®®)® + (4®»)(ay®) +(ap®)®} 

= (4®® - oy ®Xl6®* + 4o»®y ® + o®y *). 

EXERCISE 26 

Multiply : ^ f 

1. l+2®+4®® by 1-2®. 2. ®®+3®+9 by ®-3. 

3y^l6a®+4a+l by 4a-l. 4. ®*+2s®ys+4y®2® by '®® -2j/2. 

h. 977»®+677t7tg+47t®g® by 377t-2ng. 

Bcsolve into factors : 

' .6. 1 125o» - 1. 7. ^343®® - 8y\ 

9. l-512fc®. lOV 729OT®-64a«n®. 


8. 216Jt*-125I®, 
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61. Formula (*+a)(JC+6)=A:®+(o+6)x+a6. 

[ (®+a)(a+6)=a;(a;+6)+fl(a:+&) 

Note. It is easy to see that the above formula includes the following results . 

(1) (®— o)(®— 6)=a*— {«+6 )!b+o6 
^( 2 ) (as— o)(a+6)=a*4-(6— a)a— ob ■ 

(3) [x+a){x—b)=x^+{a—b)x—ab , 

Far nistance, (a-o)(»-6)={a+(-a)>{r+(-t)}- 

=a*+{(-o)+{-6)}®+{(-o)x(-i)} 

=a’— {o+6)»+ob. 

Similarly, the truth of the other results can be proved, which it left as an 
exercise for the studerd. 

Hence, we can express the formula more clearly as follows ; 

(»+a)(a+b) + (algebraic sum of a and 6)»+ (product of a and 6). 

Example 1. Write down the prodnot of ®+3 and x+4. 

Since 3+4= 7 1 /. the required prodnct 

and 3x4= 12 j‘ =®® + 7®+12. 

Example 2. Write down the product of ®-7 and ®+4. 

Since -7+4=- 3 1 the required product 

and (-7Jx4=-28f =*=-3®-28. 

Example 3. Write down the product of ®+S and ®-9. 

Since 5-9= - 4 1 the required product 

and 5x(-9)=-45r =®®-4®-45. 

Example 4. Write down the prodnct of ®-2 and ®+ 7. 

Since -2+7= 5 1 the required prodnct 

and i(— 2)x7=— ^4j =®"+5®— 14. 

Example 5, Write down the product of ®-5 and ®-8. 

Since -5-8=-13\ the required product 

and (-6)x(-8)= 40/' =®«-l3®+40. 

"exercise 27 

, Write down the prodnot of : 

1. ®+l and®+2. 2. ®+2 and»+9. 3. *— 5 and®+6. 

4 , x—3 and®— 11. 6. ®— llandfl+16. 6. »»— 7and to+19. 

7. p+13andp-ll. 8. p+12andp-17. 9. ®-4 and »+9. 
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10. 

a’-5 and a:-10. 

11. 

a;-12 and a:+5. 

12. 

I' -13 and i+2. 

13. 

n+5 and n+14. 

14. 

Mt-14andjn+6. 

15. 

a;-5 and *-13. 

16. 

®+7 and a:+12. 

17. 

a-3 andffl-11. 

18. 

* + 4 and *-13. 

19. 

Ml +5 and?7i-16. 

20. 

tc-S and a; -10. 

21. 

fl+6 and o-12. 

22. 

Ml -7 and7Ji+13. 

23. 

a: -10 and .t-16. 

24. 

x+o and *-18. 

25. 

®-16 and .r+10. 






CHAPTEE V 
SIMPLE EQUATIONS 

• 

62. Definitions. Any two expressions connected by the sign 
of equality constitute an equation, and each of the expressions thus 
connected is called a side or member of the equation. 

The term equation, however, is hardly used in this extended sense. 
"When one expression is put equal to another the equality :may hold 
cither for all values of the letters involved, as in (a+&)(d-f>)=a®-5°, or 
for some particular values of the letters only, as in 4x=8, (which is true 
only when a;’=2). The latter class of equations alone are called equations 
(more correctly, Equations of Condition), whilst any equation of the 
former class is called an Identity (or an Identical Equation). 

Thus, (a:+l)+(2a:+3)=3a;+4 is an Identity, 

whereas (a:+l)+(a:+3)=3.r+2 is an Equation ; 
the former being true for all values of x, and the latter, only when iu=2. 

The letter, to which a particular value or values must be given in 
order that an equation may be true, is called the unknown quantity. 
It is usually represented by one of the last letters of the alphabet 
X, y, z, &c. 

Any particular value of the unknown qualitity, for which an equa- 
tion is true, is said to satisfy the equation, and is called a root or a 
solution of the equation. 

To solve an equation is to find its root or roots. 

An equation containing only one unknown quantity, fs said to bo 
an equation of the first degree or a simple equation, when the unknown 
quantity occurs only in the first power. 
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63. Axioms. The process of solving an equation is primarily 
based upon the following axioms ; 

(1) 'If to equals the same quantity, or equal quantities, be added, 

the sums are equal. 

(2) If from equals the same quantity, or equal quantities, be taken, 

the remainders are equal. 

(3) If equals be multiplied by the same quantity, or by equal 

quantities, the products are equal. 

(4) If equals be divided by the same quantity, or by equal quan- 

tities, the quotients are equal. 

Cor . 1 . !Prom axioms (1) and (2), we deduce an important principle 
which is of great use in solving equations, and which may be enunciated 
as follows : 

Any term may be transposed trom one side ot an equation to the other by 
simply changing its sign. 

Por, let iB-a=h+c; 

\ . 

then adding a to both sides, we must have ' 
a:-ffi+fl=6+c+a, [Axiom (1)] 

or. 31=5+0+0 ; 

again, subtracting c from both sides, we have 

x-a-c=b+c-c [Axiom (2)] 


Thus, —a, removed from the left side, appears as +o on the right, 
and +c, removed from the right side, appears as -c on the left. 

Similarly, if x-a^h-o+d, we have x-a-b+o-d=Q. 

Such removal of terms is called Transposition. 

Cor. 2, The sign of every term of an equation may be changed 
without destroying the eqiiahty. 

Por, let 31 — 0 = 5+0, 

then (ai-a)x(-l)=(6+o)x(-l) [Axiom (3)] 
or, -31+0= -6-0. 

64. Simple Examples. We shall now work out some exam- 
ples illustrating the general method of solving a simple equation by the 
application of the foregoing principles. The unknown quantity will 
always be denoted by x 
1—5 
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Example !• Solve 181=54:. 

N. B. Tlic question man be otherwise ])ut as follows-. ‘If lBx= Si, what is the 
value of X ?’ 


Since, 18i=54, 

dividing both sides by 18, we get 


18x 54 
18 “l8’ 


x=3. 


Thus, the required value of s is 3. 

Example 2. Solve 3a:+5=ic+19. 

• N. B. The question maybe otherieife put as folloirs : ‘7/ 3r+5=a;+19, 
what is the value of xY 

Since, 3a:+6=a:+19, 

by transposition, we must have 

3a:-a;=19-5, or, 2a:=14, 
and therefore (dividing both sides by 2), 

x-1. [Axiom (4)] 

Thus, the required value of x is 7. 

Example 3. Solve the equation - 1 1® + 2(3 - ®) = 32. 

Eemoving the brackets, wo get . 

-'lla:+6-2x=32, 
or, —13® +6= 32, 

or, -13® =32 -6, [by transposition] 

or, -13® =26. 

Multiplying both sides by -1, 

(-l)x(-13®)=(-l)x26, 
or, 13®= -26, 
dividing both sides by 13, 

*-c-. -2. 

Thus, the required value of ® is-2. 

Example 4. Solve (® + 2)(3® + 4) - 6® = 10 + (3® + 2)(® + 1). 

The left side = 3®* + 10® +8-6® 

= 3®"+4®+8 ; 

and the right side =10 +3®°+ 5® + 2 
=3®“ +5® +12. 

Hence, 3®®+4®+8=3®®+5®+12. 
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Eemoving 3x* from both sides, we have 

4®+8=5a;+12. [Axiom (2)] 

Hence, by transposition, 

4a;-5a:=12— 8, or, — ®=4, 
and ®=— 4. [Cor. 2, last article] 

Thus, the required value of ® is —4. 

Note. TJie studeiU can easily see for himself that when x has this 'value, 
each side of given equation becomes equal to 40 

* / \ 

Example 5. Given +? ; find®. 

0.04 

Since. | +5= | + |. 

multiplying both sides by 12 (which is the L. C. M. of the denominators), 
we have 

12 ( 1 + 5 ) = 12(1 + 1 ) [Axiom (3)1 
or, 2®+60=4®+3®=7®. 

Hence, hy transposition, 

2®-7s=-60, or, -5®=-60, 
and therefore (dividing both sides by -6), 

®= 12 . 

Thus, the required root is 12. 

EXERCISE 28 


Solve the following equations : 

1. 4®=16. 2. 3®=-16. 


3 . 7®=-f 


4. A- 5® =25. f=-l- 6. -^=20. 

7.'^3®+5(2-®)=-16. 8. 5(l-®)+3(2-®)=-29. 


, 9. 4(2-®)+2(3-2®)=30. 
V 11. 4®+3=2®+5. 


10. 7(3-2®)+5(®-l)=34. 
12. 3®+2=®+6. 


13. 5®-6=2®+3. L4. 15®-9=ll®-25. 

15. 4(®-3)=2(®-6). '^6. 2(®-15)=5(®-ll)+4. 

17. ^-3®=5®+35. 18. 3(®- 2) +7(2® -3) =5(1 -2®) -69. 

19^^®- 4(5® -8) +17=0. 20. 14(®-4)+3{®+5)=6(7-2®)+4. 

•21. 8(L-7)-9(3®-14)=15. 22y'3®-13(2®-13)=4®-20. 
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49 + 13(5a: + 27) = 8(5 + x) - 3x. 

16 - 6(7® - 2) = 13(® - 2) + 4(13 - ®;. 

8® + 5(® + 7) + 9(2® + 23) — 3(® + 6) = 0. 

(® - 7)(4® - 29) = (2® - 5)(2® - 17) + 1 . 

(3® + 2)(2® - 6) = (4 - 3®)(1 - 2®^ - 10. 

(3® + 5)(6® - 7) = (3® + 2)(9® - 13) - (3® + 1 )(3» - 1). 
(.T + 2)(2® + 6) •= 20(: + 1)* + 13. 

,(® + 1)(4® - 7) - (® - 1)(® + 5) = 3(® + 


1 

® ® , ® _Q ® ,5x 

2 “ 3 4 6 12 


^'^‘6 6 15 3 


dHAPTBE VI 

PROBLEMS LEADING TO SIMPLE EQUATIONS 

65. Symbolical Expression. The chief difficulty in solving 
an algebraical problem lies in expressing correctly the condition of the 
problem by means of symbols. The student should, therefore, be 
first of all introduced to this art before the solution of an^' problem is 
presented to him. The following examples will serve as illustrations^ 

Example 1. If a man earns ® rupees per month, how many four- 
anna pieces will he earn in a half a month ? 

Since, 1 rupee =4 four-anna pieces, 

® rupees =4® four-anna pieces. 

Clearly therefore the man earns 4® four-anna pieces per month. 

Hence, the number of four-anna pieces earned in half a month 
=i of 4®=2®. 

RYiiinplf, 2. If an insect creeps up a pole ® inches per minute, how 
many feet will it rise in y hours ’ 

Since, 1 iuch=i^th of a foot, 

X ' 

® inches =j^th of a foot. 
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Hence, in 1 minute the insect ci'eeps up ^th ft. ; 


' . in 60 minutes •> » 


»> 


gx60ft. 


Thus, in 1 hour the insect creeps up 5x ft. 
Therefore, in y hotfrs it i ises (5a; x y) ft. 
Thus, the required number of {eet=5xy. 


Examples. If a man travels at the rate of a; miles per hour, 
what time will he finish a journey of 10 miles ? 


in 


Since, x mile is travelled in 1 hour, 

.'. 1 mile » » » — th of an hour ; 

10 miles are »— hours. 

1 ® 

Example 4. The digits of a number beginning from the left are 
X and y. How would you represent the number ? 

If the digits be 4 and 5, the number— 10x4+5 ; 
if the digits be 6 and 7, the number =10 x 6+ 7 ; * 
if the digits be 8 and 4, the number=10 x8+4 ; 
and so on. 


Hence, it is quite clear that when x and y stand for the digits, the 
number is to be represented by 102:+y. 


EXERCISE 29 

1. The sum of two numbers is 15 ; it one of the numbers be x, 
what is the other ? 

2. The difterance of two numbers is 20 ; if ® be the greater, what 
is the other ? 

3. The difference of two numbers is 25 ; if ® be the smaller, what 

is the greater ? . ' 

i. What is the excess of 25 over y ? 

5. What is the defect of 2® from y ’ 

6. If X be one factor of 21, what is the other factor ? 

7. What number is less than 100 by 3® ? 

8. What number taken from 4® gives 3y as a remainder ? 

9. If a man travels x hours at the rate of y miles an hour, ho\V 
many miles does he travel ? 

10. If a mau travels at the rate of y miles per hour, in what time 
will he finish a journey of x miles ? 
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11. A man is a: years of age, how old will he be 20 years hence? 
How old was he 3 years ago ? 

12. In X days a man travels 60 miles ; what is his rate per day ? 

13. If a train travels 30 miles in x hours, how many feet does it 
travel in one second ? 

14. If I spend x annas a week, how many rupees do I save out of a 
yearly income of 5x rupees ? 

15. Write down 6 consecutive numbers of which x is the middle 

one. 

16. Write down the sum of 3 consecutive numbers of which the 
middle one is x, 

17. What is the odd number next after 2m+l ? 

18. What is the even number next before 2x ? . 

19. If X men take 10 days to do a work, in what time will y men 
do it ? 

20. A room is a yards long and b feet wide ; what is the measure 
of the area of the floor in square feet ? 

21. In the last question find the number of square units in the 
area when the unit of length is 4 feat ? 

22. How many miles can a person walk in 20 minutes, if he walks 
X miles in y hours ? 

23. In what time will a person walk 16 miles, if he walks x miles 
in a hours ? 

24. ' What is the present age of a man who was (i- 5) years old 
20 yeaf’s ago ? What will be his age 30 years hence ? 

25. If the digits of a number beginning from the right are x and y. 
what is the number ? 

* 

26. If X, y, z be the digits of a number beginning from the left, 
what is the number ? 

27. In the preceding question, if the digits be inverted, how would 
you represent the new number ? 

66. Easy Problems. We shall now work out some problems 
which will fairly introduce the beginner to the subject of the present 
chapter. The unknown quantity will invariably be represented by x. 

Example 1. A and B together starf a business with a joint- 
capital of Es. 540. If A’s share in the capital he double that of B. 
find the share of each in the joint-fund. 

Let X represent B’s share. 

Then. A's share in the capital is 2r. 

So, the joint-fund=a:+2a:, i.e. =3a:. 
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But. the joint-fund is Es. 540, 

3ic=Es. 540, or, a:=Es. 180i 
i.e., B’b share is Es. 180, 
and .4’s share is Es. 360. 

Example 2. Divide 34 into two parts whose difference is 8. 

Bet X denote the larger part. 

Then, 34-® denotes the smaller part. 

Hence, by the question, 

®-(34-®)=8, or, 2®-34=8; 

2®=42, ®=3l. 

Thus, the larger part is 21 and the smaller part is 13. ■ 

Example 3. "What number is that of which the third part exceeds 
the fifth part by 4 ’ 

Let ® represent the required number. 

Then, by the given condition, 

|-|=4; .-. 5®-3®=60, 

' or, 2®=60; .'. ®=30. 

Example 4. In 10 years A will be twice as old as B was 10 years 
ago. Find their present ages if A is now 9 years older than B. 

Let the present age of B be denoted by ®. 

Then, the present age of A is ®+9. 

After 10 years A’s ag0=®+9+lO=®+19. 

Before 10 » B’s » =®-10. , 

.■. by the given condition, 

®+19=2(®-10), or, ®+l9=2®-20, 

by transposition, 2®- ®=20+19. or. ®=39, 

I.e., the present age of B = 39 years. 

» a » a A=4S » . 

EXERCISE 80 

1. A straight line, whose length is 9 feet, is divided into two 
portions, one being double of the other. Find the length of each portion. 
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2. A bag contains as njany rnpees in it as there are eight-anna 
pieces. Pind the number of eight-anna pieces if there be Es. 30 in all. 

3. Eind two numbers whose sum is 50, and whose difference is 30. 

4. Pind a number such that it is equal to fire times its defect 
from 96. 

5. Pind a number which being multiplied by 8, the product will 

be greater than half the number by 90. ' 

6. What number is that from which if you subtract 40, the differ- 
ence will be one-third of the original number ? 

7. What number is that of which the excess over 35 is less by 22 
than its defect from 67.? 

8. Pour times the excess of a number over 16 is equal to the defect 
of the number from 416 ; find the number. 

9. Pind 3 consecutive numbers whose sum will be 129. 

10. Pind a number which when multiplied by 7 is as much above 
132 as it was originally below it. 

11. Divide 90 into two parts such that three times one of the parts 
together with four times the other may be equal to 335. 

12. The sum of two numbers is 39 and one-fifth of one of them is 
equal to one-eighth of the other. Pind them. 

13. Pind a number whose fourth part exceeds its jiintli part by 6. 

14. Pind a number whose sixth part exceeds its eighth part by 3. 

15. Divide 21 into two parts, so that ten times one of them may 
exceed nine times the other by 1. 

16. A house and a garden cost £850 and the price of the garden 
= 3 lVths of the price of the house ; find the price of each. 

17. Divide £420 among two pm-sons, so that for every shilling one 
receives, the other may receive half a crown. 

18. A and B, two shepherds, owning a flock of sheep, agree to 
divide its value. A takes 72 sheep, while B takes 92 sheep and pays 
A £35. Pind the value of a sheep. 

19. The ages of two men differ by 10 years, and 15 years ago the 
elder was just twice as old as the younger ; find the ages of the men. 

20. A father’s age is three times that of his son, and in 10 years it 
will be twice as great : how old are they ? 
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67. lotroduction. We have shown in Chapters II and III how 
certain algebraic ideas and rules may be easily understood by graphical 
illustrations. In fact, graphical representation of anything, wherever 
it is possible, greatly helps to realise the nature of the thing represented. 
In the present chapter we propose to consider bow algebraic quantities 
can be represented by points as a preHminary to geometrical represen- 
tations of algebraic identities and equations which will be considered 
later on. Such geometrical representations are called Graphs. 

68. Instruments required. The student should first of all 
provide himself with the following instruments and acquire skill in 
manipulating them with accuracy and neatness. 

(a) A hard Pencil. 

Note. It must be well-shai pened so that the hues drawii may be very fine. 

(b) A pair of Compasses (also called Dividers). 
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(d) A graduated Flat Ruler (of moderate length) shewing 
tenths of an inch. 


{e) A Diagonal Scale, giving hundredths of an inch. 



Example 1. Through the point A draw a straight line parallel to 
BG. 


D B E C 



t 

Place the Set-square DBF in such a way that the edge DE may 
fall along BG. Then slip the other Set-square GEE into the position ' 
shewn in the diagram, so that EG may pass by A. Now trace a line 
along EG, which'will evidently be pai'allel to BG.' 
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Example 2. Through the point A in the straight line SO draw a 
straight line perpendicular on SO. 

First trace a line SS, 
parallel to BO. Then place 
the Set-square GEE in 
such a way that EE may 
fall along BE, and GH 
may pass by A. Now 
trace a line along EG, 
which will evidently be 
perpendicular to BO. 


O H K E. 

Example 3. Find the lengths of the straight lines AS and OB : 



■ (1') By means of the pair of Compasses and the Diagonal Scale we 
find that the length of AS is equal to the distance between the two 
points marked on the line 4-4 in the diagram. Hence, the required 
length »2‘24 inches. 

(2) The length of OB is found to be equal to the distance between 
the two points maijked on the line 9-9 in the diagram. Hence, the . 
required length =1'69 inches. 

EXERCISE 31 

1. ■ Produce tjie straight lino AS to double its length : 

A B 

2. On a given straight line AS a point B is taken supposing it to be 
the middle point. By means of a pair of Compasses however it is found 
that AB is a trifle shorter than BB.^ow is the mistake to be corrected "> 



3. j 4B0 is a triangle and B is a point on i40, as in the above 
diagram. Through B draw, towards AB, a straight line parallel to OB. 
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4. In the same diagram, through D draw, avrav from AB. a 
straight line parallel to BC. 

. 5. In the diagram of example 3, throngh B drair a straight line 
paraEel to AC. 

6. From the vertices of a given triangle draw perpendicnlar to its 
opposite sides. 

7. In example 3, measnre the lengths of the sides of'the triangle, 
and also measnre the lengths of AD and DC. 

69. Squared Paper.. A specimen of a sheet of squared paper is 
given below. 



"We have two sets of parallel straight lines on the paper. One ser 
being parallel to the length, and the other parallel to the breadth, of the 
paper, it is clear that every line of the first set is perpendicidar to every 
line of the second. The distance between every two consecutive parallels 
is one-tenth of an inch, whilst every two consecutive thick parallels are 
half an inch apart. The whole paper is thus divided into a large number 
of small squares which are equal to one another, each side of Mch 
square being one-tenth of an inch in length. The paper is also divided 
into a nmnber of thick-bordered squares, each side of each such square 
being half an inch in length. It is dear also that twenty-five of the 
small squares are contained in each of the thick-bordered squares. 

Kote 1. Xjin^s parallel to AS may he regarded os ec[st~niid~west Itr^. and 
those parallel io AT), as north-and-sotdh liiics. They may also he considered as 
horizontal and vertical lines re^ccliTely. 
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Note 2. For the sale of conveiitcnce the length of a side of a small square may 
be denoted by the symbol a. 

'Note 3. The paper may also be ruled so that the length 0 } a side of a mall 
square is only one-tenth of a centimetre (i e ,a millimetre) instead of one-tenth of an 
inch. In that case (Ite distance bcliieeii' ever;; two consecutive parallels is 
evidently half a centimetre or S millimetres. (One centimetre is approximately equal 
to *39 of an inch,) 

Example 1. P, Q, i?, S ara four stations such that § is 7 miles 
east of P, B is 11 miles south of P, and S is 13 miles north of Q. Knd 
the distance between B and S. 



Taking the length of a side of a small square (i.c.. a) to represent 
one mile, we have P, Q, B, S as in the above figure, where PQ=7n. • 
PE = lla and QS^^lSa. 

■With B as centre and BS as radius describe an arc of a circle 
cutting the east-and-west line through B at T. 

Now as we have SS also=25a. Hence, the required 

distance ‘=25 miles. 

Example 2- An upright post is 8 feet high. A string of length 
feet has one end attached to the top of the post and is^ heW tight 
with the other end in contact with the ground. How far is this end 
from the foot of the post ? 

Let 3a (i.c., 3 times the length of a side of a small square) represent 
one foot. Then 8 feet will be represented by 24a and 8? feet by 26a. 
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Let AB represent the post, so that AB = 24fl. Take a point 0 cn 
the horizontal line through B such that jBC=26a. 



"With B as centre and BC as radiu? describe an arc of a circle 
cutting the horizontal line through A at D. Join BD ; then BD 
represents the string. 

Now, is equal to 10a, which is 9a + a. Hence, the required 
distance =31 feet. 

EXERCISE 32 


1. A is units of length east of 0, and P is 4 units of length 
' north of A. How far is P from 0 ? 

2. P is 3 feet west of 0, and Q is 7;^ feet south of B. How far is 
Q from 0 ? 

3. C is 2 yai'ds north of 0, and B is 6? j’ards west of G. How far 

is B from 0 ? i ■ 

4. I? is 2'1 inches south of 0, and S is 2‘8 inches east of D. How 
far is S from 0 ? 

5. A is 2*7 feet east of 0. P is north of A and 4‘5 feet from 0. 
How far is P from A ? 

6. Q is 2’4 feet south of B. 0 is east of B and 2'5 feet from Q. 
How far is B from 0 ? 
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VIlJ 

7. S IS yards east of A. C is f yard north of A, and D is 
2 yards north of B. How far is D from G f 

8. B IS 25 feet north of A. P is 40 feet west of A, and Q is 

20 feet east of B. How far is Q from P ? , ' 

, _ 9. Two vertical posts, 14 feet and 34 feet high, are ISf'ifeet apart 

Pind the distance between the tops of the posts. 

' 10. A ladder 30 feet long has its foot at a distance of 10 feet from 

' a vertical wall. How far up the wall does it reach ? (The diagonal 
‘ scale may be used if necessary). 

70. If in a plane, a point and two straight lines passing 
through it at right angles to each other be given, the position of 
any point in the plane can be easily defined. 

In the plane of the paper as shewn in the diagram given below, 
let XOX' and YOY‘ be the two given straight lines at right angles to 
each other. If P be any point in the plane, how to know its position ? 



We may regard XOX' as the east-and-west line, and YOY' as the 
north-and-south line. Draw PM parallel to YOY' meeting XOX at M. 
Evidently then M is due east of 0, and P,_ due north of M. Hence, 
if OM and MP he known, we know the position of P at once. 

Taking the length of a side of a small square as the unit. of length, 
we have 0Jlf=9 units of length and JCP= 12 units of length. Hence, 
the position of P may be briefly defined as follows : 

9 units east, 12 units north. 
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Note 1. If Q be a potnl whose position is defined to be 5 units east, 8 units 
nwth, to find Q all that we have to do ts to talce a point 5 units due east of 0 and 
thence proceed 8 units northwaids. 

Note 2. IfUlfea point whose position is defined to be 7 units west, i units 
south, to find U all ttiat we have to do is to talce a point 7 units due west of 0 and 
thence proceed i units southwards. 

EXERCISE 33 

[Squared Paper is to be tised in every cose] 

1. Find the points whose positions are defined as follows : 

(1) 5 units east, 7 units north. (2) 8 unit^west, 5 units north. 

(3) 10 units west, 12 units south. (4) 15 units east, 6 units south. 

(6) 8 units west, 13 units north. (6) 14 units east, 15 units south. 

2. It is clear from Ohai)ter II (Positive and Negative Quantities) 
that ‘6 units west’ is the same as ‘ - 6 units east’, and ‘8 units south’ is 
the same as *— 8 units north’. Hence, find the points whose positions 
are defined as follows : 

(1) 7 units east, -8 units north. 

(2) -10 units east, 6 units nprth. 

(3) -9 units east, - 18 units north. 

3. In defining the position of a point the words ‘east’ and ‘north’ 
may he omitted if it is accepted as a rule that the distance measured 
towards the east should invariably he mentioned first. On this conven- 
tion, find the points whose positions are defined as follows ; 

(1) 8 units, 9 units. (2) 6 units, - 11 imits. 

(3) —12 units, 15 units. (4) — 10 units, — 14 units. 

4. We may define the.position of a point still more briefly if the 
word ‘rmits’ be omitted. Find, then, the points whose positions are 
defined as follows ; 

(1)6,4. (2)13,8. (3) -7,6. 

(4) 8, -6. (5) -10, -13. ' (6) -9, -15. 

71. Definitions. The student is referred to the diagram of the 
last article. The given lines XOX' and FOF' with reference to which 
the positions of all points in the plane are defined, are called the axes 
of co-ordinates , and the point 0, where these lines intersect, is called 
the origin. 

The straight line XOX' is called the axis of X and the straight 
line YOY', the axis of J». 

The lengths OM and MP which define the position of the point P 
are called its co-ordinates, OM being called the abscissa (or jc-co- 
ordinate) and MP, the ordinate (or 3»-co-ordinate). 



VII.] 


GRAPHS : PL0TTIK6 OP POINTS 


81 


‘The point (a:, y)’ or simply *(®, yY moans ‘the point whose 
absoissa=a: units of length, and ordinate= 2 / units of length.’ 

Notel. When ive speak of the 'x and y' of a point, we mean xts abscissa and 
ordinate. 

Note 2. The abscissa is positive ornegative according as M is on the light or 

left of 0. The ordinate IS positive ornegative according as P is above or below 

Note 3. *7o plot a point' is to find the position of a point when its co.ardi- 
nates are given, 

^sample 1. In the diagram given below write down the oo-ordi- 
nates of the points Pi, Ps, Pa, P*. 

The figure explains itself. Take the length of a side of a small 
square as the unit of length. 



(1) OMt=8 units and Mi is on the tight of 0 ; JUiPi >=10 units and 
Pi is above the line XOX'. Hence, the co-ordinates of Pi are 8 and 10. 

(2) OMs^5 units and Ufa is on the left of 0 ; JlfaPa =13 units and 
Pa is above the line XOX'. Hence, the co-ordinates of Pa are -5 
and 13. 


1-6 
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(3) oafs =10 units and iifa is on the left of 0; jV 3 P 3 = 11 units 
and Ps is below the lino XOX'. Hence, the co-ordinates of Ps are -10 
and - 11 . 

(4) Oilf4=15 units and ilf 4 is on the right of 0; il/ 4 P 4=10 units 
and P 4 is beloio the lino XOX. Hence, the co-ordinates of P 4 are 15 
and - 10 . 

Examples. Plot the points (-1,0), (0,1), ( 1 . 2 ) and(2, 3), and 
show that they all lie in a straight line. 

Let 5 times the side of a small square represent the unit of length, 
and let Pi, Pa, Pa, P4 respectively denote the four given points. 
Then the positions of the ponits will be as shewn in the figure given 
below. 



How we find that a Elat Buler may be so placed that its edge will 
pn.PH through all the four points. Hence, they all lie in the same 
straight line. 
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Example 3. Plot the points (3, 5) and (8, 12). and find the distance 
between them. 



Let.a side of a small square represent the unit of length, and let 
P and Q respectively denote the two given points. Then the positions 
of the points will be as shewn in the figure. 

With centre P and radius PQ draw a circle cutting the east-west 
line through P at B. 

The distance required =Pg =PP =8-6 units. [from the figure] 

Example 4. Plot the points P(0, 4), Q(5, ~4) s^nd P{8, 2) and 
find the area of the triangle PQB. 
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Lot a side of a small square be the unit of length. Then the posi- 
tions of the points, P, Q. It will be as shewn in the diagram. Count 
the number of small squares falling wholly inside the triangle PQB, 
Of the remaining squares through which the sides pass, find the number 
of only those, half or more than half of which are within the triangle 
and reject the others. Since each small square represents a unit of area, 
the total number of small squares thus counted will give the area of the 
triangle pretty accurately. 

Counting by the above method, the number of small squares in the 
triangle PQB - 27. 

Hence, the required area =27 units of area. 

ESample 6. Plot the points >4(3, 2), P(12, 2), C(ll, 8), and I>(2, 8). 
Find the area of the quadrilateral ABGD and read the co-ordinates of 
the point of intersection ol AG and BD. 



Take a side of a small square as the unit of length. Then the posi- 
tions of the points, A, B, G and D will be as shown in the diagram 

Counting by the method of Example 3, the number of small squares 
in the quadrilateral ABGD=5i. 

Hence, the area required =64 units of area. 

Also, from the diagram, the co-ordinates of E, the point of inter- 
section of AG and BD are 7 and 5. 

EXERCISE 34 

1. In the diagram given below, what are the co-ordinates of the 
points Pi, Pe, Pa, P*, tO when the unit of length is represented by a 
side of a small square, (ii) when the unit of length is represented by 
5 times the side of a small square ? 
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2. In (ihe foUoiying diagram what will be the co-ordinates of the 
points if the unit of length be represented by three times, the side of a 
small square ? 



3. Plot the points (-'4, -4), (7, 7), (13, 13), and satisfy yourself 
that they lie in a skaight line passing through the origin. 

4. Plot the points (-8, 4) and (10,-5), and satisfy yourself that 
the straight line joining them passes through the origin. 

6. Plot the points (8, 5) and (-4, -11), and find the distance 
between them. 

6. Plot the points (-7,9) and (-12,21), and find the distance 
between them. 

7, Plot the points (-11, 13) and (3, -35), and find the distance 
between them. 
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8. Join the points (0, 0) and {5. 5), and produce the straight line 
both ways. Knd the ordinate of the point on this straight line whose 
abscissa is 11, and the abscissa of the point whose ordinate is — 13. 

9. Join the points (0, 7) and (12, 0), and produce the straight line 
both ways. Find the ordinate of the point,^ on the straight line whose 
abscissa is -18, and the abscissa of the point whose ordinate is -14. 

10. Join the points (—4, 0) and (0, —8), and produce the straight 
line both ways. Find the ordinate of the point on the straight line 
whose abscissa is — 10, and the abscissa of the point whose ordinate 
is -24. 


11. Plot the points 4(3, 2), J5(3, 7) and 0(8, 5), and find the area 
of the triangle ABG. 

12. Plot the points P(-2, 5), Q(6, 5) and E(8, 9), and find the area 
of the triangle PQi?. 

13. Plot the points JD(5, 2), J!(6, 8) and P(7, 12), and find the area 
of the triangle J3EF. 


14. Find the area of the quadrilateral whose vertices are (i) (11, 2), 
(3, 2), (3, 7) and (11, 7). Obtain the co-ordinates of the point of intersec- 
tion of its diagonals. 

15. Find the area of the quadrilateral whose vertices are (i) (16, 6), 
(2, 3), (11, 14), and (6, 11) : (ii) (3, 6), (6, 4), (17, 16) and (9, 18) ; 
iii) (-12, 6), (-12, -10), (16,-10) and (16, 6); (iv) (0, 1), (10,8), 
(2, 13) and (-2, 8). 

16. Construct a triangle whose base is 12 centimetres and the two 
other sides are 6 and 13 centimetres respectively. Find the area of the 
triangle, the altitude and the angle opposite to the longest side. 


17. Construct a triangle whose base is 6 centimetres and the two 
other sides are 3 and 5 centimetres respectively. Measure the altitude 
as accurately as possible. 


18. Plot the following series of points : 

(i) (6, 0), (6. 3), (6. 4), (6, 6), (6, 8) and (6. 10) ; 

(ii) (-2, 7), (3, 7), (5, 7), (7. 7), (8, 7) and (10, 7). 


Show that they lie on two straight lines respectively parallel to 
the axis of y and the axis of x. Find the co-ordinates of their point of 
intersection. 

19. Plot the points (3,4), (4,3), (5,0), (-4, -3), (4, -;3). Find 
their.distanoes from the origin and show that they lie on a circle with 
the origin as centre. 

20. Plot the points 4(5, 2), P(9, 2), 0(5, 8), D(9, 8) and P(7, 12). 
Find the area of the figure ABDEG and the co-ordinates of the point of 
intersection of 4B and BG. 
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MISCELLANEOUS EXERCISES II 
I 

1. From the identity (a +b)®= a® +2ab+b®, deduce the square of 
x-y-z by putting x for a and ~y-z for b. 

/ 2. Establish the following fonnulm : 

(i) a® + 6= = i{(a + i)® + (a- b)®} ; 

(ii) 4ab=(ffl+b)®-(a-b)®. 

* 3. ProTO that 

(y-sXv + ^~x)+(z-T)(z+x-i/) + (x-v)(x+y-z)=0. 

4. Prove that 

, (a - b)(a + l)(b + 1) - a(b + 1)® + b(a + 1)® = (a - b)(a + b + 2ab). 

5. If a=x+m, b>=y+m, c=z+m, show that 

a^ + b-+c^-be-ca-ab~x^+y^ + z’‘-yz-zx-xy. 

6. If s=fl! + b+c, prove that 

(as + bc)(bs + ac)(cs + ab) = (b + c)® (c + a)® (a + b)® . 

7. Divide (ffH-70®-27p® by m+n-3p. 

8. Find the quotient when the dividend is (9*®- 17®!/ +132/®)® 
the remainder is 49 (/®( 2 ®+ 62 /)® and the divisor is 3®®-Ky+16y®. 

9. If x+ - =|!and 1 /+ - = I* find the valueof ®®j/®+;M- 

10. Show that 

(x~y+z)^ + (x+y—z)^ +6x(x-v+z)(x+y~z)==8x^. 

, n 

Solve the following equations : 

1. 3(®-3)-2(®-2)+®-l=®+3+2(®+2)+3(®+l). 

I 2. (s-3)(®-5)=(®-2)(®-7). 

3. 2(®+l)(ffi+3)+8=(2®+l)(®+5). 

Find the value of a, when ' 

4. (a + b)(b - ®) = b(a - x), 

mnx-p npx'-m . pmx-n _2p ^2m ^2n 
mn ^ np pm mn np pm 
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G 2®+? 9®-8 a— 11 

6. -7 jj 

o _ x-2 g3 ®+10 . ®-2 
8. a:-^=5^--g-+-^-. 


7. 4®-^=®+?^^24. 

„ 2®’-! . 3®-2 , 4®-3_ 1 

T’*' 3 4 “12 


10. |{®-l)-5{2®-3)+f(l-2®)=*{4®-5). 


m 

1. Find the number to which, if 29 be added, the sum will exceed 
four times the number by 8. 

2. Find a number whose 7th part exceeds the 9th part by 4. 

3. A man saves one-tenth of his monthly income and spends one- 
third of the remainder in buying petty things. At the end of the month, 
he has Bs. 300 in his pocket after meeting all the current expenses which 
amounted to two-dfths of the total income. Find his income per month. 

4. A merchant invests two-fifths of his capital in sugar business, 
one-third in jute and half of the remainder in cloth and has £300 cash. > 
Find his capital and the money invested in each business. 

6. A is twice as old as B and four years older than 0. The sum 
of the ages oi A, B and G is 96 years. Find the age of each. 

6. Two sums of money are together equal to £54. 12s.. and there 
are as many pounds in the one as there are shillings in the other. Find 
the sums. 


7. Plot the following points on a squared paper and verify that 
they are the angular points of a rectangle. Show that the length of 
each of the diagonals is 5 

di 2), (-H. 2), (-li, -2) and (U. -2). 

8. 0 is a fixed station. A is 20 miles north of 0. P is 4 miles 
east of A. G is 17 miles south of B. Show that the distance between G 
and C is 5 miles. 

9 . If, in the above example, A be 12 miles west of 0 and P be 
5 miles north of A ; and B be 12 miles east of 0 and Q be 5 miles south 
of B, show that the distance between P and Q is 26 miles, 

10. Plot the following points on a squared paper and verify that 
they lie on a straight line through the origin : 

(-5, -10), (1, 2) and (3, 6). 



OHAPTEB Vin 

HARDER ADDITION AND SUBTRACTION 
I. Addition 

72. In Chapter III, we have explained the following laws cf 
addition of algebraic quantities and expressions : 

(1) If any number of quantities are added together, the result 
will be the same m whatever order the quantities may be taken. Thus, 

a + li+c=6 + c+a=c+a+6, etc. [Art. 31] 

This is called the Commutative Law of Addition. 

_ (2) When any number of quantities are added together, they can 
be divided into groups and the result expressed as the sum of those 
groups. Thus, 

a+A+fl=a+(i+c)=(ffl+6)+c=6+(c+u), etc. [Art. 32] 

This is called the Associative Law of Addition. 

(3) When any number of like terms with numerical co-effioients 
are added, their sum is a like term whoso co-efficient is equal to the 
sum of the co-efficients of the terms added. ’ [Art.i32] 

Thus, the sum of 5x, -2®. 7a;, 6a: is 16x, since 5+ (-2) +7 +6=16. 

' This process is known as collecting terms. 

The ordinary rule for adding together compound expressions with 
like and unlike terms has also been explained in Art. 33. 

We have so far applied those rules to simple cases and now propose 
to consider more difficult problems. 

73. Compound expressions with fractional co-efficients. 
If compound expressions with fractional co-efficients are to be added, 
first simplify each expression if necessary and then pub the_ expressions 
under one another so that like terms stand in the same vertical coinmn, 
and draw a line below the last ex|n®ssiop, then add up each vertical 
column and put the result below it. Simplify the co-efficients in the 
result by Arithmetical Eules. 

The following examples will illustrate the process ; 

Example 1- Add together : 

|+-|-|f -^y+YZ+|®+12oana 1 2 - |a!+ |■^/-2l), 
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The 1st expression = 

The 2nd expression = ix- +^z+ 12a 
The 3rd expression = -?®+ iy+ ^z -2b 

■Thesum= 2®+^+ 2z + 12a-26 

[In the sum, 

the co-efficient of 

the co-efficient of i/=J-^+f=^'ir^=-i-d*=A' 
the co-efficient of 2 = 
the co-efficient of a=0-H2-P0=12. 
the co-efficient of 6=0+0 -2= -2.] 

Note. Note that places of lihe terms in ‘a’ are vacant in the 1st and 3rd 
expressions. For convenience, the co-efficients, of *«’ in these places may 6ff tahen to be 
zero. Similarly, the co-efficients of the Itlte terms in ‘b’ may be tahen as set 0 in the 
1st and 2nd expressions. 

Example 2. Find the sum of +^^-g^> 

45^lf+6Eri£+32^x ^„a2£zi?/+3iL-J5+4£r^. 

Simplifying ea^ of the expressions by collecting terms and 
proceeding as above, the sum follows. Thus, 

The lstexp.=(§ -t) a;+(-^- +xV)l/+("3\f+ 

=(1 -h) a+f-i +J) y + i-i + *)«= ix 
' The 2 ndexp.=(Tu-|^) !c+(-iV+t) y+{-i + -0)3 

= {i -1) x + {-i +f) ?/ + (-4 + ■J-) 2 =-|a +-jy 
The 3rdexp. = (t -t 5 ) 2 :+(-| +5) y + {-t +-^)z 

=(* -^) ®+(-x +k) V + {-i + ^) 2 = -jx 

The sum= 

[In the sum, 

the co-efficient of 

the co-efficient of y=0+i+0=i. ] 


Example 3. Find the numerical value of the sum of 
|^c«+^J1/®-20a= + f6^ -^^+|6"-3a= 

and -^6® -^!/® + 7a® + ^a;®. when a:=98, y=79, a=5 and 6=4. 
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In this problem, the numerical value can be obtained easily from 
the sum of the expressions, 

The 1st expression = - 20o® + ^6® 

The 2nd expression = - y»® + 17o® - ^6® 

The 3rd expression = ~YtV^~ 3a®+ |6® 

The 4th expression = ^'^®-^y®+7fl®-^d® 

Thesum= ffl®+ 6® 

, =5®+4®=5x5+4x4x4=2S+64=89. 

[In the result, 

the co-efficient of a® = 

the co-efficient of 2 /®= 3 S :+0 

the co-efficient of a®= — 20-f-17— 3-f-7= 24 - 23=l, 

the co-efficient of 6®=^-^+ 

=A2^=|=1. ] 

74. Compound expressions with literal co-efficients. Co- 
efficients which are not wholly numerical are called literal. Thus, 
the co-efficients of ® in aa, 6bx, (c+d-c)®,... being o, 6h, (c-fd-c),.,. 
respectively are literal. 

The terms ax, 66®, ic+d~e)x, if considered in respect of ®, 

differ in their literal co-efficients only and are also called hke when thus 
considered. 

If ax and bx be two like terms in ®, 

. their sum = a® + 6® = (a -f 6)®. 

Hence, the sum of two like terms is a like term whose co-efficient 
is the sum of the co-efficients of the two terms. By Art. 47, Cor. 3, this 
rule for addition will be true even when the number of terms is greater 
than two. 

Thus, the rule for addition of like terms is same for all co-efficients 
numerical as well as literal. 

It, therefore, follows that the rule lor adding compound expressions 
is same for both of these co-efficients. 

The following examples will illustrate the above rule. 

Example 1. Add together : 

(6-^c)®+(c-^a)y-^(a-^6)^, ax + by + os and x+y+e. 

Arranging the expressions so that like terms may stand in the 
same vertical column and adding up each such column, the sum 
follows. Thus, 
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The Isb exp, = (fc + c)s + (c + a)p + (a + b)z 
The 2nd exp. = 0 ® +by + cz 

The 3rd exp. == ® + 3 / +2 

.'. Thesum=(ffl+6+c+l)®+(a+6+c+l)p+(a+6+c+l)? 

[In the result, 

the co-efficient of x={b+c)+a+l=a+h+c+l, 
the co-efficient of p==(c+a)+&+l=a+ 6 +c+l, 
the co-efficient of 2 =(a+ 6 )+c+l=a+h+c+l. ] 

Example 2 . Add together: (b-c)x+(c-a)y+(a-b)s, ( 6 -c)y 
+ {a—b)x+(c~a)z and (b—c)z+(c—a)x+(a—b)y. 

The expressions contain like terms in respect of x, y and z. Hence, 
arranging like terms in the same vertical column and proceeding as 
before, the result follows. Thus, 

The 1 st expression = (& - c)® + (c - a)y + (a - b)z 
The 2nd expression ={a-b)x+{b~c)y+{c- a)z 
The 3rd expression = (c - a)x +(a-h)y+{b- c)z 

Thesum=0 

[In the sum, ' 

the co-efficient otx=‘{b-c)+{c—a)+{a-b) 

= 6 — c+c-ffl+o- 6 = 0 ,. 

Similarly, the co-efficients of y and z are zero.] 

Examples. "Find the, smaoi(ax-by)+lfix-cz), [ay-bx)+{by-cz) 
and (cs —ax)+ [pz - by). 

Each of these three expressions contains like terms in respect of 
X, y and z. Arranging each expression in terms of x, y and 2 and 
proceeding as in previous examples, the sum is obtained. Thus, 

Thelstexp.= ax+bx-by-cz={a+b)x- by- cz 
The2ndexp.= —bx+ay+by — cz= —bx+{a+b)y— cz 
The 3rd exp.= — aa:-6y-h2cz = —ax— by+2cz 

The sum >= (ja-b)y 

[In the sum, 

the co-efficient of ®= {a+b) — b — a= a+b — b — a—0, 
the co-efficient of y=* —b+ia+b)—b= —b-i-a-i-b—b=a — b, 
the co-efficient of 2 = — c— c + 2 c= 0 .] 

Note 1. Wlim compound expressions with brackets are to be added to like 
compound expressions il is more corivenienl to retain brackets as in Example 2. 
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Note. The ess^ressions to he added should be simplified by coUeciing terms 
if necessary as in Example 3, 

Example 4. Find the sum of 

(a® + i®)® + (i® + + (fl® + a®)^, (i® + c®)m + (c® + a®)n, 

(c® + a®)p + (a® + &®)g and (a® + fe®)/ + (&® + c®)fe. 

The espressione contain like terms in respect of (i®+c®), (c®+a®) 
and(a®+6®). Hence, arranging like terms in the same vertical column 
and proceeding as before, 

The 1st expression“a:(a® + h®)+i/(&®+c®)+s(c®+o®) 

The 2nd expression = 7n(6® + c®) + n(c® + a®) 

The 3rd expression = g(o® + h®) +p(c® + a®} 

The 4th expression ‘=jia~ + 6®) + A:(6® + c®) ' 

The 6um=(a+g+i)(a®+i®)+(p+7B+fc)(t®+c®)+ls+»+p)(o®+o®) 
[In the result, 

the co-efficient of (fl®-^h*)•=^-^0+g+J•=»+s+J■ 

8 imilarly, the oo-effioients of (i®-fc*)and (c® + o®) axeiy-irm-rk) 
and (z-^^^+p) respectively. ] 


EXERCISE 85 

Add together ; 

1. 2a:® - 5xy -H j/®, dj/® - 7*® - 5a 2y, 8xy - 6-f y - Gy® and 3 - 4y + 3a-. 

2. abc+o®h — b®c®, 5a®h— 12l)®c® — 3otc, 86®c®— 4o®i+2abc and 
2o®6-t- 6fc®c®. 

3. m®n®— 3fniip-t-2m®«®-i-6OT®n*, 7ninp-10m®n®-l-5m®m®-m®n®, 
2m®n®-6nmp-f3ni®7i® and -7ro®«®-h»t®«®“4TO®»®. 

4. 12o®6®!C-295®»®a-h37a:®o®6-t-45o®5®a:®, 265®a;®a-16a®fc°a;® 

-18a®t®a:-5a:®o®5, 32o®6®a:®-23a:®o®6+20o*6*a:-286®a:®ffl and-9a:®fl®5 

- 14o®5®a! - 60a®6®a:® + 326®**a. 

5. - 18 ft* 6 *c* -1-70*0*5“ -245®c®a*-i-27o*6®o®, 19c*o®5®-16a*5®c“ 

-^23a*5*c*-85*c®a“, 295*c®o*-Hla*6*c*-9tf*5®c®-16c*o*5® and 

- 3a*6®c® - 10c*o®5“ -h 35*c®a“ ~ 18a*5*c*. 

6. 25o®5®-85®c®-23e®a®-i-19a®5®c®, l6c®o®-14o®5*c®-19a®5® 

~lS5®c®, 27a®5®c®-H3a®5®-1-17c®o*-20b®c®, 295®c®-6o®5®c®-21o®5® 
-13c®o® and 105®e®-f3o®5®-h4c®o®-27a®5®c®. 
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7. 5a®-18&®-53c®-25ttbc, 38c®-37a®-7a6c+296®, 26a6c-17c® 
+ll&® + 43a®, 136®-18ffl6c+4ffl®+21c® and -14a® + 12c«+21a6c-346®. 


8. 


® j. y j. 2 3fl!,2y,3a j3®,. , 6^ 

■K + o + H* g^'+g and-^+2/+g' 


2 ‘ 3 ‘ 5 4 ‘ 3 " 5 
o 3a!.42/,10z 2i/ , 4z , a: ,8z.6a:,8i/ 
5 + 7 + 11’ 


10 . 


11 . 


4a:®j/,4t^z 5z®a: ly^z .Qz^x .Ix^y , 6z^ , 4a:®2/ , 2i/®z 


7a®b , 96“c , Ilea®', 13ab® 8b®c 10c“a , 12a“i 176c® 
19 17 21 35 ’ 17 21 19 35 


22a6® . 186c® . lOca® . llac® 

ns *• ft*! “T" 


35 


35 ‘ 21 
2a6c® , 3 ; 


21 


12. ^ +-^6ca®+y6®d, |co6® + -|a6c®+^a®d, 


+Ac®<i+ ^ca6® and f-^a^d+ I 6®d+Ac®d. 


U LU~r Q l/UfV CUXIU 

^o ®-2i/ , 2y-3z . 3z-4a: 

3a: - 4i / ■ y ~ 2z , 2z - 3a 
12 2 6 ' 


"13" 


14. 


2®-3y . dy-5z . 5z-7® 
~6“ +~15“+~M'’ 


5x-ly , 2y-3z , 3z-5a 
35 6 15 ■ 

26-3o , 3c-4a , 4a-26 

lo. —7 T *1 1 * 

be ca ab 
'2a-3b 3&-4c 4c-2a 

I T I ” 


2x—2y Zy-4tz z-2a 
6 12 2 


3a:-5j/ . 5y-lz , 2z-3a 
15 35 6 


2c -3a 3a- 46 ^ 46-2o 
ca ab bo 


and 


T 6ca® 
4 


and 


and 


and 


ab 


bo 


ca 


IB bx-3ay , 7hy-4az , Bbz-ax cx-iby ,3cy-6bz , icz-bx , 

Id. — ^7 — -I ; — • — r — ^ + — ^ + — t and 

ab ab ab be be be 


ay-bx j bz-cy ^ ac-az 
abxy beyz cazx 


and 


a,x-2cy ^ iay-3ez ^ 5az-cx 

C(ti C(L GO* 

ey-ax ^ az-6y ^ 6a-cz 
coxy abyz bezx 
hy-cx j cz-ay ^ ax-bz 
boxy cayz abzx 

If a =5, 6=4, ®=8, j/=7, find the numerical value of : 

18. (46a* + 386*-87a6a:=- 105y*) + (47o6a® + 85y^-56a* -586*) 
+ (57y* +756* +23o*+63a6a®) + (-336*+8y* -27o6»® -39a*) +(26a‘ 
- 45y * - 226* + 5o6a®). 
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19. (35a:i/*+207ao* -98b®*-62ya* - 8dabx"y) + (68i®* + 102yo* 
-65xy*‘-87ab* +5Babx^y) + {26abx‘y-75ab^~25ya^ + iZbx^+53xy*‘) 
+ {28i/a*~2dxy*~Q5abx~y+i5ab*-i-^bx*) + (-89o5*-4:3yo*+69oba:®j/ 
+ 6xjj*-B%x*). 

20. (o7a*6a: + 256*a:!/ - 143® V + 37y*a5-253a®5=®s) + (63® V 
-92y*o6-63a*i® + 73a^bV-85b^xy) + {35y*ab +1326*®2^+82fl®6®®® 
+36x*ya + 96a*6®} + (-50fl®6=®® - 78a*bx+27y*ab-nx*ya-52b*xy) 
+ (81x*ya - mb^xy + 148a=6®®= - 7y^ab - 12a*i®), 

Add together : 

21. (a® + 6®){wi+n) + (a®-i®)(p+g)+c®Z, •(a®-5®)(»i+7i) + (a* + 6®) 

^ (p + s) + c®m, Jic® + Z(ffl® + 6®) + A:(a® - i®). 

22. (®+i/)®a + (y + 2)®5 + (z4-®)®c, {x — y)^a+iy-z)^b+( 2 -x)^c and 
2(®® - i/®)a + 2(j/= - 2®)6 + 2(2® - ®®)c. 

23. ab{a~b), bc{b-o), ca(c-a) and a®(c-6) + b®(a-'c)+c®(5-tt). 

,y 

Supply the lollowing omissions • 

24 . a® + 6®+c®-o6-ao-iio=| }-{(6-o)® + (o-a'®+(a-6)®}. 

25 . (6+c)®® + (o+a)|/®+(a+6)z®=} }-(o®® + 6p®+c2®). 

II. SubtractiOH 

76. In Art. 35, ^ve have explained that to subtract a is the same 
as to add -a. Thus, ®-a=»+(-o). Similarly, to pbtraot an 
expression is to add it with its sign changed. The ordinary rule for 
subtracting one compound expression from another has already been 
explained in Art. 38, and has so far been applied to simple cases only. 
We shall now consider harder examples on subtraction. 

Example 1. Subtract ax+by+cz from (6‘+ c)y + (c ■)' a)z + (a + b)x. 

Arranging like terms in x, y and z and applying the rule explained 
in Art. 38, the difference required is obtained. Thus, 

The minuend = (a + 6)® + (b + c)y + (c + a)z 

The subtrahend = fl®+ by+ cz 

.'. The difference = bx+ •cy+ az 

[ In the remainder, 

the co-efiSoient of X‘=(a+h)—a=a+b—a^b, 

Similarly, the co-efBcients of y and.s are c and a respectively.] 
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Example 2 . Sufctract (b - e)^yz + (c - d)^zx + (a - 6 )®a:y 

from ( 6 + cYyz + (c + a)®jsr® + (o + bfxy. 
The minuend ={ 6 +c)®yr!+(c+ffl)® 2 aj+(a+ 6 )®a:j^ 

The subtrahend ={b~cYyz+{fi-a)^zx+{a-bYxy 

. The remainder = 46ci^2+ 4caza:+ iabxy 

[In the remainder, 

the co-efiScient of yz=Qj+c)“—ib—c)^ 

=b®+26c+c®-(6®-26c+c®) 

=b®+26c+c® — 6 ®+ 2 &c — c®= 46 c. 

Similarly, the co-efficients of zx and xy are 4ca and 4a6 respectively] 
Example 3. Supply the omission in the following : 

(2a-h3b)a:-l-{36+4c)y-f(4c-{-2o)s=(a-hfc)!c-f(h+c)2/+(c-ha)s+{ }. 

Evidently, the omission can be obtained by subtracting 
(6 -h c)y -f (c a)z from (2a -h 3h)a: + (3b -f ic)y -h (4c + 2 a) 2 . Proceeding as in 
examples 1 and 2 above, the result of subtraction can be easily found 
to be (a -P 2b)!E + (2b 4- 3o)y -P (3c 4- a)z._ 

Example 4. Subtract 2‘5a!B - 8’7by - 8’32z from 3fa® -I- Si^by + 

The minuend =3^ax+^by+ 6^z 
The subtrahend = 2 ' 6 a®- 3 ' 7 b 3 /- 8 ’ 3 ^ 

The remainder = iax+ ^by+^z 
[In the remainder, 

the co-efficient of aa:=3|-2’5=^-^=^^‘x^=f, 

the co-efficient of by=2i—(—3'7)=2^+3'7=^+^=-^, 

the co-efficient of z=6fJ-(-8-32)=6t§+8’32=^^-(-^ 

Note. As in addition, ff actional co-efficients in the remainder must be simpli- 
fied by Rules of Arithmetic. 

When compound eapressions with braehels are to be subtracted it is more conveni- 
ent to retain the brackets, as m Rxamplse 1-3. 

EXERCISE 36 

Subtract : 

1 . -7x^+6x*y-8x^y--13x’‘y^+2y* 

from 3^®-6a;*y-^-2a:®J/®-7®®J/®-^6^/^. 

2. 3TO®»a:-10w®ajre+142:®7nn-207»®»®a:-27«®a!®m 

from 5m°nx - 17n®Jcm + 26a:®win - 13m®m®® - 197i®a:®TO. 
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3. 37a!« - m3i^y¥^Zx*y" - + Uxy^ ~ 93j/® 

from 4Ba!«(-31a;=j/-7ffl*!/®-39a:®y® -41 j!=j/* + 65ii/®-53j^®. 

4. - 'lyzbc- + iysHc - Qaa:* - 2y-sbc + 3o®a:® 

from So®* - Sfl®®® + Qyshc" - ly^zhc + Qyz^hc. 

5. 19x^z^y~15x^y^z + Q7+llxyz*-12x’‘y°z-~19xy^z^ 

from 25- 16a:®y - 17®2/®s® + 21x^ 2 ^y - 6®®y ®z® + Sxyz*. 

6. 43»®y«z= -23®»2/®2* +25 ®^j/® 2® - 66®®i/'‘2® + 26x®i/»2* + 35x*y=2® 
from 29 x*j/»2= - 37®®2/*2= + 54a=j/®z* -45®®i/®2* - 67®*i/®2® +89®®j/*2®. 

7. -2ac*j/®2' + 75® - 94a:®i/®2* 
-86®*y®2® from41®®i/,V-87®®y®2* - 28x*y‘‘z^ + 63x*y^z‘ - 55®V2* 
+37®®i/V. 

8. Whafc must be added to 3®®-5®2/+62/®+72/2 in order that the 
sum may be ~x^-y~~yz7 

9. What must be added to -5x^+13x^y"~a’‘bx+5bxy’‘ + lxyab 
in order that the sum may be x^+x-y-+a’‘bx~2bxy‘-2xyab ? 

10. What must be added to 5®*-6®®i/+7®®y®~Rci/®“19i;‘ in 
order that the sum may be 3x* + 5x~y~ -12y*? 

11. What must be added to -5®®-3®*i/+6®®y® + 17®®y®+13®y* 
-21j/® in order that the sum may be -7®® -4®®y®+13®®2/® + 29i/® ? 

12. What must be subtracted from 2a®+5ab-65® in order that the 
remainder may be a® + 25® ? 

13. What must be subtracted from 6®® - 6®y + iy^ - 8® - lOy + 15 in 
order that the remainder may be ®®+2®y+3y® +4x+5y+6? 

14. What must be subtracted from 3o®-4a®5+5a6®-86® in order 
that the remainder may be o® -2a6®+75® ? 

15. What must be subtracted from -8®®y+4®®y®-ll®y®+12®® 
-13y + 27 in order that the remainder may be 4®®y-3®®y®-ll®y® 
+20®®-30y+56 ? 

16. iVom ivhat expression must 3o® — 7a5—85o+ 95® be subtracted 
in order that the remainder may be 2o® + 3a5+35c+25® ? 

17. Fromivhat expression must — 3®®+5y® — 7®i/ + 8®-9 be sub- 
. tracted in order that the remainder may be ®®-83/® + 2®j/-ll®+7 ? 

18. Ibrom ■what expression must — 7o®— 85®c-13ac® + 35® be sub- 
' tracted in order that the remainder may be 4a® - 35®c + 7ac® - 86® ? 

19. Erom •what expression must 21®®-37®y®+42j/®-18®®+19®y 

- 39 be subtracted in order that the remainder may be -25®® +16®!/® 

- 873/® + 7®® - 43xy + 24 ? 

1-7 


( 
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Subtract : • 

20. *in+||y+-W^taH®+fUl/+W2.' * 

21. - ‘SSffic + Hy + ■177 ?i 3 from - iro® + |y + '6ms. 

22. l-17a=ca: + 2-31c®by-63‘18c®z 

from 32‘39c®6y+2‘37a®ca:-62’73o®2. 

23. + Ub'^c^s + 2'3Za! + 3‘5my + -®f ?is 

from 3'3l!s + ~ tuz ~ r®y6^c^z — 2‘5my — a^c^a:. 

24. Supply the omiBsion in the following : 

(i) 3’2a:+5’3y + 5‘4z-( )=2a!+3y + 6z; 

(ii) 17a3+23y+Vr2=52a:-r7i/ + S^z-{ ' ); 

(iii) V6a + 15‘52J® + 16m® +14p 

=( )- (2-20 + 3-621® +4j»®+16p). 

Subtract : 

25. hnib-c)+ca{e-a)+ah{a-b) from ba(b+c)+ca(c+a)+al)(a+b). 

26. a®(6-c) + b®(c-a)+c®(o-6) from bc(b-c)+ca(c-a)+ab(a-b). 

27. (b - c)® + (c - o)® + (o - 6)® from 2(a® + 6® + c® - o6 - to - ca). 

28. (l+o+o®)®+(l+6 + 6®)y+(l+c+c®)z 

from (1 + a)*® + (1 + bfy + (1 + c)®z. 

29. A man earned (a* + 6y+cz) rupees per month for a year and 
spent (10a®+13cz) rupees during the same year. How many rupees will 
he be left with at the end of the year ? 

30. If out of (50a;+7ly+18z) sheep, (13a:+12y) and (15y+8z) be 
. sold and (3z+23») die, find the number of sheep left. 


CHAPTBE IX 
HARDER MULTIPLICATION 

\ 

, \ 

76. We have explained the following rules of multiplication of 
Algebraic quantities in Chapter HI. 

(1) a X 6 = 6 X o, [Art. 42] 

abo=bca=cab, etc. LArt. 43] 

i.e,, the valve of a product is the same in whatever order the factors 
may be taken. 

This is called the Commutative Law of multiplication. 
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(2) {o6)>cc=^ffix(6c)=6x(oc)=ax6xc, [Art, 43] 
t.e., the factors of a product may be grouped'in any way. 

' This principle is known as Associative Law of multiplication. 

(3) a{6 + c) = oh + oc. [Art. 47] 

This is known as Distributive Law of mnltiplioation. 

(4) o”xa"=a*+”, where m and n are positive integers. 

This is known as Index Law of multiplication. 

We now proceed to consider products of compound expressions and 
harder examples on multiplication. 

77. To prove that (fl+6)(c+d)=flc+crf+6c+I>rf. 

Putting X for c+d, we have 

(a+b)(a+d}=(a+b)x=x(a+b) 

=xa+zb [Art. 47] 

=ax+bx=‘a{c+d)+b{c+d) 

=ac+ad+bc+bd. 

Cor. Since a~6=o+(-6) and e-d~e+(-d). 
(a-b)(e-d)={aH-b)]\e+{-d)}' 

=ac+o('"d)+(~h)c+( — h)(— d) 

=ac-ad-bc+bd. 

78, To prove that (a+6+<?+d+*”)(/»+«+p+g+*“) 

=®(/7i+B+/i+^+”')+&(ire+ff+p+^+'*') 

+c(m+n+p+9+’")+iHm+n+p+g+ ■■■)+&€. 

Putting X for TO+n+p+? +••*, we have 

{a+'b+c+d+'--)(m+n+p+q+’") 

=(a+&+c+d+’*')® 

=ax+bx+cx+dx+’- 

=a(m+n+p+gH — )+&[w+re+p+g+"') 

+c(«J+»+p+ff+"’)+d(m+w+p+g+"0+&o. 

Thus, to multiply one multinomial expression hy another we have 
to multiply every term of the one by every term of the other and take 
the algebraic sum of these partial products. 

Example 1. Multiply 2tt+36 by 4a+5b. 

(4a + 5h)(2a + 3h) = (4a)(2o) + (4a){36) + (56)(2a) + (66)(36) 

=8a® + 12o6 +10a6 + 15h® «8a® + 22o6+ 156*. 
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Example 2.. Multiply 3a;-7y by 2a:-5j/. 

(23;-6ij){Sx-7y)=(2x)(3x)+(2x)(-7y)+{-5v)mH-5y){-ly) 
-lixy -ISxy +35^' 

=6a:=- 29x7/ +352/®. 

EXERCISE 37 

Multiply : 

1. 2a +36 by a +6. 2. 27>i— 3ji by m—n. 

3. a+6+c by a+6+c. 4. a— 6+c by a— 6+c. 

5. a-b-c by a-b'-c. 6. c-26-3c by 2a-b-o. 

7. 2a:-3j/-43 by x-y-z. 8. -5x+2a-35 by -x-a+h. 

9. ®®+i/® + s® by x-y-z. 10. xy+yz+zx by xy-yz-zx. 

79. Arrangement of an expression according to descending 
or ascending powers of some letter. 

When the different terms of an expression contain different powei-s 
of any letter, if we arrange the terms in such a way that the term con- 
taining the highest power of that letter is put first on the left, the term 
containing the next highest power is put next ; and so on, and the term 
which either contains the lowest power of that letter, or does not con- 
tain that letter at all is put last, then we are said to arrange the 
expression according to descending powers of the letter considered. 
If the order of the terms be revereed, the arrangement is said to be 
according to ascending powers of the letter. Thus, the expression 
a'‘x^+3a*‘xy-5a^x°y^+4ia^x^y^-2ax'y*‘ + x^y^ as it stands may be 
considered as aaranged either according to descending powers of a, or 
according to asce.jjderag powers of y. but if it is arranged as -ba^x^y^ . 
+a;®y®+4a®®*i/®+a®a;®-2aa;®y*+3a*a;y, it is arranged according to 
descending powers of x. 

80. When one expression is to be multiplied by another arrange 
both the multiplicand and the multiplier according to descending or 
ascending powers of some letter common to them, and proceed as 
exemplified below. 

Example 1. Multiply a^-b^-ab by ab-b^+a". 

Multiplicand = a® — o6 — 6® 

Multiplier =a®+a6-6® 

Product by a® =a*—a^b— a^b^ 

Product by +a6 = +a®6- a^b^-ab^ 

Product by -6® = - a®6®+a6® + 6^ 

-3a®6= +7* 


Complete product = a* 
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Note. The process shoim above viay be desa ibed as follows : 

The inulhplier has been placed under the mMiplimnd after having at ranged 
them both according to desccndvng powers of a, and a line has been drawn below the 
mulhplter . The successive products of the multiplicand by the different terms of the 
mulHpher beginning f tom the left have been placed in different horisontal rows in such 
o manner that each set of Zifca terms may be in the same vertical column. A. line 
haviM been now dram below the lowest of the rows, the complete product has been 
found by writing down the sum of each vertical column immediately below it. 


£!sample 2. Multiply 2a® — 3a:® - Saa: by - 3a;® + 2a® + Saa:. 

Arranging the multiplicand and the multiplier according to 
ascending powers of x, we have 

Multiplicand = 2a® - Saa: - 3a:® 

Multiplier = 2a® + Saa: -3a:® 

4a*-10a^x- 6a ®a:® 

+ 10a®a: - 25a®a:® - ISoo:® 

- 6a®a;®+15aa:®+9x* 

Product = 4a* -37a®ii:® +9a:* 


Example 3. Multiply 2a®&-5ab®-a*+3a®6® 

by 2a*-3a®S+4a6*-5a®6®. 

Arranging the multiplicand and the multiplier according to 
descending powers of a, we have 

Multiplicand = -a*+2a*6+3a®i®-5a6® 

Multiplier =2a*-3a®6-5a®6®+4o6® 

- 2a® +4a®b + 6a®S® - 10a®i>® 

+ 3a’i-6o®i®- 9a*b^'+15a*b* 

+ 5a«6= - 10a®6» -15a*6* +25a»6® 

- 4o®6®+ 8a*6*+13a®S®-20a®6® 

Product = - 2a® + 7a®6 + 5a®6® - 33o®b® + 8a*i>* + 37a®6® - 20a®S® , 

Note. In this example the multiplicand and the multiplier ate each homo- 
geneous and of the 4th degree, whilst the product also is homogeneous and of the Sth 
•degree. Similai ly, it may be seen that whenever the expressions to be multiplied 
•together are homogeneous, the product also is homogeneous, and the degree of ihe 
product IS egual to the sum of the degrees of the eo^ressions. This law is of' great 
importance in testing ihe aecuracyof a multiplication when the multiplicand and tZie 
■multiplier are both homogeneous, for in this case if the product obtained does not turn 
cut to be homogeneous, toe are sure thei e has been an error somewhere. 
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Example 4. Multiply mz^-Tix-pTiy x‘+px~l. 

Multiplicand = tti®* -nx-p 
Multiplier •= a:® +p* - 1 

mx* — nx^ — px~ 

—pnx~ -p-x 
—mx-+nx+p 

Product=ma:* ~(p+p»+m)a!® + (n-p®)®+p 

Example 5. Multiply ^i-ax^ + i\&®®®y + Z'bcxy^ + I’OSg®^® 

by 2lx~ + Z'5mxy+l‘5jiy-. 

[N. B. To find the product of expressions in toMeh both vulgar fraelims and 
decimal fractions occur as co-efficients, it is convenient to reduce all the co-efficients to 
fractions of the same kind (either all vulgar or all decimal) and apply the rule of 
multiplication. 

In this example, as iVt ipIick reduced to a decimal fraction, uAll involve a very 
large number of decimal places, we reduce all the co-efficients of the multiplicand as 
also of the multiplier to vulgar fractions. 

Multiplicand •= Voa® +j 56 ®a:®p+icip® 

Multiplier >= 2 fa:®+^ 2 y+|»iy® 

^f-dlx^ +^bHx*y+ Idx^y’^ + ^gHx'^y^ 

+ ^^mx*y + 4 | 6 *ma:®p® + *r<:mx^y^ + ^ g^mxy* 

+ f^ona®!/® + + T cn®I/* + 

Product = VoZa ® + (tb + ^am)x*y + (7cZ + + ^an)x^y- 
+ Vc»i+-H 6 ®n)a®p® 

Example 6 . Multiply together a®-o 6 +fc®, a‘ + ab+b" and 
«*-o® 6 ®+ 6 *. 

(i) a®-o 6 + 6 ® 
a®+o 6 + 6 ® 

a* — a^b+a~b~ 

+a®fc-o® 6 ®+o 6 ® 

+o®b®-a&®+Z) * 
a* +a^b^ + 6 * ; 

(ii) o*+a® 6 ®+ 6 * 
a*-o®6® + Zi* 
a^ + a'‘b‘+a*b* 

-a« 6 ®-a* 6 ®-o® 6 ® 

+a*fe*+o®/>“ + b® 

+F 

Thus, the required product=a®+a* 6 * + 6 ®. .. 
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Bote. When the number of factors tn a product ^s more than two, the 
product is called the continued product of those factors. 

The factors should be arranged in a suitable order so as to lessen the trouble of 
mulHpUcalion in such products. 

81. Detached Co-efficients. If both the multiplier and the 
multiplicand contain powers of the same algebraic quantity or be homo- 
geneous expressions of the same quantities, the labour of multiplication 
may be lessened by detaching the co-efficients and placing them in 
proper relative positions. If any power be missing, zei o must be inserted 
as its co-efficient. 

The following examples will illustrate the process. 

Example 1- Multiply — 4® by a: - 2. 

®” — 4®-b4 

X -2 

1 -4 +4 
-2 + 8-8 

The produot'=s®-6a:®+12a:-8. 

Example 2. Multiply 3®*-2s+4 by »+6. 

3®»+0.»®-2!c+4 

®+5 

3+ 0 - 2 + 4 
■ +15 + 0 -10+20 

.'. The product =3®* +15®® -2®® -61+20. 

EXERCISE 38 

Multiply : 

1. 256® + 30a6+9a® by 3a-55. 2. 2o-36+4c by 2a+35-4c. 

3. ®®-®+2 by ®®+®+2. 4. o®-2a6+6® by fl®+2fl5+5®. 

6. ®*+®®+l by ®*-®®+l. 6. j/®-®®p®+®® by ®®+®®2/®+l/“- 

7. by 7B®+7i®. 8. p®g®+p*+g^ by -g®+p®. 

9. a®+5a6®— 6a®5 by 55®+o®+6o6. 

10. ®®-3®® + 3®-l by ®®+3®+l. 

11. 2a®®+a* + 3o®®®+®* + 2a®® by o®+®“-2oa. 

12. ,o®+3o®6+6®+3«6® by 3o6®-6®+o®-3a®6. 
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13. a;® — 11+®*— 4®+ 2a:® by 3+ a:® — 2a;. 

14. l+2®+®*+2®® + 3®® byl+®®-2®. 

15. 6*+ffl®6®+a®6 + a* + fflb® by o®6®-a®6 + 6*-aZ>® + a*. 

16. x^-xy-xz+y^-yz+z^hY x+y+z. ' 

17. a® + 6®+c®-Z)c-ca-fflb by a+b+c. 

18. 6a®6 + 4b® + 2a® - 3ab® by 2ab® - 3a®b + a® - 5b®. 

19. a®® + b®-c by p®-?. 20. m®®-»®-r by 7^®-r. 

21. a®®-b®+o by ®® -b®-c. ^ 

22. a®®-b®®+c®-5 by b®® -c® + (i. 

23. jj®® -(g-7)®+s by jft®®-ji®-s. 

24. o®®+2/i®i/+bJ/® by Ix+my-^n. 

26. Z®®®+m®®i/+7i®j/®+2g®®+2/®j/+c® by j3®®+?®+7‘. 

26. i®®+|®®j/+Aa!i/®+|j/3 by^®+4a:!^+^®. 

27. 4a:*+4a!®j/+4a:®l/®+W+¥l/* by^®®+^^®. 

28. l-5®® + 2-3®®+l-23®* + 3-25®®+5by ■27®® + l-39®+9. 

29. •057a®+l'025a®b+2-021ab®+2-8b® by 7a®+2ob+9b®. 

30. 2'3®®+3'15®®y+ri7®i/®+2’07i/® by Ix^+mxy+iiy^. 

31. |a«®+-J-b®®i/+|c®j/® + 2dt/® hy tax^-jbxy+icy^. 

32. I'Sam® - l‘2bm®7i + 1 'Scmn® - I’BtZji® , 

by l‘5a7»® + l‘2b77J®7t + 1’3 c7B7»® + I'Gdn^. 


Find ihe continued product of ; 


33. 2a + 3b, 2a - 3b and 4a® + 9b® . 

34. 5a® + 6bj/, Sax - 6by and 25a®®® + 36b®y®. 

35. ®®+®*j/*+7/®, ®®+i/®, ®+y and ®-y. 

36. ®® + Sxy + 53/®, ®® - 3xy +51/® and ®* - ®®l/® + 2Sy*. 

37. a^®®^®+a®b®®® 3 /® + b^® 3 /'®, a*®* + a®b®®®y® + bV, ax + by and 
ax - by. 


Assuming a”xa"=a”+'‘ to be true for oZZ values of m and ti, 
prove that ; 

38. a^xa^=a. [o^xa^=a®'’’^=a’^=a-] 

I- ^ 

39. ®®x®^=®. 

40. a^xa^xa^=a. [a^xa^x a®'=a^'*'^'*'^=a^=o.] 

41* Cb^ — \J<1» > 

[ (a^)*=a*xa^xa^xa^=a^+^+^+*=a-=a : a^=V«. J 
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42. 

Cl " 

II 

43. s^=V3®. 

44. 

^ .4 .fl - 

C- xc“ X c® =c®. 

' 45. p®xy-xj,5=y’. 

46. 

!S'®xa:®=®®. [3.-S5(^B„j..3+s=jj,a j 

47. 

a ,1 

z'^xz 

48. a"^=s/a^. 


[ia^y=a"^a 


49. 


50. ®~*x®”^=®"®. 

Write down the product of : 


51. 

~3a;- and 2x-\ 

52. 5y® and -fy“. 

53. 

2a!^y- and 3a:V. 

i SI 

54 . - 5xy* and - dx^y - . 

53. 

ia'^b^ and -^a®5'®. 

56. fa®y®and -fo^y*. 

57. 

~ 4o-ft^c^ and -Sa^b^o*. 

58. - 5x^y®z^ and - Zx^y^z'^. 

59. 

-6fl.“6 ^ and 


60. 

~4a‘*s^j/ * and -19a^®'^y*^. 


Multiply : 


61. 

^ A, 1 
a'+6' by a-'+b". 

62. o®-fcHyo^-6i 

63. 

3»^-4y^ by 3x®+4j/^. 

64. a^- a^b^ + b^ by a® + 

65. 

5. i 1 a , 1, i 

x-'+x^y'+y-' by ®®-y. 


66. 

"tial sa’s 

a® - a^b^+ bj’’ a- + a^b^+b^. 


67. 

2c^-5xV-3y’^ by 2a:'’+5xV 

R. 4^ 

® - Zy'^. 

68. 

rt- + + rt6 + 0^5^ + by - b\ 

69. 

a A 1 a 44 . 

-xy^+x-y-y- by x^+y*. 


70. 

+ d'^b“ + c^b + b^ by a* - b-. 


71. 

^-4 44 4-} 

by x^+y^+zK 

72. 

a®" - a"a" + x®" by a" +x". 



73. a"®-4a'®6+4a"^6®-6® by a'°— + 

74. a:'® + 3®'V'‘ + 2y® by a:‘®-3®”®y^+2j/®. 

75. 2a-®+3a‘“6'®-56-® by 2a-® + 3fl'V‘^+55-®. 
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Apply the motbod of detached co-oibcients to find the product 

76. 2.c=+3j+ 9 and 3x4-5. 77. x=-2x-15 and 2i-3. 

78. 3x®-f6x-f6 and x"-l-3x4-2. 79. x^4-j>x4-r hyj>i4-9. 

80. 4-5x* +5 by Sx‘4-x-}-2. 


CHAPTER X 
HARDER DIVISION 

82. The principal rules for division explained in Chapter III, 
may be stated as follows : 

(i) ^ ; 

(ii) a-s-b-t-c^a-s-ic ; 

(iii) a-*-5xc=oxc^5 : 

and (iv) a"-*-a"=a'’‘", where m and n are positive integers 
and TO >71. 

The role (iv) is called the Index Rule for division. 

The Law of Signs and the rale for division of a monomial or 
a multinomial expression by a monomial have been explained in 
Arts. 50-52. We now propose to consider division of one multinomial 
expression by another. 

83. Division of one multinomial expression by another. 

Let us consider a particular example. 

We have (2a®4-3a54-45®)(a4-36) 

= 2a=(o 4 - 35) 4 - 3a5(o 4 - 35) 4 - 46=(a 4- 3i) 
=2a®4-9a=54-lSo5=4-125®. 

Hence, (2a® 4-9fl®54-13a5®4-125°)+(o4-35) 

=2a“4-3n54-45®. 
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_ Now, let us review this result and see in what way, given the- 
dividend and the divisor, we can discover the quotient. The points 
noticed are : 

(i) The dividend and the divisor both stand arranged according tO' 
descending powers of a common letter, namely, a. 

(ii) The yirst term of the quotient, namely, 2a®=2a®-*-a, t.e.,=(tbe 
1st term of the dividend)-»-(the lat term of the divisor). 

(iii) If we subtract 2a®(a+ 36) from the dividend, the remainder is- 
3a®6+13a6®+126“, and the second term of the quotient, namely, 
3a6=3o®6-*-a, f.g.,=(the 1st term of this remainder)-*- (the 1st term of 
the divisor). 

_(iv) If _ we subtract 3a6(a-^ 36) from the above remainder, the new 
remainder is 4o6® 4- 126®, and the third term of the quotient, namely, 
46®=4a6®-»-o, ».e,,=(the 1st term of this remainder)-*-(the 1st term of 
the divisor). 

(v) If wo subtract 46_®(a-f36) from the preceding remainder, 
nothing remains and the division is complete. 

The process noted above can be shown as follows . 

a+3b \2a*-t9a®b-H3<i6®-H26*/ 2a»-^3fl6-^46® 

/2a®-f6ffl®6 1 

3o=6+13fl6® +126® 

3tt®6+ 9a6® 

4aF+126« 

4a6®+126® 

Hence, we deduce the following inile ; 

Arrange both the dividend and pie divisor according to the 
descending powers of same common letter and place them in a line as in 
the process of Division in Arithmetic. 

Divide the first term of the dividend by the first ^ term of the divisor 
and write down the result as the first term of the quotient. Multiply the 
divisor by the quantity thus found and subtiact the product from the 
dividend. 

Begard the remainder as a new dividend and see if it is arranged 
according to the descending powers of the common' letter. Divide its first 
term by the first term of the divisor and write down the result as the next 
term of the quotient. Multiply the divisor by this term and subtract the 
product from the new dividend. 

Then go on similarly with the successive remainders until there is 
no remainder. 

Note. That the rule slated above gives us a eorrecl resuU is evident. For, the 
different quantitiee, that are one hy one subtracted from the dividend, being the partial 
products of the divisor by successive terms of the quotient, their sum is equal to the 
product of the dimsor by the whole quotient ; and as this sum is clearly equal to the 
dividend, the dividend is equal to the product of the divisor by the quotient, and this 
it tahat it should be. 
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Example 1. Divide x*-ix’‘+12x~9hy x^-2ic+3. 

Both the dividend and the divisor, as they are, are arranged 
according to descending powers of a:. Hence, we may proceed at onee 
as follows : 


(B® - 22! + 3 


\x* 

) «*- 


- 4a;® + 12a: -9/ 
2a:®+3a;® 


a:®+2a:-3 


2a:® - 7a:® + 12a: -9 
2a:®-4a:®+ 6a: 


— 3a:®+ 6a;— 9 
-3a;®+ 6a;-9 

Thus, the required quotient =a;®+ 2a; -3. 


Note. In tile- dividend it must be noticed that the term containing is toanhng 
and hence the second term which, eonlaitts has been put a hltle apart from the first 
as if leaving unoccupied the place of the absent teiiii. This point should be attended 
to, although not strictly required, for the purpose of having like terms placed 
under one another ; for instance, in the above example if the second term of the 
dividend stood dose to the first,— ix' would come under —4a!*, and Sz* under ISa;, 
and this might confuse the beginner or othenoise lessen the neatness of the process. 


Example 2. Divide 16a:* + 36a:® + 81 by 4®® + 6a! + 9. 

• 4a:® + 6a:+9\16a:* +36a:® +81/ 4®®-6a!+9 

h6a!* + 243!®+36a:® - 1 

-24a:® +81 

-24®® -36a!® -54® 

36a;®+54®+81 
36a!® + 54a! +81 

Thus, the required quotient =4a;®- 6® +9. 

Examples. Divide a® -4.®* -2a:® + 3®®+ 8a: -12 by ®®- 4. 

N. B. It is not essential to arrange the dividend and the divisor accot ding to 
■descending powers of some letter common to them ; the a? rangemenls may as well be 
according to ascending powers of that letter. The only thing indispensable is that 
both the expressions should be arranged in the same order, be it descending 
or ascending. For instance, let us work out the present example by arranging the 
expressions in the ascending order of the powers of x. 

-4+*® \-12+8®+3®®-2a:®-4®*+®®/3-2®+.®* 

1 -12 +3a:® [ 

8x — 2a:®-4a:*+®® 

8a; —2a;® 

— 4a:*+®® 

-4®*+®® 


Thus, the required quotient =3-2®'+®*. 
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Example 4. Divide . -6V by ah+ac-bc. 

, arranged according to descending powers of a, 

becomes {o' - c“)a* +2oc a - 

The divisor, when so arranged, becomes {b+c)a~bc. 

Thus, the dividend has become a trinomial and the divisor a 
binomial 

ib+c)a-bc \{,b~ - c^)a^ +2bc’^.a-b’‘c’^ I {b-c)a + bc 
] (b--G^)a^-(.b‘c-bc^)a \ 

W^bG^)a~b^c^ 

(6^c+6o^)tt— 6^c° 

Thus, the required quotiont=ab-ac+6c. 

Example 5. Divide o® + 6®-c®+3a6cbya+6-c. 

The dividend and the divisor, arranged according to descending 
powers of a, become respectively a®+3Jc.B+(i)®-c®) and a+(6-c). 

Thus, the dividend has become a trinomial and the divisor a. 
binomial 

a+(i-c) la® +36c.a+(b®-c®)/ o®-(h-c)a+(6® + iic+c®) 

/ a®+(i-c)a® ( 

. -(i-c)a®+36c.a+(6®-c®) 

-((!)-c)a®-(h-c)®.a 

(h® + 6o+c®)a+(6“-c») 

(h® + 6c + c®)a + (&® - c® ) 

Thus, therequired quotient=a®+6®+c®-a6+ac+6c. 

Example 6. Divide (6-c)a®+(c-a)6®+{a-6)c® by a®-a6-ac+6c. 

Let us arrange the dividend and the divisor according to descending 
powers of a. 

The dividend = (6 -c)a® - 6®a +c®8 + 6*c - 6c® 

= (6 - c)a® - (6® - c®)o + 6c(6® - c®). 

Ther divisor = a® - (6 + c)a + 6c. 

Thus, the dividend has become a trinomial and the divisor also a 
trinomial 

a® - (6 + cja + 6c 1(6 - c)a® - (6® - c®)a + 6c(6® - c ")( (6 - c)a + (6® - c®) ■ 

/ (6 - c)a® - (6® - c®)a® + 6cf6 - o)a \ 

(6® - c^la’^ - (6® + 6^c - 6c® - c®)a + 6c(6® - o®) 

(6® - c®)a® - (6® + 6®c - 6c® - c®)a + 6e(6® - c®) 

Thus, the required quotient=a6-ac+6®-c®. 

Note, 1/ fluisi le noted that the expressions which are enclosed within hrackeis 
as a>-eff.deais of different powers of a are all ai ranged according to descending powers 
ofb. Sucharrangementsaddtotheneatnessof the process and lessen the chance of 
confusion. 
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EXERCISE 39 

Divide : 

I. a:“-9a:+14 by a!-7. 2. 3a:=-17a+10 by 3x-2. 

3. 12a:=-8*-32by 4a:-8. 4. 55r“-67a;-14 by lla+2. 

5. 2a®— 7o6 + 66® by a— 26. 6. a;*+a:®y®+ 2 ;* by x®+®y+i/®. 

7. 4®®— 9a® by 2a: + 3a. 8. ®®+a®by®+o. 

9. a® — a®6 — lab" +36® by a— 36. 

10. ia® +^x" + V=®+18 by i®® +|® +6. 

II. -|®®-V®=+H®-Aby^=-7V®+A. 

12. ia^y^-i^a"u"b+^\ayb"-rhb^ by f^y® -||y+T5v&=. 

13. -/o®m® + ’:ro'a®m®«+=|-amre® + 126»® by |a®m® + ®/am7i+42n®. 

14. v®*-®®y®+4a:y*-Vl/* by |®®-^+|y®. 

15. ^y'^-^y^+-ij:x^y^+-ijx^y’‘--l-x*y+-fix^ by 

16. ^Imji® +Ja?i®n®+^ by fffi»+la»®+iT«®, 

17. ^a^y^ +hl^ +^-xa^y^ -lay* - j'^a*y by lay-ly^ + ^a^. 

18. If ®+y+ 2 := -3a, find the quotient when 

(2® - y - z)(2y -z- ®)(2z - ® - y) is divided by o® + a(® + y) + ®y. 

Divide : 

19. i [(a: - y)® + (y - z)® + (z - ®)®] by (® - y)(y - z). 

'20. ®® - 2a®®® + a® by ®® - 2a® + o®. 

•21. 2®®y ® + y® + ®® by 2®y + ®® + y ®. 

‘22. ®®+(a+6+c)s®+(a6+ac+6c)®+a6c by ®+c. 

23. a®+(6-c-a)®®+(ca-a6— 6c)®+o6c by ®®+(6-o)®-a6. 

'24. a®+a®6+a®c-a6c-6®c-6c® by a®-6c. .N. 

25. a®(6+c)-6®(c+a)+c®(a+6)+a6c by a-6+c. 

26. a®(6+c)+6®(a-c)+c®(a-6)+a6c by a + 6+c. 

27. ®®-2a®®+(a-®-a6-6®)®+a®6+a6® by®-a-6. 

28. a®+6® + c®— 3a6e by 0+6+C. 

:29. ®®+y®-l+3®y by ®+y-l. 

30. ®®-8y®-27z®-18®yz by ®-2y-3z. 

31. ®®-y®+z® + 3®ys by ®-y+z. 

32. 8®® - 27y ® - z® - i8®yz by 4®® + 9y® + z® + Bay + 2®z - 3yz. 

;33. a®(6 -. c) + 6®(c - a) + c®(a - 6) by a - 6. 
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S4. (^^—bx+cx)a—bc{x+a)+{x—b+c)x^ by (®+a)(!B— 6). 

35. eiab — ®®) + (a — b){x — c)x + x{x^ — ab) by {x - b)[x — e), 

36. o®(6— c)+6®(c— a)+c®(ffi— 6) by oft+ic,— ac— i®, 

37. a«(6® -c®) + b»(c® - a®) + c®(a® - 6®) by a=6 - ic= - ac® +a®c. 

3S. xy^ + 2y^z-xy^s+xyz^-x^y-2yz^+x^z-x3^hy y+z-x. 

39. b(a!®+a®)+aa:(x®-a®)+a®(a;+a) by (a+b)(s+a). 

40. {a-6)®c®+(a-6)c®-(c®-a®)6®+(c-o)6® by {a-6)c®-(c-a)6®. 

[Arrange the expressions according to descending powers ol s.] 

41- (ax + iy,)® + (ax - 6y)® - (ay — ix)® + (ay 4- to)® 

by (a+&)®x® -3a6(x® -y®), 

[C. U. Entr., 1888.] 

[Simplify the dividend and the divisor and then arrange the two expressions 
according to descending powers ol x,] 

42. a:(l + y *)(1 + ^®) + y(l + 2®)(1 +x®) + «(1 + x®)(l + y ®) + ixyz 

hy 1+xy+yz+zx. 

[C. U. Entr., 1878.] 

[Arrange the expressions according to descending powers of x.] 

43. (4x®-3a®x)®+(4y®-3a®y)®-a® by x®+y®-a®. 

[B. E. Entr., 1884,] 

Assuming the formula a"-<-a">=a’"‘’‘ to be true for all values of 
m and n, show that : 

44. a'’=l. [a°«=a”'”=o"‘-«-a"‘«l.] 

45 . a-"=-„- [a'"=a'’-"=a*-^a"=l-i-a".] 

Qt 

46. ^^^=x. 47. x"^+»"*=a;. 

Divide : ^ 

48. a®b^ by 49. ' by a'^bh". 

50. ISxyz by ~5x\^z^. 51. 9x^-16y* by 3®^+4y®. 

52. a+b by a^+6^. 53. a^+ah^+b’^ by a^+aV+R 

54. 4x'^-37xV+9y^by2i^+6xM-3y^- 55. o-6®bya*-h^. 

56. 4a-^®+12a-'^i'49o-*5-®-266-® by 2o-® + 3o'V^-5to*. 

57. 9x"^-25x"^l/‘^+70x"®^y’*-49y"' by 3x *+5x % ^-7y S 

58. a®-b= by 59. x+y+s-3xW' by x'*>r + 2 ^'. 
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84. Inexact Division. It may so happen that the dividend is 
not exactly divisible by the divisor. For instance, if in A-ramrlp 
Art. 83, the dividend V7ere 16®*+36i®+6a:+86, the second remaindS 
v7onld be 36®®+60a:+86, and hence the final remainder 6a:-T-5. As ^+5 
cannot be divided by 4a:“+6a:+9, the division in this case vonld be 
incomplete and the result might be expressed as in Arithmetic, thus : 


16a;* + 36a!= + 6x+86 
4iC"+6a:+9 


=4a:=-6a:+9+ 


Qx+5 

4x-+6st9' 


The right-hand side is called the complete quotient. The portion of 
the dividend which is thus left as a residue not divisible by the divisor is 
spoken of as the remainder in division. Hence, if D denote the dividend, 
d the divisor, Q the quotient, and J? the remainder, we have the follow- 
ing invariable relation between these symbols D=d>iQ+B. 

85. Detached Co-efficients. If both the dividend and the 
divisor contain powers of the same algebraic quantity or be homogeneous 
expressions of same algebraic quantities, the labour of long division 
can be inuch saved by detaching the co-efficients and placing them in 
proper relative positions. 

The process is illustrated by the following examples : 


Example 1. Divide 6z* -M3a;® -J- 39 j:- + 37® -h 45 by 3®® + 2® + 9. 
3+2-1-9 \ 6+13-P39-P 37+46 / 2+3+5 

1 6+ 4+18 \ 

+ 9+21+37 
+ 9+ 6+27 

15+10+45 

15+10+45 

.’. The required quotient is 2®® +3® +5. 


By the ordinary Method : 

3®®+2®+9 \ 6®*+13®®+39®®+37®+45 / 2®®+3®+5 

I 6®*+ 4g®+18®® \ 

9®® +21®= +37® 

- 9®=+ 6®=+27® 

15i=+10®+45 
15®= +10® +45 

.'. The required quotient is 2®=+3® + 5. 

Example 2. Divide ®= - 27 by ®= + 3® + 9. 

N. B. If any power of X either in the dividend or in the divisor be absent, the 
term involving that power is to be supplied with a zero eo-effident. 

1+3 + 9U+0+0-27/1-3 
/ 1+3+9 \ 

-3-9-27 

-3-9-27 

.'. The required quotient is ®— 3. 
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EXERCISE 40 

Apply the method of detached co-efficients to find the quotient of 
the following ; 

1. 2»i®-9m*w + 137n?i®-6n® by 2m-3H. 

2. by a=-i=. 

3. 2x* - 3x®i/ - 3xi/» - 2i/« by x‘ +v-. 

4. 2a^ - 36fl"x* - 1 Gai* by 2a' + 8ai. 

6. S+ar+'Jx'+Sr® -4x*+2x® by I-J-23;®. 

D. — 4x'-t-12r— 9 by x®+2r— 3. 

7. 4a*-9a=6=+24a6®-166* by 2a=-3o6+46®, 

8. a’‘+4o®x'+16a:'* by a®+2ax-l-4x®. 

9. a*+4i* by o= + 2a6+26®. 

10. 2x® -7x* -2x® +18x® -3x-8 by x® -2 j:= +1. 

11. x^-81byx-3. 12. o‘'-32byo-2. 

13. 3-9x+2i:® + 5x®-7x® + 2x® by l-3x+x®. 

14 . 82r ■’ + 40 - 45x» + I8x" - 67x by 6x= + 8 - 7x. 

16. W-x" by 2--.X. 16, l+x'-Sx® byx®+l-2x, 

17. 13a6® + 2a®fi*+6fl^-fl®6+46® by 4oh+6®+3a®. 

18. a®6-l.o6^ “Sa®6®+o‘+19a6® by o® + 36®-2a6. 

19. x«-a® byx®-2E®o+2xa=-a®. 

20. 8a®6® + 36® + a® - ga®6® - 2o6* - a* 6 by 2o6 - 36= + 0 ®. 

21. j/"+ic®-2r=y= by x®-ty®-2ry. 

Find the complete quotient of : 

• 22 X® +11 x4-3 5 2g x=+T < Vy° 

x+6 ' x-jj/ 

24, Find the remainder when x^+px^+qx+r is divided by 
x-+px+q. 

25. Divide l + 2x+4x®by3-x, retaining four terms in the quotient. 

86. A few important results. 

The student already knows that 

x®-a==(x-o)(x+a), 
and x®-a=“(x-o)(x®+xa+a®). 

Hence, x*-a^ [which=x®(x-o)+a(x*-a®)] 

=(x- o)jx® + a(x® +xa +«=)}■ 
=(x-a)(x®+x®a+xo=+a®). 


1—8 



114 


ALGEBRA MADE EAST 


[chap. 


Hence, a:®-a“ [whioh=aj*(a:-o)+a(®*-a*)] 

= (a; - o) j®* + a(®® + ®“o + xa- + a®)} 

■ =(®-a){®*+®®a+®®a®+®a®+a*). 

Similiffly, it may be sho\vn that x~a is a factor of of 

x’-a’, of \“-a® ; and so on; hence, generally, x-a is a factor of 
®"-a" ■where n is any whole number. 

"We conclude, tberefore, that for all positive integral values of n, 
®"-o" is divisible hy x-a. 

Again, since, ®" + a" = {®" - a”) + 2a", of which ®" - a" is divisible by 
x-a and 2a" is not, ®"+a" is iwt divisible by ®-a. 

Thus, when n is a positive integer, 

x—a always divides ®" - a", 1 _ . / - % 

but Mcucr divides ®"+o". J ^ 

Cor. I. x + a divides ®" - o" only when n is an even integer. 

For, when 71 is even, (-a)" = a", + and .’. ®”-o"=®"-(-a)", 1 
when 71 is odd, (-o)"=— a", t and a"-o"=®"+{-o)" ; J 

also, ®+o=®-(-a). 

Now, from U), we know that ®-(-o) divides ®"-(-a)", but not 
®"+(-o)". Hence, ®+a divides »"-o" when ti is even, but not when 
71 is odd, i.e., x+a divides ®"-a" only when 71 is an cvc» integer. 

Cor. 2. x+a divides ®"+a" 07 ihj when n is an odd integer. 

» For, when 71 is odd, ( - a)" = - a", and . ®" + a" =.®" - ( - o)", \ 
when 71 is oven, (-a)"= o", and .’. .®"+o"=®"+(-c)" ; I 

also, ®+o=®-(-o). 

f 

Now, from (A), we know that ®-(-a) divides ®"-(-a)", but not 
®"+(~o)". Hence, x+a divides ®”+o" when 71 is odd, but not when 
71 is even, i.e., ®+o divides ®"+o" only when n is an odd integer. 

Thus, we have obtained the following results | ; 
x-a divides ®" - a" always, 1 
®"+a" Tieve?'. J 

x+a divides ®" - a" only when 71 is e7;e7i, \ 

®"+o" only when 71 is odd. J 

tDhis follows from repeated applications of the laws of signs in multiplication ; 
thus, (-a)’=o*; hence, (-fl)’=(-a)x(-o)®<=(-a)xa* = -a’ ; hence, (-0)* 
= (-a)x(-o)* = (-o){-a*)=o* ; hence, {-a)® = {-o)(-fl)* = (-o)xa* = -a' ; 
and so on. That is, any power of —a is positive or negative according as the inde:c 
of that power is an even or an odd integer. 

J These results have been formally proved in Chapter XXIII. 
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EXERCISE 41 

, Verify by actual division that the. following expressions are 
divisible by a; +tt : 


‘ 1. 

2. s*-o*. 3. 

33®+ a®. 

4. 33* -a®. 

3. 33® +a^ 6. 

33* -0®. 

Verify by actual division that the following expressions are not 
divisible by a:+a : 

7. 

8. 33* + fl*. 9. 

a3®-o®. 

10. 33® + 0*. 

11. a3’-a^ 12. 

a3®+fl®. 

Write down the quotient of : 


13. 33*-! by 33-1. 

14. 33*-y* by 3;+y. 15. 

33®-! by 33-1. 

16. a3®+p® by 33+y. 

17. 33®-! by 33-1. 18. 

S3® -2/® by 33+2/. 

19. 33^-1 by 33-1. 

' 20. 33^+4/^^ by 33+2/. 



CHAPTER XI 

FORMULAE AND THEIR GRAPHICAL REPRESENTATION ■ 

87. The differeut formula established in Chapter lY are stated 
below to facilitate any reference to them. A complete knowledge of 
these special products, is essential for performing many algebraical 
operations with neatness and accuracy. It is, therefore, desired that 
the student should commit them to memory so that the necessity even 
for occasional references may be altogether done away with. 

yfi) (ffl+b)==a=+2o6+i=. 

^ii) (a-6)==ffl^-2a6+&=. 
l(iii) (ffl+iXa- 

'(iv) (a + i)® = a® + 3a=b + 3o6 “ + b® = a® + + dab{a + 6), 

^ (v) (ffl-b)®=fl®-3fl®6+3a6®-6®=a®-6®-3a&(a-&). 

1 (vi) + b^=(a+b){a^~ab+b^)={a+by—3ab{a+b). 

(vii) - b ^ =(a - J)(a® + ah + b®)=(o - b)® + 3o6(<i - b). 

<(viii) (a:+a)(a:+6)-a!®+(a+b)a;+ab. 

(ixi lx-a)ix+b)=‘x’‘+lb-a)x-ab. , 

(x) {x-a){x-b)=x^ -{a+b)x+ab. 
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88. Application of Formulae. 

Example 1- Knd the product of 999 x 999 and 9988 x 10012. 

W e have 999 x 999 = 999“ 

=( 1000 - 1 )“ 

= 1000“-2x lOOOx 1+1“ [Formula (ii)] 

=1000000 - 2000+1 

=998001. 

Also, 9938x10012=10012 x 9988 

=( 10 {) 00 + 12 )( 10000 - 12 ) 

=10000“ -12“ [Formula (iii)] 

=100000000-144 

=99999856. 

Example 2. Find the value of 2931® + 1069“ x 12000 x 2931 x 1069. 
Putting a for 2931 and h for 1069, 

the given expression = a® + 6® + 12000fl5 
=a® + 6® + 3a6(a+6) 

[since, o + 5 = 2931 + 1069 = 4000] 
= (a + 6)® [Formula (iv)] 

=(4000)® 

=4000 x 4000 x 4000 
=64000000000. 

Note. The student js referred to the examples uorked out tn Chapter IF for 
further ilhtst)atio7i, 

89. Algebraic quantities expressed as the difference of two 
squares. 

We have <i“+2o6+6“={a+6)“, 

and a“-2a6+6“=(a-6)“. 

Subtracting, iab={a+b)--{a-b)°, 

or, ffl6=i(a+6)®-Ka-5)® = (^^) "(^j * 

Hence, the product of any two factors. 

= square of (f x the sum of the factors) 

- square of (J x the difference of the factors). 
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Example 1. Express (a:+y+2^)(a:+j/) as the difference of two 
squares. 

5- | 2a; + 2y+2s |” _ ^+y¥2z~x-y j® 

=(a:+V + 3)®-2® - 

Example 2. Express (a:+l)(2a:+3)(fl:+5) as the difference of two 
squares. 

The given exp. = {(* + l)(2a: + 3)K® + 5) = (2*® + 5a! + 3)(a: + 5) 

f(2a;®+5a:+^3)+(a;+5)j ® _ | (2a:®+5a;+3)-(a!+5) l® 

=(!B®+3a:+4)®-(a:®+2a:-l)®. • 

Examples. Express (a: +a)(a!+2a)(a:+ 3fl)(a;+ 4a) as the difference 
of two squares. 

The given exp. => \{x + a){x + 4a)j{(a: + 2o)(a: + 3a)} 

=(«:® +5aa:+4a®Xa!* +5aa! +6a®) 

=. + 5°a! + ^g^) + + 5aa! + 6a®) j ® 

_ | (a!® + Sax + 6a®) - (a:® + Sax + 4a®) j ® 

=(a!®+5aa:+5a®)®-(a®)*. . 

Example 4. Express (x+2aXx+4a)(x+6a){x+8a)+7a* as the 
difference of two squares. 

The given exp.“}(!C + 2a)(a:+8a)}}(a;+4a)(a!+6a)}+7a* 

= (®® + lOa® + 16a®)(a!® + IGoa; + 24a®) + la* 

^ | (a;® + lOgg -USa®) + (a:® + lOaa! + 24a®) j ® 

_ f (a!® + lOaa! + 24a®) - (a;® + IPaa; + 16a®) j ® ^ 

= (a;® + lOaa: + 20a®)® - (4a®)® + la* 

= (a!® + lOaa: + 20a*)® - 16a* + la* 

=(a:® + 10aic+20a®)®-(3a®)®. 
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EXERCISE 42 

[The following examples are to be icorbed out with the help 
of the formula of Art. S7.] 

Find the squares of the following : 

1. ox+d]/. ’2. 16a -136. 3. ®+100. 

5. a+999. 6. y+lQQQl. 7. 93S. 

9. 100-5. 10. 99-6. 

Find the cubes of the following : 

11. 2a: +5. 12. 105. 13. QS’S. 

15. Show that (a + b)- +(a- b)- = 2(a= + 6=). 

Hence, find the value of a" -l-b-. when 
(i)a=5004, 6 =4996; (ii) a =1012. 6 = 938. 

IG. Show that (a+6)“-(a-6)“=4a6. 

Hence, express the following as the difference of two squares : 

(i) 4(®+22/)(2a:+y) ; (ii) (6®+10j()(4® + 6j/) ; (iii) (®+93)(a+102) ; 
(iv) 505 X 495 ; (v) (2® + 100-4)(2a: + 99-6). 

e Find the following products : 

17. (a+x)[a-x)(a°+a~). 18. (2a + 3)(2a-3)(4a®+9). 

19. (a*® - a6 + 6®}(a® + a6 + 6®)(o* - a“6® + 6*). 

20. 93x102x10004. 21. 96x104x10016. 

22. (2a+sX4a"+4a®+®“). 

23. (a - 2Xa + 2)(a= + 4o + 4)(a= - 4a + 4). 

24. (®+4)(®=-4z+16). 25. (2i/-3)(4t/=+6y+9). 

26. (®+2)(®®+2®+4)(®-2)(®=-2j:+4). 

27. (2® +105X2® +15). 28. (6®-25)(6®+43). 29. (6®-25)(6®-43). 
Simplify the following : 

30. (2a+®+i/)“+2(2a+®+2/){8a-®-i/)+(8a-®-7/)®. 

31. (17a+20.r+19y)= -2(19®+18y+17a)(20®+19i/+17a) 

+ (19® + 18j/ + 17a)°. 

32. (16a + » + 2 /)® + {4a - ® - j/)® + a(16a + ® + 2/)®(4a -x-y) 

+3(16a+®+j/)(4a -x-y)". 

33. {121o + ® + 2 /)® - (116a + » + 2?)® - 15a(121a + a + 2/)(116a +x+y). 

34. (5a - 8®)® + (6a + 8®)® + 33a(5a - 8®)(6a + 8®). 

35. (2a + 32/ - 16s)® + 3(3® -2y+ 16f)®{2® +3y- 16s) 

+ (3® - 32/ + 16s)'’ + 3(3® - 32/ + 16s)(2® +3y- IGs)® - 120®®. 


4. 2/ +500. 
8 . 1012 . 

14. 800-6. 
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Besolve into factors : 

36. x’^+dx+G. 37. 52/'*+ 65^+200. 

38. a*+46*. 39. (!e+3/)s+15(®+2/)+36. 

40. (5a+86+5)=-(4ffl+6)=. 41. 8a:®+1252/®. 

42. {8a +13®)® -64. 43. (15a +35)= -4. 44. 5®®-5s=t/-30®!/®. 

Bind the value of : 

45. (16a+26)= - 2(13a+26)(16a+26)+(13a +26)®, 

when a=5 and 6=7891. 

46. (91®+52/)®-3(91®+52/)=(87®+52/) 

+3(91®+52/)(87®+5[/)®-(87®+52/)®, when s=2 and i/=83. 

47. (589963)® - 2 x 589963 x 589863 x (589863)=. 

48. 90-002 X 89-998. 49. 9238= -9233®. 

60. . 49856 X 49856 x 49856 - 3 x 4^56 x 49355 - 49855 x 49355 x 49855, 

51. Factorize (®+2)(2a:+l)(5a:+2)-3®* by expressing it "as the 
difference of two squares. 

52. Show that (a® + 6)(6® + a)]a6a= - (a® + 6=)® + a6} can he expressed 
as the difference of two squares. 

53. Express (5®+l)(2®+5)(3®+6)(4®+3) as the difference of two 
squares. 

64. Express (7® + 3a)(7® + 6a)(7® + 9a)(7® + llo) + 61a* as the sum of 
two squared. 

90. Graphical Representation of Algebraic Formnlie. Some 
of the formulae are illustrated helow by their geometrical representa- 
tions on squared papei'. 

(1) To demonstrate graphically, the identity 

ia+b+c+d+e)k=ak+bk+ck+dk+ek. 

Let OX and OT be the co-ordinate axes, 0 being the origin. 
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OP=h. Complete the rectangle OPUE. Through A, B, C, D, E draw 
AQ, BR, CS, DT, EU parallels to OP so as to meet PU in Q, E, S, T, V 
respectively, so that the OPQA, AQEB, BESG,10STD,DTUE 
are each a rectangle. 


Now, rect. PjB=reot. Pii+reot. QS+reot. PO+reet. SD 

+ reot. TE. (1) 

But rent. PE= OE.OP’={OA+AB+BC+ OD+DE). OP 
={a+b+c+d+e).Jc ; 
and rect. PA = OA. OP 
=ak ; 

rect. QB=AB.AQ=AB.OP 
= bk-, 

rect. EC=BG.BB=BC.OP 
= ek ; 

rect. SD = CD.CS=GD.OP 
=dk-, 

rect. TE=DE.DT’=DE.OP 
=efc : 


From (1), ia + b+c+d+e)k=‘ak+bk-¥ok+dk+ek. 


(2) To demonstrate graphically, the identity 
(a+6)“=a2+2a&+&*. 


Let OX and OY be the co-ordinate axes, and 0 be the origin. 

Let and P be two points taken on OX, such that OA=a and 
AB=b; also, let L and P be two points on OY, such that OL=a and 
LP=b. Then, OB=OP‘=a+b. Complete the square OPBB. LetAQ 
be drawn through A parallel to OX to meet PB in Q ; also let LMN be 
drawn through L parallel to OX to meet in ilf and BB in N. 

Then, fig. OP=fig. Oilf+fig. 4A^+fig. LQ+fig. HIP ■" (1) 

Now, fig. OP = OP. OP 

= OB,OB- [•.• OP- OP] 

= OP==(o+h)=: 
fig. OM=OA.OL^OA.OA 
=a~ ; 

fig. AN=AM.AB=OL.AB 
=ab ; 
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fig. LQ=LM.LP 

=PQ.LP^db ; 
fig. ME^MN.MQ= QP.LP 
= 6 . 6 ** 6 ®. 



From (1), (a+b)^=a~+ab+ab+b' 

=a®+2a&+fe". 


(3) To demonstrate ^’aphicaliy, the identity 
(fl-6)==a®-2a6+h*. 

Let OX and OY be the co-ordinate axes, and 0, the origin. 

Take two points A and B on OX, snob that 04= a and 05=6. 
Complete the square OPQA, on 04. Through 5, draw BR paranel to 
or to meet PQ in iJ , cut off a length PL from PO, equal to 6. Through 
L draw LMN parallel to OX to meet BE and AQ in .3/ and A respec- 
.tively. Produce PQ to T, making Or=PP( = 6). Complete the square 
QTSN, on QT. 
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Since, 

Also, since, 

and 


OA=a and OB—b. 
BA=a—b. 
OB=OA=a, 
PL=b; 

OL—a—b ; 
AB=Oi. 


! 



Now, fig. NA^=fig, OQ+fig. NT- fig. ON-fig. i?S. (1) 

Bnfc, fig. BN=BA.BM=BA.OL 
=BA.BA^BA- 
= (a-6J-"; 

fig. OQ-=OA.OB=OA.OA 
= OA==a=. 

fig. A’ir=sq. on QT 
“sq. on PJf? 

=i=; 
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fig. OB = QP.OB=:OA,OB 
=ab ; 

fig. BS=fig. jB27+fig. QS 
=fig. Blf+fig. PJlf 

=fig. Pi7' ['/ fig. §5=fig. PjSf, each 
I f=PQJ‘L beiBg equal to 6®.] 

/ \ 

Prom (1), (a-&)®=a® + 6®-aZ)-fl6, j.fi..=a®+6®-2a6. 

(4) To demonstrate graphically, the identity 


- ^3 s (a — b){a+ b). 

Let OX and OY be the co-ordinate axes, and 0, the origin. 



Tate two points, j 1 and P on OX, such that OA=a and OB^b ; 
also, take two points, P and L, on OY, such that OP=a and OL=b. 

Complete the squares OPQA and OLMB. Produce BM to meet 
PQ in jB and iJlf to meet AQ in 2?; also produce MN to T, making 
NT=NA(=b ) ; and complete the rectangle NTSQ. 

Thus, reot. BN=ieot. QT, 

also, PL=OP—OL^a~b, 

and AB^OA — OB^a—h, 

PL-=AB. 
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Now, fig. PA - fig. J3L=fig, PN+fig. BN 
=fig. PN+fig. QT 

= fig.PiP. ... (1) 

But, fig. P4=sq. on Oil 

=a® : 

fig. BL=sq. on OB 
= b- ; 

fig. PT^PS.PL 

HPQ + QS).PL 
=‘{PQ+NT).PL 
=(a.+b){tt— b). 

IVom (1), a* - b°=(a-?)){a+Z)). 

(5) To demonstrate graphically, the identity 
(a+6)(c+d)>=ac+6c+od+6d. 

Let OZ and OT be the co-ordinate axes, and 0. the origin. 



On OX, take two points, A and B, making OA—a and AB=i 
also, on OY take two points P and L, making OL=c and LP=d. 

Complete the rectangles OPBB and OLNB, 

Through il, draw 4110 parallel to or to meetlrN in If and PE 

in 0. 
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Now, fig. Oi?=fig. Oilf+fig. ilN+fig. ig+fig.iffi. - (1) 
But, fig.OB=OB.OP 

HOA+AB'^OL+LP) 

=(a+5Xc+<i) . 
fig. OM^^OA.OL^ac; 
fig. AN=AB.AM 

=AB.OL=bc; 

fig. lq--pq.pl 

— OA.PL—ad ; 
fig.MB=OB.Qjlf 

^AB.PL=bd; 

Prom (1), (a+fe)(c+d)=ac+5c+ad+i>ti. 

(6) To demonstrate graphically, the identity 
(a+6+c)®=a®+6*+c*+2o6+26c+2ac. 

Let OX and OY be two perpendicular straight lines, through 0. 



Take three points, A,B and 0 on OX, such that 0.4 = a, 4B= 6, 
BO=c. 

Complete the square OCBL on 00, so that 

OL=OC=OA-\-AB-¥BC’=a+b+c. 
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Let D and E be points on OL, sucli that ’ 

OD=a and DE=b, whence EL=c. 

Through A and B, draw AP and BQ parallels to OY to meet LB 
in P and Q respectively ; also, through E and E draw DTSE and 
parallels to 0^ to meet JiP, CB in points T, S, S and 
-T/, N, F respectively. 

Then, fig. OP = fig. OT+fig. 2!P+fig. ATS + fig. AS 

+fig. PA'+fig. A?B‘+fig. PP+fig. BE, ■■■ (1) 
fig. EM=-ET.EE=‘OA.AB--ab, 
fig. AS--AT.AB^OE.AB--ah. 
fig. AP=fig. NE=bc, 
fig. PP=fig. BE—ac. 

fig. 0P=sq. on 0C=0C~ 

=(OA+AB+BC)“=(a+b+c)~, 

fig. 0T=0AOP=0^.0^ = 0^==c=, 
fig. TN^TM,TS==AB.EE-=AB^==b‘‘, 
fig. NB^NQ,NF^EL.BO^BC^=o - ; 

Erom (1), 

(o + 6 + c)“ =(i^+6®+c" + o&+ttb+6c+6c+nc+ ac, 

J.C., =a“+5®+c-+2a6+26c+2ac. 

EXERCISE 43 

Eind, graphically, the value of ; 

1. (i) (0+6) X 11 ; (ii) 7- : (iii) (4-4)=. 

2. Yerify graphical^' ; . 

(i) 9= - 7= = 32 ; (ii) (7+ 3)= = 100 ; 

(iii) (3+5)x2=3x2+5x2 ; 

(iv) (®+a)(aj+6)=a!®+(ffl+6)a;+o6 ; 

(v) (a;-a)(®-6)=a!“-(a+fi)a;+o6 ; 

(vi) (®-a)(®+b)=®®-ffl®+6s-ob. 

3. Calculate, graphically, the area of a square described on a 
-straight line whose length is equal to twelve feet. 


Kow, 

and 

Similarly, 

and 

Also, 
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4. Pind, graphically, the area of a room, 5 ft. long and 3 ft. broad. 

5. A rectangular garden of length 9 yards and breadth 3 yards 
has got a path of uniform breadth surrounding it. If the breadth of the 
path be one yard, find, graphically, the total area of the garden and the 
path together. 

6. In a square plot of land of side 10 yards, a square pond of 
length four yards is dug. Kud, graphically, the area of the remaining 
portion of the land. 


7. Find, graphically, the area of a rectangular plot of land whose 
length is 50 yards, and is five times its breadth. 


8. A rectangular court-yard of length 10 yards and breadth 
5 yards is to be paved with square stones. If the side of the stone 
be one yard, find, graphically, the number of stones necessary for the 
purpose, I 

9 A square garden of side 20 yards has within it a walk of 
uniform breadth equal to one yard running round it. Find, graphically, 
the area of the path. 


10. A rectangular court of length 20 yards and breadth 10 yards 
has two paths, each of breadth one yard joining the middle points of the 
opposite sides, and symmetrically situated about the lines joining those 
middle^ points ; find, graphically, the area of that porti on of the court, 
which is not covered by the path. 


OHAPTBE XII 
SIMPLE FACTORS 



91. Definitions. When an expression 
or more others, each of these latter is called a factoinM~;ta!y forn^ V^ 

An expression is said to be resolved into factors whenThttsSexpres- 
sions of which it is the product are found. 


[A few simple cases of resolution into faoiors have already been incidentally 
treated in the Chapter on Fon\%idiB and tlmr Aj^pUcatioiu These cases, however, ^ 
^YiU not be altogether passed over in the following articles as the present chapter 
is intended for a more systematio treatment of the subject.] 

Note. this chapter toe shall confine mr attetiiion to rational and integral 
expressions only es^ressions free ffotn radical signs and in tohichno letter occurs 
in the denoTninator of any term), and by (he factors of an expression will he meant the 
ratioHal and integral expressio7is of which is the product. 



128 


ALGEBBA MADE EASY 


[chap. 


92. Simple Cases. Any expression, all the terms of which hare 
Oot a co7nmo7t factor may, on inspection, be at once resolved into two 
factors, one of which is simple and the other compound ; thus : 

(1) o=a:+oa:==aa:(o+«). (2) 2ffl®i=-3a=6'’=o®6=(2a-36). 

(3) 24a:'‘a® -‘40x®o* + 66x~a^ =8x"a*(3a:- - 6xa + 7a®). 

EXE RCISE M 

Resolve into factors : 

ll^ a6+ac. 2. a®6®+a®i»®. 3. 

4. 5x~ys+ixij~z-6xye~. 5- 4a''6-6a‘‘6®-Sa®6®. 

^ 6.^ ax^7j-5a"x^y- + 3ax^. 7. 3x*y^z- - l^-y*s^ +21x^y~e^. 

8. 28a%=-42a-6«. , 9.‘^72x^°l/«+10Sa!®y^“. 

10. 39a®i®c®-656®c®a^-91c“a‘6®. 

93. Expressions of the form 

The method of resolving into factors an expression of this form has 
ah’oady been treated in Art. 56, Note. A few more examples are added 
here for the exercise of the student. 


EXERCISE 45 

Resolve into factors : 

■'1. 9a=-166=. 2. 4a®-25aa:®, 

4.^'l6a:*-l. 5. h6i®-9j:. 

7. l-16o*. 8. a;=-8l!c®. 


3.‘'36a:*-l. 

6. 16a:^ -81®. 
9.'^6-.®*a®. 


10. 64a*-49®”. 11.''' 121-7?t®. 12. 49®®o^o-Sl.' 

13. a®6®-25c®d=. 14. 81®'=-64a^“. 16. p=9*-l00p=. 

16. 144®®-25®®o*. 17. 192a®-24Sa®®\ 18. 9Sa®®®-128fl®. 

19. 324®^®a®-484®=a®. y' -20. 245»r®7i^®-605??i“«®. 

21Y [a+3b)=-25o=. 22.’^o®-(35r5c)“. 23.''^ {x+y)--{x-y)'. 

24.'^ (3a+2®)®-(2a+®)®. 25! 4{a-6)®-9(c-rf)®. 

26. 49®® - {5y - 3«)=. ■ 27." "(O® + 5)= - (2® - 7)®. 

28.'^' (a + 6 - c)® - (a - 6 + c)=. 29. (2o - 36 + 4c)® - (a +^6 - 5c)®. 

30. ^ 64(a + 3® - 42/) ® - 9(2a - ® + Sy)~. 

31. (4®=-5a=)®-(5®=-4a®)=. 32. (5a®-3o+7)®-(5a®-3o-7)=. 
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9i. Expressions which by mere inspection can be put into the 
form o® - 6*. The follo\Y5ng examples are intended for illustration. 

Example 1. Besolve into factors a*+a~b~+b*. 

a*+a-b^+b*=(a*+ 2a-b- +b*]-a-b’‘ 
=(a*+6®)®-(a6)® 
=\{a-+b^)+ab]\{a-+b-)~ab} 

- (a“ + o6 + - a6 + 6“). 

Example 2. Eesolve into factors **+4. 

a:* + 4 = f®* + 4a:* + 4) - 4*" 

=(a:*4-2)*-(2a:)* 

= \(x~ + 2) + 2a:H(a:* + 2) - 2a:} 

=(a;* + 2a: + 2)(a:“ - 2* + 2). 

Examples. Eesolve into factors a:*-6a:®+l. 

a:* - 6a:* + 1 = (a:^ - 2a;* + 1) - 4a:* 

=(a:*-l)*-(2a:)* 

= {(a:* 7 1) + 2»}|(a:* - 1) - 2a:} 

= (a;® + 2a: - IXa: * - 2a: - 1). 

Example 4. Eesolve into factors o® - 6® + 2bc - c*. 
a*-f»* + 2?jc-c*=a®— (6®— 2bo + c®) 

=o®-(6-c)* 

' =}a+(&-c)}io-(h-c)} 

=(a+6— c)(a-ft+c). 

Example 6, Eesolve into factors 2(ab +c<f)-tt*-&®+c®+d*. 

The given expression =(c®+2c<f+d*)-(o*-2flfb+ 6®) 

= (c+d)*-(o-b)® 

= {(c + rf )+ (a - i)}{(c +d)-{a- b)l 
= (c+d+ci~ b)[c +d~(i+b). 

EXERCISE 46 

Eesolve into factors . / 

a:*+a:® + l. 2.'* a:®+a:* + l. 3. a*+fl*a:®+a:*. 

'^'^4, a*+o*a:*+a:®. [0. U. Entrance, 1887.] 

5. a:* +64. 6. 4a:* +81. 7. 9x* + 36. 

'..-'8. a*+2a®+9. 9.' ®*-7a:®+9. ''10. 4x*+8x®+9. 
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11. 4®* -16®“ +9. 

13. 4a*-37a=+9. 

15. 9®^ +23®® +16. 

17. 9®* -33®= + 16. 

19. 16®*+4®®ffl®+25a* 

21. ®*+8®® + 144. 

23. 36a^-16o®6® + 6*. 

25. y64a^+81®*. 

27.'^ ®® -y^+2yz r z®. 

29. 9®®-4i/® + 12j/2-92®. 
31. 30®z + 16y ® - 9®® - 252®. 


12. , 4®* +3®® +9. 

U/ 4®* +625. 

16.^ 9a‘-25a®+16. 

18. 9a*-ffiS+16. 
20.^9a‘-19ffl®®=+25®*. 

22. a*-35a=6=+256*. 

24. 49m*+16?i-‘-60m®«®. 

26. 4®*+(7ffl)*. 

28;- 4a®-5=-9c=+65c. 

30.^ a® -46®- 25c® + 206c. 

32.'' a® + 46=-9c®-4^2®-4a6+12crf. 


33.^'’(®®-2®l/)-(^°-22/2). 34. 4®®-l+9a®-256®+12®fl;-106. 

35. 9®® -4j/®- 49s® -30® +281/2+25.. 

16a® - 16c® - 96® - 24a + 246c+9. 


37. 49r+202+®®-14®2/-252®-4. 

38. 16®® + 4261/ - 9i/® + 40®a - 496 ® + 25o®. 

39. 49®®-1+16i/®-64s®+162-56®i/. 

' 40. a®-6®-c®+d® -2(ad-6c). 


96. Expressions of the form a®+ 6^ or c® - 6®. 

The resolution of such expressions into factors has already been 
considered, in Articles 59 and 60, Notes. A few cases, however, of a little 
more complicated character may, with advantage, be added here. 

Example !• Hesolva into factors o® +®®.' 

Since a®'+6®«=(o+6)(a®— o5+5®), 

we have a® + ®® =■ (a®)® + {®®)® 

= (a® .+ ®®)Ka®)® - (a®)(®®) + (a®)®} 
=(a®+.®®)(o®-a®®®+®®) 

=(a+®)(a® -o® +®®)(a® -a®®® +®®). 


Example 2. Besolve into factors a® -®®. 

Since o®-6®=(o-6)(a®+a6+6®), 

■we have a® - ®® =» (a®)® - (®®) ^ 

^(a®-®® lffl®)®+(a ®)(®®)+(®®)®l 

= (a® - ®® j(a® + a®®® + ®®) 

== (a - ®)(a® + a® + ®®)(a® + o®®* + ®®). 
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Bxample 3 . Eesolve into factors 64 »^— a:a*. 

64rB’' - = a:(64!C® - a®) 

=a;« 8 ®®)®-(a»)®} 

=a!(8®® + a®)(8j:® - a®) 

=a:i( 2 »)®+a®H( 2 a:)®-a®} 

=®f(2a: + aX4®® - Saia ■t-a®)}f(2« - aXiai°+ 2ica +a®)} 

=35(2® + ffl)(2a: -a)(4iB® - 2a!fl + o®)(4®® + 2®o + o®). 

Cthei wise : 

fi4a;^ - ica® =®(64®® - a®) 

^ 3 {( 4 a:*)®-(a®)®} 

=®(42:®-a®)(16a:*+4a:®a®+fl*) v 

= x(2x + ffl)(2a: - fl)Kl6a!* + 8a:®a“ + o*) - 4®®ffl®} 

= x(2x + fflX22! - a)|(4a:® +«*)*- (23;a)®}, 

= a:(22! + aX2!B - a)(4®® + a® + 2!Effl)(4!B® + o® - 2a:ffi) 

= x[2x + a)[2a; - aX^® + 2xo + o®X^* “ 2®o + o®). 

Nate. Although the resolution can he effected tn either of ihe two ways ^lown 
above, it is generally found convenient to adopt the first method-^ 


EXERCISE 47 * 


Resolve into factors : 

-/i. a® -86®. 2. ^a*-27aa;®, 3. 512a:®+l. 

4. a® -5126®. 5.''27a®+125a!®. 6. ra*-»®. 

7y^ 343®® + 512j/® . [0. U. Entrance, 1882.] 

8. 64®^®-!. 9. o®-64!r^®. 


10. .125®®-216o*. 11. 64o^®6+343o6^®. 

12. 729®®®ti®-64®®j/®‘'. 13. ’{a®+6®)®+8a®6®. 

14. (2®®-3y®)®+y®. - ^5. C2a®-6®)®-6®. 

/ 

96. Expressions of the form x’^+px+g resolved into factors 
by inspection. 

Erom the relation a® + (a + 6)® + o6 => (s + aX® + 6), it is clear that to 
resolve an expression of the form ®®+p®+g into two factors wo have 
to find two quantities a and 6 such that a + 6=p and 06=3. This can 
be done by inspection whenever a and 6 are rational and integral. The 
Student can very well refer himself to the examples worked out after 
Art. 60 , for a clearer comprehension of such cases. 
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Example 1. Eesolve into factors a:® + 17a: +30. 

We have to find two numbers whose sum =17, and product =30. 

Pairs of numbers whose product is 30 are : (i) 1 and 30, (ii) 2 and 
15, (iii) 3 and 10, (iv) 5 and 6. Out of these i pairs we must pick out 
that of which the sum is 17 ; the second pair, therefore, is the one 
sought. 

Thus, 2 and 15 are the numbers required. 

Hence, a:® + 17a: + 30 = (a: + 2)(a: + 15). 

Example 2. Eesolve into factors a:® - 11a: + 24. 

We must find two numbers whose product = +24, and sum =-11.. 
Clearly then the two numbers must he both negative. 

The pairs of 'negative numbers whose product is 24 are : (i) -1 
and -24, (ii) -2 and -12, (iii) -3 and -8, (iv) -4 and -6. Out of 
these 4 pairs we must pick out that of which the sum is - 11 ; the- 
third pair, therefore, is the one sought. 

Thus, the required numbers are -3 and -8. 

Hence, a:®-lla: + 24=(a:- 3)(a: - 8). 

Examples. Eesolve into factors a:® + 6a:- 40. 

We must find two numbers whose produot= -40, and sum = +6. 

The pairs of numbers whose product is -40 are : (i) 1 and -40, 
(ii) - 1 and 40, (iii) 2 and -20, (iv) -2 and 20, (v) 4 and -10, (vi) -4 
and 10, (vii) 5 and -8, (viii) -5 and 8. Out of these 8 pairs we must 
pick out that of which the sum is +6 ; the sixth pair, therefore, is the 
one sought. 

Thus, the required numbers are -4 and 10. 

Hence, a: ® + 6a: - 40 = (a: - 4)(a: + 10). 

Note. From the fad that the sum of the two numbers is positive it is clear that 
the positive number must be numerically greater than the negative. Hence, we 
might at once reject the first, third, fifth and seventh of the above pairs. • 

Example 4. Eesolve into factors aj® - 5a: - 36. 

We have to find two numbers whose product = —36, and sum= -5. 
Clearly then the numbers must have different signs and the negative 
number must be numerically greater than the positive one. 

Hence, the only admissible pairs of numbers whose product is -36' 
are : (i) 1 and -36, (ii) 2 and -18, (iii) 3 and -12, (iv) 4 and -9. Out 
of these 4 pairs we innst pick out that of which the sum is -5 ; the last 
pair, therefore, is the one sought. 

Thus, the required numbers are 4 and -9. 

Hence, a:®-5a:— 36=(a:+4)(a:-9). 
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Example 5. Eesolvo into factors a ® + lab +12&®. 

The factors will evidently be ffl+pi and a+gS where » and g are 
■such thatp+g=7, and pg=12. 

Arguing as before it is easy to see that 3 and 4 are the numbers 
whose sum is 7, and product 12. 

Hence, a® + 7«6 + 12b® = (a + 3h)(a + 4b). 

Example 6. Eesolve into factors m®-12m«+20»®. 

Wo have to find two numbers whose 8um= -12, and product =20. 

Arguing in the usual way we find that -10 and -2 are the 
xeguired numbers. 

Hence, m® - 12 j»m + 20ji® = ( m - 10»)(7» - 2»). 

Example 7. Eesolve into factors a* -a® -12. 

Patting X for a®, the given expression becomes a® -a: -12, and it is 
(easy to see that x^ -x-12=ix- i){x43). 

Hence, a* - a® - 12=(a® - 4)(a® + 3) =(a + 2)(a - 2)(a® + 3). 

Examples. Eesolve into factors (a!®+2®)®-3(®®+2a;)-18. 

Patting a for ®®+2», the given expression becomes a® -3a -18, 
.-and it is dasy to see that 

a®-3a-18=(a-6)(a+3). 

Hence, the given expression={(®®+2®)-6{{(®®+2®)-t3{* 

= (s® + 2® - 6)(®® + 2® + 3). 

'Example 9. Eesolve into factors 

(5o + b)® + (6a -i- b)(a + 2b) - 20(a + 2b)®. 

Putting ® for 5a +b and y for a + 2b, the given expression becomes 
a;®+®y-20y®. 

Now it can be easily seen that 

x'+xy- 20y ® = (» + 5y)(® - 4y). 

Hence, the given expression 

= {(5a + b) + 5{a + 2b)H{6a + b) - 4(a + 2b)} 
=(10a+llb)(a-7b). 

Example 10. Eesolve into factors 8®® +2® -3. 

First Method : Find the product of the co-effiaeni of ®® and 
ihe term independent of ®. 

In the present case, the product =3 x (— 3)= -24. 

Now, resolve - 24 into two factors whose sztwi=the co-efidcient of 
X, i,e„ 2. 
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By trial, the factors are 6 and -4.> 

Thas, the given expression =8®® +6® -4® -3 

•=2®(4®+3)-(4®+3)=(4®+3)(2®-l). 

Second Method : The given expression=8®® + 2® - 3 

=i(8x8®®+2x8®-3x8) 

=4(o® + 2a - 24). [Putting a for 8 ®J 

Now it can be easily seen that a®+2a— 24={a+6)(a-4). 

Hence, the given expression=|{a+6}(a-4)=^8®+6)(8®-4) 

- ■|{2(4® + 3) X 4(2® - 1)} = (4® + 3)(2® - 1). 

Example 11 . Eesolve into factors 12 ®® + 7® - 10 . 

First Method : Find the product of the co-efficient of ®® and the 
term independent of x ; resolve the product into two factors whose 
algebraic sum is equal to the co-efiSoient of ®. 

In the present case, theprodMct=12x(-10)= -120. 

By trial, the factors of (-120), whose algebraic sum = the co- 
efficient of ®, i.e., +7, are +15 and - 8 . 

Thus, the given expres9ion=12®®+15®*-8®-10 

'= 3®(4® + 6 ) - 2(4® + 5) = (4® + 5)(3® - 2)- 

Second Method : The given expression = 12®® + 7® - 10 

= 3 ) 2(12 X 12 ®® + 7 X 12 ® - 10 X 12 ) 

= ^ 2 ( 0 ® + 7a - 120). [Putting o for 12®] 

Now it can be easily seen that o®+7a— 120=(a+15){a— 8). 

Hence, the given expression = ^(12® +15)(12®- 8) 

=^{3{4® + 6 ) X 4(3® - 2)} = (4® + 5)(3® - 2). 

Example 12. Eesolve into factors 13®® — 20o®+7fl®. 

First Method : Find the product of the co-efficient of x~ and the 
teim independent of x. In the present case, the product =13 x 7o® “91a". 
Now, resolve 91a® into two factors whose algebraic swm=the co-efficient 
of ®, i.e., — 2 O 0 . '' 

By trial, the factors are -7a and -13o. 

Thus, the given expression = 13®® - 13a® - 7o® + 7a® 

= 13®(® - a) - 7a(® - a) = (® - aXlS® - 7a). . 

Second Method : The given expression = 13®® - 20a® +-7a® 

= ^13 X 13® ® - 20 a X IS® + 13 x 7a®) 
=:^^®-20ap+91a®) [Putting y for 13®] 
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= ® ~ 13ap - 7aij + 91a®) 

=-h\yiv - 13a) -7o(y - l3o)} 

=-^(l/-13o)(v-7a) : 

. • . The expression = 1^13® - 13a)(iac - 7a) = x 13(a: - a)(l3a! - 7a) 
=(a:-o)(]3j-7a). 


EXERCISE 48 


v/ 


Resolve into factors : 


M.' j:® + 3a:+2. 

4.' x^-Sr+i, 

7. a-^+ar+lo. 

10. a:=-5r-36. 

13. a!® + 7a:-30. 

16. a® + 9a: -36. 

19. a® -3a: -40. 

22. a® - 10a: ~ 56. 

25. a:® + 22a: +120. 
28. a:®+6a:-84. 

31. a:® -6® -72. 

34. a®®+7a:-120. 
37 / o®-a-56. 

40. a® -10a +54. 

43. wi®+27?7»-90. 
46. a® -49a -102. 
49. a® -26a -120. 
52. a®-12o6+325=. 


2. z®+5®+6. 

5. a:® + 7a: +10. 

8. ®®-2a:-lo. 

11. a-®-14a:+24. 

14. ®®+2a:-48. 

17. ®®+lla:-42. 

20. a:® -11a: -80. 

23.''' a:® -X- 42. 

26. «=+16a:-80. 
29. ®®-^s+96. 
32y^®-25®+84. 

35. ®®-2a:-80. 

38. m®-9OT-90. 

41. p®-22p-48. 

44. a® -29a +120. 
47. a®-19o+60. 
50. ®®+8®-105. 
SS.'*^ m~+mn-S0n~, 


3. a® +4o+3. 

6. .®®-7®+12. 

9. ®®-13®+36. 

12. «®-22®+40. 

15. «=+16a:-36. 

18. ®®+14»-72. 

21. ®®-29x-96. 

24. /4:®-®-72. 

27.' .T®-21iE-72. 
30, ®®+23®-78, 
33. a®-26®+88. 

36. ®®+8a:— 84. 
39. a®+17o-60. 

42. 7»®+m-72. 

45. a®+7®-78. 
48.1 ®®+12a;-64. 
51; s®-a:y-42y®. 
54.'^o®+o6-125®, 


55. a®-2a6-156®. 

58. i)®-14pg+483‘ 
Cl.v^*+4a®-5. 
C4.'^«+2a-''-3. 

67. a«+7a®-8. 

70. ®^®-7®‘’-8. 

V 72. {®® + 3®)=+3{®®+3b)+ 2. 
74. (a®-3o)®-3{a®-3a)-4. 
76."^®-®)®-8(»®-®)+12. 

78. (o®+7a)®-8(a® + 7a)-180. 


56. x^-7xif-8}/~. 
59. p®+2pg-80g®. 
62. a* +2®= -16. 
65.Vo®-10a®+16. 
68. !E®-20a:‘+64. 


57. jr® + Sx}/ ~ 40j/®. 
60;\®“+20ai/-96»®. 
63.'' 


a,* +3®® -28. 


71!^ (a® 
73. . (®® 

76. (x® 

77. {®® 


66, /a® +26®® -27. 
69.’'a«-llo*-80. 
+2a)®-(a®+2o)-2. 
-2a:)=-2C®=-2a:)-3. 

- 4®)® - 4(x® - 4®) - 5, 
-5®)®+10(»=-5®)+24. 
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79. (a® + 6a)® - 32(a® + 6a) - 320. 80. .(*“ - 8®)= - 29(®® - 8®) + 180. 

81 . 2® ® + ® - 15. 82t^^ 5a® - o - 15. 

83. 8?a®-6?»-9. , 84. 6®®+7®2/-242/®. 

85. 10a®-41a6+215®. 86. 12w®-?«?i-20»®. 

12®®+28®2/-52/=.’ 88.^/20a®+a6-306®. 

89. 18®®-51®y+352/®. 90''' 12®®+23®y-242/=. 

97. Quantities of the form x^-i-px+q resolved into factors' 
- by expressing them as the difference of two squares. 

The method will be best illustrated by the solution of a few typical 
oases. 

Example 1. Eesolve into factors ®®-7®+12. 
ffi® - 7® + 12= ®® - 7® + (D® - (D® + 12 

[adding and subtracting (f)®] 
={®®-7®+®®[-(\®-12)=(®-f)®-i 
r K® - f ) + iH(® - ^) - = (a; - 3)(® - 4). 

Note, It must he noticed Chat we have adiei to — tx the stttare of half oft 
(i.e.,ihesguareof the half the co-efficient of x) to get a perfect sqmre. Generally 
speaUng, a* + 30 ® (or x'-ax) becomes a complete square when a* is added to it. 

Example 2. Eesolve into factors ®®+2®y-8y®-4c®+122/A. 

The given expression 

= (®® + 2®y + y®) - {9p® + 4z® - 12yz) 
={®+y)®-(3y-2z)® 

= K® + y) + (3y - 2z)H{® + ») - (3y - 2z)} 

= (® + 4y - 2z)(® -2i/+ 2z). 

Examples. Eesolve into factors 3®® +11® -4. 

3®® +11® - 4=3(®® + V®-|-)=3{®® + -{^)® -v} ■ 
=3K®+¥)=-(W+f)}=3](®+V)®-W} 
=3{{®+V-)+»+¥)-’ir4, ^=(¥)®] 

= 3(® + 4)(® - i) = (® + 4)(3® - 1). 

Example 4. Eesolve into factors 8®® -10® +3, 

. 8® ® - io® + 3 = 8{® ® - -^ 2 ® + IH 8{® “ - + (f ) ® - (li “ I-)} 

=8{{®-|-)® -^H8K^— l)+MK®-t)-4} 

=8(® -i)(® -|)={2(® -f)[ 

=(2®-l)(4®-3). 
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Bixample 5. Eesolve into factors 2fl®+6ai>-12i>“. 
2a= +5a6 - 12&®=2(a® +|a6-6&®) 

=2{(a+|6)“-W6n 

=2{(o+-|6)+UiH(o+f&)-V6} 

= 2(a + 46)(a - 46) = (a + 46)(2a - 36). 
Example 6. Eesolve into factors ax‘ + (a® + l)a: + a. 
ax‘ + (o® + 1)® + a = a|a:“ + + 1| 



=(a!+a)(aa:+l). 

Similarly, it may be shown that 

ax^~ {a® + 1)® + a = (a: - a)[ax - 1). 
a*® + (a® - 1)® - a = (a; + a)(o» - 1), 
o®® - (o® - 1)® - a = (® - a)[ax + 1). 

Note. It is useful to remember these i esuUs as we are thus enabled to w tte 
down at once the factors 'of any expression whxch agrees in form with any of those 
considered above. Far tnslance, ue can at once say that : 

3s’ - 10s + 3 = (s - 3 )(Sb - 1) , 

4s’ - ISs - 4 = (s - 4)(4s + 1) , 

5s’+24»-5 = {*+5J{5*-l) , fl7nisoon. 

Example 7. Eesolve into factors 

4(®® + 2a +5)® + 17(a® + 2a + 5)(a® + 6a) + 4(®® + 6a)®. 

Putting a for a® + 2® +5 and 6 for 8®+6a, the given expression 
becomes 4a®+17a6+46®, and it is easy to see that 
4o® + 17a6 + 46® => (a + 46)(4a + 6). 

Hence, the given expression 

= {(a® + 2a + 5) + 4(a® + 6a)H4(®® + 2a + 5) + (a® + 6a)} 
=(5a*+26a+5)(5a®+14a+20) 

= (a + 5)(6® + l){5a® + 14a + 20). 
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^ ^ERCISE49 

Eesolve the following expressions into factors applying the method 
of this article : 

l.Tfl!®+4a;+3. 2. x"+6x+5. 3. a:®+8x+15. 

4. fl:®-10a:+21. 5. x--2x-4S. 6. 

7. ax’— 12a:+32. 8. x~—6x—55^' 9y^a"+2ab—c"+2bc. 

10 . ^>+2x~y^+2ij. lli'’^ + 6x-y"+i]/+5. 

12.'/a'* + iab — 56® - c® + 66c. - Bxy + 52/® - z® + iyz. 

14. \ 'x? - 10x2/ + 162/® - 4z® + ISi/z. 15.*^® - 12o6 - 136= - 9e® +426c. 
16. '- 4 = + 12X1/ - 9z® + 362 /z. ‘17. x® - Uxy - 152/® - 35z® + SOyz. 

/18. 2x®-5x-3. 19. 3x=-5x-2. ^.20. 3x®+14x+8. 

21. 4x®+7x-2. 22. 6x®+x-2. 23. 6x=-5x-4, 

^24. 6x®+7x-3. 25. 8x®+2x-15. 26. 4x®+4x-35. 

/ 27. 6x®-x-19. 28. 3x=-16x-12. 29. 2x®-9x-35. 

• 30. 2x®+5x-49. 31. 3x®+13x-30. "^2. 12x®+x-6. 

/33. 2a®+7fl6-156®. 34. 6x®- 13x2/ +62/®. 

j'"' 35. 6m®-llmM“iO;i®. 36. 3p®+5|)g-123®. 

37. 8o®-14o6-156®. 10m®+llm7f-67i®. 

39. 12x=+13x 2/“42/®. ’’ 40. 15a“ -1106 -126®. 

41. 2a®-6o6+26=. . 42. 3a®-8a6-36®. 

43. 3x®+8x2/-32/®. 44. 4a® + 15a -4. 

45. 4o=-17a6+46®. - 46. 5x®-24x-5. 

47. 5x^-26xy+5y~. -48. 6x® + 37x+6. 

49. 6a® + 35a6-66®. 50. 6a®-35a6-66®. 

51. 7a®-50a6+76®. 52. 7a®+48a6-76=. 

53.' 7o®-4aa6-76®. 54. 8x®+63x2/-8!/®. 

55. 9x^-82xy+9y-. 56. 10x=+99x2/-102/®. 

—57. 2(a+6)® + 3(a + 6)-2. 

...58. 2(x® +®®)® - 3x2/(x® +2/®) - 2 x®2 /®. 

. 59. 2{a= + 6®)® + 5o6(a® + 6®)+2a®6®. 

y BO. 4(x®-4x2/ + 2/“)“ + 15x2/(x®-4x2/+2/=)-4x®2/®. 

61. 2x*-5x®-12. 62. 8a*-14a®6®-96*. 63. 9a*+2a®6®-326*. 
64. 8x®-65x®+8. 65. 4a®-17a*6*+46®. 



CHAPTER XIII 
EASY IDENTITIES 

T f explained the faignificanCo of ‘Identity’ in Art. 62. 

ID lact, nn identity is a statement that two expressions are equal for all 
values of the letters involved. Bach of the two expressions constituting 
an laontity is called a side or a member of the identity. 

Thus. 5r=^+3a: is an identity, since the expressions 5x and 
pX+ax are equal for all values of x. The sides of this identity are 
o* and ^+31, ox being the left-hand side and 2®+3x, the right- 
hand side. 

,, = + + is an identity, since the equality 

of both sides holds for all values of a and b. As a matter of fact, every 
formula established in Chapter IV is an identity. 

90. An identity is proved when its two sides are shown to 
bo equal. 

To establish the equality of the two sides of an identity, reduce 
each side to its simplest form. Identity is proved if those forms are 
found to bo o^ual. A hotter method, however, is to reduce one of the 
sides of the identity to tho form of the other by simplification and 
transformation with the aid of tho formulm enumerated in Chapter XI. 

_ Sometimes tho sides of an identity may bo conveniently expressed 
in simpler forms by substituting letters for groups of terms in the 
identity. Such substitutions must be effected wherever necessaiy. 

The following examples will illustiate tho process : 

Example 1 . Provo that (<i + W)~ +la~3b)~^ 2a" + 186® . 

The loft-Iiand sldo«=(a®+Ga6+96®)+(o®-6a6+96®) [Arts ol, 55] 
=2a® + J86=. 

Example 2. Provo that 

a® + 6® +c® - o6 - 6c - CO =‘l[(6-c)®+(c-o)® + (a -6)®]. 

Tho lelt-hand sido'= l[2a®+26®+2c®-2a6-26c-2co] 

= 1 [(o® + 6®) + (6® + 0 ®) + (c® + o®) - 2a6 - 26c - 2oa] 
= i-[(6® - 26c +c=)+ (c® - 2co + a®) + (a® - 2a6 + 6®)] 
=^[(6-c)®+(c-o)®+(rt-6)®]. [Art. 55] 
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Example 3. Proye that 

{x+57J- Ss)® + {« - 5j/ + 82 )® + 6 a:(E -i-Sy- Szjix -5y+ 82 ) = 8 a:®. 

Substituting a for a:+5y-32 and b for a:-5y+3s, we have 

the left-hand side=a®-^6®+6a:.a2) 

== a®'-H i® -f- 3rt6{a + b) [since, aj-b={x+5y- 3z) 

, -1-(»-5j/ + 3s)=2i] 

=(a+b)® [Art. 57] 

=(2i!)®=8a:®. 

Example 4. Prove that 

(h c) (6 - c) -P (c + aXc - a) + (a + 6X® ~ ^) = 0. 

The left-hand side=(6®-c®)-f(c®-a®)-t-(a®-5®) [Art. 56] 

‘“b" -c-+c‘~a"+a~-b°=0. 

Examples. If s=a-t-6-f-c, prove that 

(as + bc)(bs ca)(cs -P a6) = (o + 6)®(6 -P c)®(c + a)-. [0. U. 1902] 

as + 6c = a(a -f 5 -I- c) + 5c 

=a®+fl(6-^c)-^5c=a®+a6+ac+5c 
= a(a 5) c{a + 6) = (a + 6)(a c). [Art. 61] 
Similarly, 6s + ca = 6(a + 6 + c) + ca = 6® -t- 6(a -t* c) -f ao 
=6®+o6+6c-f-ac=(6+oX6+a) ; 
and cs+ab‘=o(a+b+c)+ab=o-+c(a+b)+ab 
~c~ +ca+cb+ab=(c+a){c+b). 

The left-hand side 

= (a -h 6)(a -f- c)(6 + c)(6 -h a)(o -P 0 X 0 + 6) 

= (a -h 6)®(6 + c)®(c + aY. 

Example's. Prove that 4a®6®-(a®-^6®-c®)® 

= s(5 - 2a)(s - 26)(5 - 2c), whore s = a -f 6 -h c. 

The left-hand sida=(2a6)“-{a®-f6“-c®)® 

=]2a6 -t- (a® -P 5® - o®)}{2o6 - (a® -P 6® - c®)} 

= {(a- + 2a6 -h 6=) - c®}{c® - (o® -h 6= - 2a6)} 

={(a -h 6)® - c®Ho® - (a - 6)®} 

= (a+ 6 + c)(o-p 6 - c)[c + a- 6)(c -a-b) 
=(a+b+o)(a+b-c)(c+a-b)[c-a+b) 

= (a + 6 + c)(a + 6 + c — 2c)[c + a + 6 — 26)[6 -P c -J- a “ 2a) 
= s(s - 2c)(s - 26){s - 2a) 

= s(s - 2a)(s - 26)(s - 2c). 
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Example 7. If 2s = a + 6 + c, prove that 

(s — aj® + (s - 6)® + 3(s — a)(s — 6)c =c®. 

We have, c=2s-(a+6)={s-a)+(s-6). 

Hence, (s - a)® + (s -■ 6)® + 3{s - a)(s - b)c 

= (s - a)® + (s - 5)® + 3(s - a)(s - b)\[s -a)+{s- i)} 
={(5 - a) + (s - &)p =c®. 

Example 8. Prove that 

(x-y)^+{y~z)^ + {z-x)’‘=^2{x- yfy ~z)+ 2(y -z)(y-x)+ 2{z -x){z- y). 
Putting a for x-y' 

b for y-z ■ we have a+6 + c=0. 
c for z-x. 

Hence, 

-y)" +lv - 2 )® + fa - a:)®| - {2(x - y)(x-z)+2(y - z)(y - x) +2(z ~ x)(z - 
=(ffl®+f«®+c®)-{2£i(-c)'+26(-a)+2c(-h)}- ' 

=a® + b®+c®+2oc+2fl6+2ic=(o + b+c)®=0 ; 
{x-yV+(y-zf+iz-xf 

= 2fa: - y)[x - 2 ) + 2{y - 2 )(y - *) + 2(s - x)iz - y). 

Example 9. If 2s=a+i+fl, show that , 

2(s - a)(s - h) + 2(s - i)(s - c) + 2(s - c)(s - a) = 2s® - a® - fc® - c®* 

Since, 2x + 2y +'2z =lx+y)+(y+z)+(z+ x),' ' 

' wo must have, 2(s-aX5-6)+2Cs-6)(s-c)+2(s“c)(s-o) 

= Ks - o)(s - b) + (s - b)(s - c)f + {(s - 6)(s - e) 

, + (s - c){s - a)} + Xs - c)(s - o) + (s - a)(s - 6)},. 

Now. (s - fl)(5 -b)+(s-bXs-o)=(s-b){(s-a)+(s- c)} 

= (s - b){2s - a - c} = (s - 6)6. 

Similarly, (s - 6)(s - c) + (s - c)(s - a) = (s - c)c, 
and (s-c)fs-a)+(s-o)(s-6)={s-a)a. 

Hence, the given expression = (s - 6)6 + (s - c)c + (s - o)a 

=s(6+c+a)-6®-c®-a® 

=2s"-a--b--c~. 

Example 10. Ifa+6+c=0, prove that a® + 6® + c®=3'a6c. 

Since, a+6+o=0, c= — (a+6). 

The left-hand side=a®+6®+{— (a+6)}® 

=a® + 6®“{a®+6®+3a6(a+6)} [Art. 57] 

= — 3a6(a + 6) = 3abi - (a + 6)} = 3a6c. 
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Note. Evidently tlie identity a*+6’+e*=3a&c is true only if a+b+c=0. 
Eiich identities which arc true only for some particular values of the symbols involved 
is called Conditional Identities. 


Example 11. Ifa+6+c=0, prove that 

a®+a6+6®=6®+i)c+c“=c®+ca+a®. [Allahabad, 1923] 

Since, a+6+c=0, we have hy transposition, 
o=-(6+c), 6=-{c+c), c=-(o+ii); 
a"+a6+6®={-(6+c)p+{-(&+c)}6+ [since a= -(6+c)] 
=(6+c)®-(6+c)6+6“ 

= 6®+2&c+c®-i®-6c+6® 

=b~ + ho+o-. 

Also, a®+fl6+i® = ffl®+a{-(c+a)}+{-(c+fl)p [since 6= -(c+o)] 
=ffl®-a(c+a)+(c+a)® 
_=ffl®-ca-a®+c®+2ca+fl®=c®+ca+o®. 

Hence, ffl®+fl6+i®“A® + 6c+c®=c®+co+a®. 

Alternative Method t 

a®+aA+6®=o(a+A)+A“ 

={-(6+c)K-c)+A®=(6+c)c+6= 

=Ac+c®+6®=&®+Ac+c®. 

Also, A® + Ac+c®=A(A+c)+c® 

={-(c+a)K-tt)+c“ 
=(c+a)a+c®=co+o®+c®=c® +co+a®. 

Hence, a" +cd}-\rb" =b^ +hc+c'’‘ => 0 ^ +ca-i'a~ . 

Example 12. If a:=>6-c+a, y=c-a+h, s=a-b+c, prove that 
(6 - a)x + (o - b)y +{a- c)^=0. 

We have , ‘ 

(6 - a)® =» (A - aXA - c + ffl)'=(A - o)[(6 + a) - e} 

=(A-a)(A+a)-(A-o)c=A®-o®-Ac+oc ; [Art. 66] 
{o-b)y={o-b){c- a+b)={c- A){(c + A) - a} ' 

=(c — A)(c+A)— (c— A)a=c® — A®— ca+oA ; 

(a - o)s = (o - c)(o - A + c) = (a - c){(a + c) - A} 

=(a— c)(o+c)— (o— c)A=a®— c®— aA+Ac ; 

/. {b-a)x+{c-b)y+{a-c)z 

=A®-a®+c®-A®+o®-c®-Ac+ac-cffi+oA-oA+Ac=0. 
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Example 13. If !C=&+c, y^c+o, s^a+b, prove bbab 
x-+y-+s--]/g-zx-xi/=a^+b^+c°-bo-ca~ab. 

Thelefti-hand side='i[ 2 a:® + 2 )/“+ 2 s® — 2yz~2ea!~2a;2/] 

= j[(»® “ 2 ®i/ +i/®)+{i/® - 22 IZ+ z®) 

+ (z“ — 2zx + a;®)] [re-arranging terms] 
=‘i[(x^tf)°+(y-z]‘+{z-x)~] [Art. 55] 

“ + c] - (e -5- o)P - Kc + a) - (o + b)}^ 

+ ](« +b)-(b+ c)}“] [substituting for x, y, z] 

=K(i-a)-+(c-i)®+(a-c)“] 

= a[(5 “ " 25 o +a")+{c~- 2cb +b~)4-ia‘~ 2ac c®)] [Art.55] 
= -l[(2a* -t- 26“ + 2c® - 26c - 2ca - 2o6)] [oollooting terms] 
=a^+b‘+c"-bc-ca-ab. 

Example 14. If 2.?=o•^6•^c, prove that 

{s-a)®-i-{s-6)®-l-(s-c)®-fs®=a® + 6®-(-c®. [Allahabad, 1926] 
The left-hand side 

= (s® - 2as + a®) + (s® ~ 26s -h 6®) -t- (s® - 2cs -I- c®) -f s ® 

=4s® — 2s(a+6+c)+a®+6®-f-c® 
«4s®-2sx2s-fa®-f6®+c® 

= 45 ® “• 4s® o® -h 6* +c® ■=■ a® -f 6® -f 0 ®. 


EXERCISE 60 

Show that : 

1 . (a® -f a® - a!®)(a® “ a® + ®®) “ o* - ff ®®® + So®® - x * . 

2. (a® - 0 ® -h ® ®)(a® “ a“ + ®®) = »* “ a®® ® + 2a®® - o*. 

3 . {a+b+c)(a-b'-c)+(b+c-aXa-i+c)=2b{a-b-c). 

4 . 2 (a;®-«)+ 3 ®(a:+l)=®(®+l)( 2 ®+l). 

5 . »*-h®+a:(a:+l]( 2 r+l)- 2 ®(» •H)=®®(®-t-l)®. 

6. (o® 6®)(c® -hd®) = (ac - 6d ]® + {ad -f 6c]®. 

7. (o+6)®-(c-fd)®-f-(o+e)®-(6-l-d)®=2(a4-6-fc-t-d){ffl-d). 

8. (fl-h6+c-rf)(d'-a-6+c)=c®-(o-h6-d)®. 

9. The product of (6-f-c)®-a® and a®-6®-c=-f-26c is 2a®6® 
■h2fl®c®+26®c®-o*-6*'-c\ 

10. {o+6+c]®-(a+6-c)®+(a-hc-6)®-(6-hc-a]®=8ac. 


Provo that : 

, 11 fa®•^6®•^■c®)®-'(6®-^e®-a®)®-(a®— 6®-hc®)® 

11. I -f.{aS.f6®-c®)®=8a®6®. 


12. {b~c-t-cl+a){d-i-a-b+c)Hc-d+a+b){b+c+d-a)=M.od-^bc). 
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13. (b+c+a-d)(b+c-ffl+d)«2(od+iic)— 

14. 4{a(i+6c)®-'(a=-6®-fl*+dT 

= (n + (Z + 6 — cXffl + d "■ & + c)(Zi + c + fl — (J)(b + c — o + d)., 

15. (a: - 2/ + s)® + (3/ - 2 +!b)® + ( z- ® +3/)® + 21® -1/ + 2X1/ -2+.®) 

+ 2(i/-z + ®X2~®+y) + 2(»“.'5+3/){ic-2/+2)“{®+3/+2)®. 

16. (a® + 5® + c®)(®® + + z®) - (0®+ 6j/+ cz)® 

= (ay - 6®)® + (c® - oi)® + (62 - Cl/)®, 

17. (a + c)® - (i + c) ® 3(a + c)(5 + c){a - 6) = (0 - 5) ® . 

18. (® - ay + ic)® + (® + ay - ic)® + 6®{.® - ay + 62)(® + ay - 62) = 8®®. 

19. 4(o+6+c)®=(a+b)®+(5+c)®+(c+o)® 

+ 2(a + 6)(i + c) + 2(6 + c)(c + o) + 2(c + o)(o + 6). 

20. 8(a+6+c)® =(a+6)® +(6+2c+o)® +6(a+6)(6+2c+a)(a+6+c). 

21. 27(a+6+c)®=(fl+36+2c)®+(2o+c)® 

+ 9(a + 36 + 2c)(2a + cXa + 6 + c) . 

22. If s = a + 6 + c, show that 

(s >- 3a)® + (s - 36)® + (s - 3c)® = 3Ka - 6)® + (6 - c)® + (c - a)®}. 

23. If 06+ 6c +ca=0, prove that 

(i) a°+6®+c®=(o+6+c)® ; 

(ii) a®6®+6®c®+c®a®= -2a6c(a+6+c). 

24. If 2s 5= ® + y + 2, prove that • '' 

4y®2® - (y® + 2® - «®)® = 16s(s - ®){5 - y)(s - z). 

25. Prove that 

(® + 2y + 192)® + (® - 2y *- 192)® +62(® + 2y + 192)(® - 2y - 192) 

= (6® + 6y - 2)® + (2 - 6y - 3®)® + 6®(5® + 6y - 2)(2 - 6y - 3®), 

26. Prove that 

(o + 26 + 3c)® +(a — 6— 3c)®+ 2(o + 26 + 3c)(a — 6 — 3c) 

=( 3 a+y +s)®+(a+y+s— 6)®— 2(3a+y+2)(a+y +2— 6). 


27. 


28. 


29. 


30. 


Show that 


{® - y)® + (y - 2)® + (2 - ®) ® = 3(® - y)(y - 2)[2 - ®). 

Prove that (® - y)® - (y - e)(« - ®) 

r=(y-z)®-( 2 -®)(®“y) 

, = (s - ®)® - (« - y)(y - 2 ) 

= - {(® - y)(y - 2 ) + (y - z)(g - ®) + (2 - ®)(® - y)}. 

Prove that (a-6)®-(6— c)®-(c-a)®=2(6-c)(c-o), 

(6 - cj® - (c - a)® - (a - 6)® = 2(c - a)(a - 6), 


(c - a)® - (a - 6)® - (6 - c)® = 2(0 - 6)(6 - c). 
Prove that (a-6)®+{o-6)(6-c)+{6-c)® 
=(6-c)®+(6-c)(c-a)+(c-o)® 

=(c - a)® + (c - a)(a - 6) + (a - 6)®. 


I 
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MISCELLANEOUS EXERCISES HI 

I 

1. -'Arrange the following expression : (i) according to descending 
powers of y, and (ii) according to ascending powers of z : 

+ ffp® - x^y - - «e“ + xyz- - 2j/S® - 2i/®z. 

2. Find the valne of : 

when x= and y‘=2. 

3. If ® - ^ =p, prove that “ 's -p^ +3p. 

4. "Write down the quotient of hy a?-y. 

5. Simplify (o+h+c)®-(o-6+o)®+(a+6'-c)®-(6+c-fl)®. and 
find its numerical value when a=6=c= -4. 

6. Find the sum of x^-(,x~y+ z)(® +v-z), 

y'-{v-x+ z)(y +a - z) and s® - (s - a + j/)(z +x-y). 

7. Seduce (o-5+c+d)(a+6+c-d) to the form 

8. Resolve into factors 4a®-H2aj/+9y®-8®-13y. 

II 

1. Find an expression which exceeds ax^ + bx^y +3oxy^ + dy^ hy 
as much as it falls short of four times 

2a®® +i(3a- 6)a®i/ +|{3a- c)ay® + fidy®. 

2. Resolve the sum of the following expressions into simple 
factors : 

{6 - l)j»* + am* + (c - -bin-2, am^ - (o - a)m" + (a + b)m , + 1 

and (a - i + 1) TO* — (2o - 6)»i® + (® + 6 }to® - (a - 26 )to + 1 . 

3. Multiply ®^+2®^+3a^+2s^+l by ®^-2®^+l. 

4. Prove that 

^{ac +bd)x+ (ad - 5c)yP + {(o® + bii)y -(ad- bo)x}~ 

=(a®+b“)(c®+d®X!»=+y®). 

6. Find the continued product of a- a, x~b anda-c. Hence, 
show that (a - 3)® = a® — 9®® + 27® — 27. 

6. Divide a® ~px* -f qa® - ga® +pa - 1 by ® - 1. 

7. Find the quotientwhen the product of ii°+fl®b-o®6®+a6®+6‘’ 
and a^-ab+b^ is divided by o*-a®6®+h* and show that its defect 
from (a® +5®)* is_^o®h®. 

8. Resolve into factors ; 

(i) ab-ac~b^+bc ; (ii) 6®-12ao''4o'-9c*. 


I-IO 
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III 

1. Find the sum of 

, {Jb— aJc-\- \/a)a:®+{ Jbc— Jca^r J a6)a:“+( JdbD~'i'ni+n^x + 3k ; 
(a/c— a/®+ +{ J ca~ Jcih-^ <y6c)®°+( Vaftc-2re+TO)a!+2(i;-m) and 

(p “ 2 rjb)x^ + (3 ~ 2 6c)®" + (jn + 72 + r — 2 Jabc)x +{s—Ji — 2v). 

2. Subtract the sum of 3fl®-5a®6+26“, 8a®6-36®+2o6“, 

5a6“ - 4a® - 3a®6' and 2a® - 6a6® +46® from a(a® + 6®). 

3. If a +6=8 and a6 =6, find the value of a®+6®, 

4. Knd the value of 49c®+9(o+6)® -42(a+6)c, 

when 0 = 89, 6= -69, c=8. 

5. Divide x^{y-z)+y^z-x)+z^{x-y) by y‘-xz-z‘+xy. 

6. Eesolve into factors 4o — 3+16a®+64a® after reducing it to the 
form of (4 - B) + (a4 ® - B®) + (4® - B»). 

7. Show that (l+2:+a!®)®-{l-!s+a®)®=4a:(l+fl:?). 

8. If 01+02+03 + +a„= show that 

(s-0i)®+(s-02)®+(s-a3)® + +(s-a„)® 

=0i®+fl2®+08®+ +a„®. 

IV 

1. Simplify the expression 

{l-r - 3lmn + 27n®)p® + 3(i772r + m~n - 2ln^)p^q + 3(277i®r - hir - 

+ (37B7I7- -Ir"- 27i®)g® , 

where p = — 77J and g = Z. 

2. What must be subtracted from ia®®*+6'7o®6a;® -3’257o6®®® 
+f6®a;+9so as to make the difference equal to the sum of 4‘7o®6o® 
- -00706®®= + 2§6*® - 5f o®®* + 6, 5^6®® - 3Jo®6®® + a®®* -0506=®® + 11 
and 2a®®^ -130=6®® -6-2o6=®= -10J6®®-20 ? 


3 . Multiply 

o^ -2o®6®+4o’-6® -8o6+16o®6’^-326^ by o^+26". 


4. Arrange the following expressions according to descending 

powers of a : ' 

(i) o® + 6®+c®-3o6c ; (ii) o®(6-c)+6®(o-a)+o®(a-6) ; 

(iii) o*(6-fl)+6*{c-o)+c*(o-6). 

5. Eind the product of ® + o, ® + 6 and ® + c. 

Hence, deduce the co-efficients of ®® and ® in 

(®-7)(®+8)(®-12). % 
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6. Prove that {ab-\-cd^ac^bd){ah^ci-ao-b3) 

7. If ffl= 9 +r+s, i=r+s— p. c=p+g+j‘, prove that 

a® + 6®+c® — 2ffl6— 2ac + 26o =r® . 

8. Dmd0as+8f>®+27c®-18ate by a®+4&®+9c“-6hc-3cB-2a6. 

V 

1. Find the value of 49a® + 126ai + 816®, when a = 46. 6 ■= - 37. 

2. Find the expression which falls short of by 

as much as it exceeds a*® -cx^y^+esiy*‘. 

B. If 2 s=b+6+c, show that 

(s-a)®+(s-6)®+(«-c)®+s®=a®+6®+c®. 

4. Simplify (5a-7fl)®+(8<5-3a)®+3(2B+c)(5a-7c)(8c-3a). 

9 

5. Beduee the following to its simplest form : 

(2®® - ®® + 3® - 4)(2®® + ®® 4- 3® + 4) 

+(2®®+®®-3®+ 4)(2®® + ®® + 3® - 4). 

6. Show that 

Divide a - 6 by - 6*. 

8. Besolve into factors . 

(i) 6a*®®+a®®-6a®®®-o®®® ; • (ii) ®y(l+s*)+s(®®+p®). 

VI 

1. Find the value Of 8765943 x 8765943 - 8765938 x 8765938. ' 

2. Find the value of 

27o® +108a®6+144a6®+646«, when a=29. 6= -23. 

3. f)ividea® + 6®+c®-3a6c by a+6+c ; and hence show that 
a® + 6® + c® - 3tt6c = ^(a + 6 + c){(a - 6)® + (6 - c)® + (c - a)®}. 

4. Find the quotient when (a®+6)® +(c®+d)®+(6®~a)® +{d.®-c)® 
is divided by a® +6® +<3*+^®- 

5. Express (®-l)(a:- 3 )(®- 4 )(® 76 )+ 34 as the sum of two squares ; 
hence show that it is always a positive quantity and that its value is 
equal to 25 when a;® -7® +9=0. 

6. Eesolve {a® - 6® - c® + ®)® - into four factors. 
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7. 


8 . 

1 . 

2 . 


3. 


4. 

5 . 


7. 


8 . 


1 . 

l+ba: + 

2 . 

3. 

4. 


5. 


6 . 


Bflsolvo into factors : 

(i) a®-2a6+6=+2o-26 ; (ii) 6a®--ab-6=+6fl-3b 
(iii) 15»°-4a:!/-4y°+10*+4!/. 

Divicle (2* - i/)=a* - (a + yfa-x" + 2{® + - a® 

‘ by {2a - y)a- - (a + j/)aa + a*. 
VII 

If a+i/+s=8and a®+{/®+z“*=60, find the value of aiz+ys+ra. 
Prove that (2fl-36)®+(36-5c)®+(6c-2o)® 

= 2(2a - 3 J)(2ffl - 5c) + 2(35 - 6c)(36 - 2fl) + 2(5c - 2a)(6c - 35). 
Pind the product of 

a+3/+2-a^y*— and a^+y^+c*. 

Divide a®(a® - a®) - a5(a + a)“ + 5(a® + a®) 

by o “(a - fl) + 5a(a - 2a}. 

Show that 

(16a® - 20a® + 5a)® + (1 - a=)i 16(1 - a®)® - 20(1 - a®) + 5}® = 1. 

Find the continued product of 

a+y+ 2 , a-y+ 2 , a+y-s and r-a+y. 

Besolve into factors : 

(i) 6a® + a - 15 : (ii) 35(a - y)® - 41(a - y) + 12 ; 

(iii) lla®-54ay®+63y*. 

If a+v+s=0, show that 

(®+y)(l/+2)(2+®)= -xyz and a®+y® + 2®'=3ay2. 

vin 

Multiply together the expressions l+ga+ °^^g — ^ ^a® and 
as far as the term involving a®. 

^ I * 

If a+y + z=15and ay + ye +2a=85,find the value of a®+y®+s®. , 
If a® + 5®“l=c®+d®, show that (od-5o){a3+5o)=(a-o)(q+c). 

Divide (oa + 6y)® + (ox - 5y)® + (5a - oy)® + (5a + oy)® 

by (a+ 5)®a® - 3a5(a® - y®). 

Evaluate a®+; 3 t ®®+;;4 anda*+^> when x-i-~=a. 

X *C uj 

If bx^ay, prove that (a®+y®)(a® + 5®)=(aa+5y)®. [B. TJ. 1910] 
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7 . 

8 . 


Show that (®’’+l?®X®® + 2*)+2a;{a:®+ysXl/+2)+4®®i/£ 

= + icy + IS + yzY. 

^ CB. U. 1897] 

Easolve iuto factors : x* -llx^y^+y*. 


IX 

1. Multiply a®+aB+** by a®-a®+a:®. 

■ 2 - Showtbat (a®+2B6+5®-o®X«®“Bffl^+6®+c®) 

=(ffiS-i«)®+(4fflh-e®)e*. 

3. If a® +6® = 1 = 0 * +<f®, show that (flc-M)®+(«2+&c)“=l. 

4. Write down the expansion of |® + | J • 

а. Show that {a* +ab ^+ - oi <s^+ 6®)= o* + b*. 

б. Divide a*(&®-c®)+6V-a®)+c®(a®-h®) by oh+6c+ca. 

7. Show that (® - a)*(i> - c) + (® - h)®(c -«)+(«- c)*(a - J) 

= a*(6 - c) + fc®(c - ffi) + c®(o - b). 

8. Solve the equation (7+®K8~»)-^=17®+l-®®. 


1 11 1 
1. If ®+ ^ =2(a+jw), ®- — =26, y+ ^=2 (c+7i) and y- =2(?, 
%v X y y 


find the value of xy+ 


xy 


2. Simplify 


3. 

4. 

5 . 

6 . 


Show that (l+a)*(l+c®)-(l+c)®(l+o®)=2(a-cXl-ffo). 

Show that (6*-c®X^+c-2o)®+(c®— o®X<5+a~26)® 

+(fl*-6®Ka+i“2c)®=0, if o+6+c=0. 


Multiply 

Essolva 


o.+6^+c^— 6®c^— c^ffl^-a^6^ by ffi'" + 6®+c*. 


IS®* - 41® + 14 into simple faotoYs. 


7. jPind the value of x for which 

®-l 2(®+l) . 6(®-6) ._®+l. 

"4 9 12 18 

8. A and B have the same income. A lavs by a fifth of his 
income ; but B, by spending annually £80 more thp A, at the end of 
4 years finds himself £220 in debt. What was their income ? 



CHAPTER XIV 
HIGHEST COMMON FACTORS 
{By factorisaiim) 

100. Definitions. K common factor ol twooi* more algebraical 
expressions is an expression which divides each of them without a 
remainder. 

^ cxprestions ivc shall mean rational and integral expressions 

15ee Note, Art. 91] 

An elementary common factor is one which cannot itself be resolved 
into factors. 

The product of all the elementary common factors of two or more 
expressions is called their Highest Gommdn Factor ; or, in other words, 
the Highest Common Factor of two or more expressions is that common 
factor which is formed by the product of the greatest number of elemen- 
tary common factoi-s. 

Thus, since 6ffl~i(»®-l)=2x3xa x ffixix(a!-l-l)x(®-l), and 
15a6®(s® — 3® + 2) “ 3 X 5 X a X J X 6 X (a; — 1) X (a; - 2), the elementary com- 
mon factors of the two expressions on the left are 3, a, b, and ® - 1 ; 
hence, their H. C. F. = Bab{x - 1). 

Note 1. Other common factors of the given expressions are 8a, blx—1), ab 
3(z-l), 3o6, <Cc., but none of them is elementary. 

Note 2. When the expressions considered have no numerical common factor, li 
is easy to comprehend that the Sighest Common Factor is an expression of the higher 
degree than any other common factor. Sence, when two or more expressions have no 
numerical factor common, their Sighest Common Factor may be defined to be the ex- 
pression of the highest degree by which each of them is divisible without a remaindei. 

Notes. If any expression A divides any other expression B without a remain- 
dor, then A is evidently the S. C. F. of A and B. 

Note 4. IfSbe the S. C. F. of any number of quantities A, B, G, dc. then the 
quotients of A, B, C, dc., by S have no common faciot . 

Note 5. If an elementary factor occurs more than once in each of two or more 
given expressions, then the highest power of this factor common to the given ex^es~ 
sions, and no higher power, mast occur as a factor in the H.C.F. of those expressions. 

Note 6. IfA=pxg, and B=p'xq', such that q and q' have no common facto , 
then the S.C.F. of A and B, if any, will be the same as the H.C.F. ofp andp'. 

Note 7. I/A=mXn, and B>=m'nn', where m and in' respectively include all 
the monomial factors of A and B, then the B.G.F. of A and B=(thc JJ.G.F. of in and 
m') X (the B.C.F. ofn and n'). 

Notes. TheS.C.F. of A andB is the same asiheH.C.F.ofA andniB.tf 
m is not a factor of A. 
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■ 101. Highest Common Factors of simple expressions. Such 
expressions can be at once resolved into their elementary factors, and 
so there is no difficulty in finding the H. 0. F. of any number of them. 

^Ixample 1- Find the H. C. F. of a*‘h^o’ and 

The elementary common factors are a, b and c ; and the highest 
powers of them common to the given expressions are respectively, o“, h® 
and c*. , 

Hence, the required H. 0. F.=ffl®6®c*. 

Example 2. Find the H. C. F. of and 

240i®a:®y®2. 

"We have 24ffl6®a!®i/*=3x2®xo6®a:®jf*, 

36u®a:V =2®x3® xaS-cV, 

240b®a!*j<®2= 8 x 6 x 2* x 5®a:®y®s. 

Evidently then the elementary common factors are 3, 2 and x ; 
and the highest powers of them common to the given expressions are| 
respectively 3, 2“ and a:®. 

Hence, the required H. 0. F. =3 x 2® x a;® =12a:®. 

Note After exhibiting each expression as a product of potoeis of different ele- 
mentary factors, the elementary factors common to the given expressions are at once 
obtained by tenting doum in succession such of the elementary factors of the first 
expression as are also found in every one of the i emaining espressions. Thus, in the 
above example, the elementary factors of the first expression are S, 2, a, b, x and y, of 
which 3, 2 and x only are to be found in each of the others. 

EXERCISE 51 

Find the H. 0. F. of : 

1. a®i>® and a®5®. 2. 12o®5 and 20a®c®. 

3. 9a:y®s® and 24a:®i/*. 4. 20fl®a:*y® and 75a®l/*. 

5. 18TO®n* and 45m®»®. 6. 16a®a;*y, 40a®ff®a; and 28a!®ffl. 

7. 24j»®7jj)®, 60mn“p and 84ni®p®. 

8. 45a!®y®2*, 76a!®j/*2® and 90a!*j/®2®. 

9. 36o®5®c*a!®, 54a*c®a:* and 90o*6®c®. ' 

10. 72a®5*c®, 96&®c*d® and 120e®d*a®. 

11. 48o®a:*i/®s®, 60a!«y*2®5®, 72i/®s‘‘5®tt® and 84s®5Va:=. 

12. 76»i*M®p®g®, 90wi®n®j)®g*, 105ni®K*i>®ff® and 135»i®n®jp*g®. 

13. 64a®6®c®d^ 72a*6®c*d®, 108a®5*c®d® and 126o*6®c®d®. 

14. 18a®a!*j/®, 42ffl*j/®a*, 60a:®i/*2® and 78a®a!*2®. 

15. 32a®6®a;*2/®s®, 40a®a:®p*2®, 56h®a:®y’'s*, 72a:®a®y®2® 

and 965*o®a:®i/*. 
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102. Highest Gommoii Factors ol eompound expressions 
whose elementary factors ean be easily foond. 

_ ^^0 method illnstrated in the last article will also evidently apply 

in such oases. 

Example 1. Knd the H. 0/ F. of + 2a=6* and a^b- 4«®6^ 
a«6“+2o»6»=a=h»(a+25) ; 

and a®5 - =o®6{«® “ 4&*) =a»6(ffl+ 25K« " 26). 

Hence, the regnired H. 0. F.=a®i(a+2h). 

Example 2. Knd the H. C. F. of 

x*y-+xy^ and ®*i/+2a!®p“+«''K*. 

+*1/® = #i/®(a!® + j/®)=si/®(a; + yX®® “*2/ + V ®) : 
and ®*y+2iC*y®+a:®y*=a:®y(ffi®+22!y+y®)=.'C°y(®+y)®. 

f Hence, the required H. 0. F.=®y(fl:+y). 

Example 3. Find the H. G.-F. of 

24(a!!* - 20*® - 8ffl“*®) and 54(*® - o»* - Go®*®). 

The first 0xpres3ion=3x8x®®(*®~2o*-8d®) 

= 3 X 2® X »*{« + 2oX® ~ 4»). 

The second expr0B9ion=6x9x*®(®®-o»-6a®) 

= 2 X 3® X **(« + 2aK® “ 3a). 

Hence, the required H. 0. F.=3x2x®®(®+2a) 

=6*®(*+2o). 

ETnmpjp 4. Find the H. G. F. of> 

0^-16** and a®+a®®-10o®®+8®®. 

The first expression=(o®+4®®)(o®-4®®) 

= (o® + 4r®)(a + 2®X®!r 2®). 

The second expres9ion='(a-2®)Ca®+3a*-4®®) 

' =(o-2®Xo— ®Xo+4®). 

Hence, the required H. 0. F.=o-2®. 

Note. It may be obseti-ed in this example (hat cUthovgh thofaelors of the second 
es^essioit are not so obvious as those of the first, still there is no great difficulty in dis- 
cove) ing them as it may be presumed that the given expressions have at least one 
common factor. Sense, after Oie resolution of the first cscpression into factors, by a 
mie trial it may be seen that of these 0-2* is also afaotor of the second erpression ; 
thus‘JJxfa(dmisaUo}i of the expression is muchfaciUiated. 




CHAPTER XV 
LOWEST COMMON MULTIPLE 

{By factorisation) 

103. Definitions. Or|e expression is said to be a multiple of 
another when the former is exactly divisible by the latter. 

One expression is said to be a common multiple of two or more 
others when it is exactly divisible by each of these latter. 

Of the different common multiples of two or more expressions that 
which .consists of the least number of elementary factors is called the 
Lowest Common Multiple of those expressions. In other words, a 
common multiple of two or more expressions is said to he.their Lowest 
Gommon Multiple when it is the product of just as many elementary 
factors as it must necessarily have and no more. 

Thus, the common multiples of a and b are ah, 2ob, a~b, ab®, a®6®, 
&c. ; but of these ab consists of the least number of elementary factors, 
and hence, it is called the lowest common multiple of the quantities 
a and h. 

Cor. Hence, every common multiple of two or more expressions is 
divisible by their Lowest Common Multiple. 

Note. The tellers L. C. M. aic usually Krilten for 'Lowest Conmon MutUple'. 

104. L. C. M. of simple expressions or such compound expres- 
sions as can be easily resolved into their elementary factors. 

In such cases the L. C. M. can be written down by inspection. 
The following examples will illustrate the process : 

Elxample 1- Find the L. C. M. of iarhc and 6ob®d. 

The Ist expression =2®xa®xbxc. 

The 2nd expression =2x3xrtx6“xfZ. 

Bence, 2® X'3 x a® x 6® x o x d must necessarily be a factor of every 
common multiple of them. i 

Hence, the required L. C. M. 

=2®x3xa®x&®xcx(? 

=12a®b®cd. 
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Example 2. Find the L. C. M. of ^Ax“yz, ISxy^z^ and SIx*i/'z~ 
The Ist expression =2®x3xa;®xyxz. 

The 2nd expression =2x3®XiBX2/*X2®. 

The 3rd expression = 3® x a:* X{/®X 2 ®. 

Hence, 2 ®x 3 ®xa:*xj/®X 2 ® must necessarily be a factor oferery 
common mnltiple of them 

Hence, the required L. G. M. 

=2® x3® xaj* X X 2 ® 

=2l6x*y^z-. 

Example 3. Find the L C. M. of 

4a!®(®+a)*, Ga®a:(a:®-a®) and 9a:®(a!®-tt®) 

The 1st expression = 2® x a:® x (aj+o)®. 

The 2nd expression=2x3xa®xa:x(a:+a)(a:-ft). 

The 3rd expression= 3® x as® x (a: — o)(a!® + aa: + a®). 

Hence, 2® x3® xa® xa:® x(a:+fl)®(a!-ffl)(a;®+a«+fl®) must necessarily 
be a fector of evety common multiple of them. 

Hence, the required L. 0. M. 

=2® x3® xa® xa:® x{®+o)*(a:-a)(a’® + 05;+a®) 
=36a®a;®(a; + o)®(3;® - a®). 

Example 4. Find the L. C. M. of 

. a:®-3a; + 2, ir®+2r®-3a:and a-*+a:®-6r®. 

The 1st expression = (a: -iK®— 2). 

The 2nd expression = ®(® ® + 2® - 3) = x{x - 1)(® + 3). 

The 3rd expression =®®(®® +x~6)=x~[x- 2)(® + 3). 

Hence, ®®(®-l)(®-2X®+3)77itMt necessarily be a factor of ecenj 
common multiple of the given expressions. 

Hence, the-required L. C. 3I.=®®{®-l)(®~2)(®+3). 

Examples. Find the L. O.M. oix^-3x-+3x-l, x^-x'-x-i-l, 
2a;® + 2s— 1 and a:'* — 2®* + 2a;®— 2a: +1. 

®®-3®®+3®-l={®-l)*. 

a:® — ®® — ® +1 =®®(® - 1) — (® - 1) 

= (® - 1)(®® - 1) = (® - 1)®(® + 1). 

®^ - 2 ®® + 2 ® - 1 = (®* - 1 ) - 2 ®(®= - 1 ) 
=(®=-l)K®®+l)-2i} 

=(®=-l)(®-l)® 

={®-l)®(®+l). 
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.T* - ar® + 2a:® - 2i: + 1 =a:®(a:® - 2a: + 1) + (s® - ar + 1) 
=(s®-2a:+lX»®+l) 

=(a:-l)®(a:®+l). 

Hence, (a--l)®(9:+lXa!®+l) imist necessarilu he a factor of every 
common multiple of the given expressions. 

Hence, the required L. C, M.=(a:-I)*(a;+1)(«®+1). 


EXERCISE 53 

Find the L. C. M. of : 

1. a~b and ab~. 2. and a®6c. 

3. 6r®j/* and 10a:j/®. 4. 4TO®n“ and 14m*n®2). 

3. fix^y^e B,nilixhj"s". 6. 4a®6c, 10a6®c and 14fl6fl®. 

7. 12ffli®c® and 20fl®ic®. 

8. (Vb*!/, 9x’‘y\ 12a®a;y® and Ibaxz-. 

9. - ai® and a® 3® + a®6®. 

10. 4^-2/)®, Ola:®- 1 /®) and 8(.'c+»/)®. '' 

/• 11. ir^-4a;+3 and a;® — 6x’+6. 

12. a®+2a®.'T:-3aa:® and o* + o®a:-6a®i>:®. 

13. o®(o®-4) and a*+2(T®-8a®. 

14. 4a®«®, 2.B{a:® - o®) and 6a®fl:(®® +a®). 
y' 15. 12(®® + 3® - 10) and 16(®® + 4® - 12). 

yi%. .t®+ 2®-15, .®®+9®+20and®®+4®-21. • 

/17. 12a* - 27a®6= . ^®>'a6 -35® and 2a® - o5 - 35=.' 

/18. 8a®+275«, 8a»-27r®'and 16a*+36a®5®+815*. 

/19. 8®* - 50®®j/®, 12®® + 24®=!/ - 15®[/® and 16®= - 48®j/ + 20|/®. 

4®® -120®+ 9a®, 6®®-7ff®-3o® and Ri;®-lla®+3o®. 

21. 2®® + 6® + 9, 4® ® - 12®“ + 18® and 4®* + 81. 
y 22| 9a® - 6a® +.r®, 6a® + 10a® — 4®® and 9o® - 21a® +6®=. 

^ 23] 8®®-12®®+6®-l,8®®-4.®®-2®+lnnd2®®+5®-3. 

/24. ®®-6®j/+8;/®, a;® -7®y+12y®, x~ +2®;/ -15?/® and ®®+®i/-20y®. 
^25. 5r®-.r-l, 3®®+7®+2and 2®*+3,r-2. [C. U. 1^] 

/26. 1+4®+4.t®- 16®* andl+2®-8®®-16®*. [0. H. 1871] 

y 27. 9r* - 28®= + 3, 27®* - 12r® + 1, 27®* + Rr® + 1 and ®* - 6®“ + 9. 

[0. -D. 1886] 

[The faotore o£ the last expression suggest a factor of the first.] 
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106. Definition. The algehraioal fraction ^ > \ 7 here a and b 
may have any numerical values, is defined to be a quantity which, when 
multiplied by h, becomes equal to o. In other words, ^ is defined to 

be equivalent to a+b. In a is called the numerator and b the 
denominator. 

Note. Thus an algebraical fraction is no other than the quotient of one 
expression by another, expressed by plating the dividend over the divisor 
with a horisontal line betioeen them ; and {Tie dividend and {Tie divisor so 
placed are re^eetively called the numerator and the denominator of the fraction. 

106. The value of a fraction is not altered it both its- 
nnmerator and denominator are multiplied or divided by any 
the same quantity. 

If a, b and m stand for any quantities whatever, to prove that 
a am 
b bm 

Let ® “ b ’ 


then a:xi=|xb=o [by definition] ; 

or, xitbm=am. 


Hence, a:=<m+ 6 fn, ’ 

_ , . , am a am 

Conversely, we have - 5 ^=^ > i.e., 

Thus, the proposition in established. 


am+hi 

bm+TO 


Cor. Thus, the value of a fraction is not 

0 ox(-lj -0 

altered if the signs of both the nurnerator and the denominator be 
changed. 


107. Reduction- of a fraction to its lowest terms. A 
fraction is said to be in its lowest terms, when its nnmerator and 
denominator have no common factor. 
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Hence, to reduce a fraction to its lowest terms, or moi'e briefly to 
simplify it, is no other than to find an equivalent fraction whose 
numerator and denominator have no common factor, and this is evidently 
done by dividing the numerator and the denominator of the fraction by 
their highest common factor. 

Note. In all cases where the numerator and the denominator can he factorised 
hy jiisjvction, the reduction is at once effected by simply removing the common faciois 

Example 1 • Beduce to its lowest terms. 

4ffl°5^c^ _ 2x2xo°xb°xc° ^2a 
lOaiV- 2x5xax6*xc® "^56 

Example 2. Simplify 

a~b^(a- - b^) a~6^(a+5)(a-6) a(a-6) _ 

3a6*(a® + A®) ‘°3ab*(a+ ~al>+ 36(a®-a5+6®} 

Example 3. Beduce ^a ' ^^_32 lo'west terms. 

The numerator = (® + 8){® - 6). 

The denominator =(®+8)(®- 4). 

„ (®+8X®-5)_ ®-5 

Hence, the given fraction=j^q:gjj^:^=^- 

„ , . ,.r 2a®+3a®-2ab-36® 

Example 4. Simplify 3oa_2a®-3o5+26®’ 

The numerator = 2a{a — 5) + 3®(a — 6) = (a — 6)(2a + 3®). 

The denominator = 3o(a — 6) - 2s(a - b) 

=(e-i»)(3a-2®). > 

_ , . . fa-6)(2a+3®) 2a+3B 

Hence, the given expression =(a_ 


’ EXERCISE 54 

Beduce to lowest terms : 

^ 2a®6® „ 6xry^ 


25®®i/‘3='' 

„ 10a,^b^c*d'’ 

105c*d=a®6® 
»=-3®. 


o 

8xv^. 

p 18a®6o*d® 
27a®6®c*d*’ 

1 4g°-9a° 

4®*+ 6a®’ 


5 , 4a®®!/® 

lOo®®!/® 

„ 16®®a*!/®s® 
**• 40?W^’ 

<1!® — /I.® 


3a®-12a6 
486®- 3a® ■ 
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13. 


16. 


19. 


21 . 


23. 


25. 

27. 


29. 

fZi. 

^33. 


35. 


Zax-\2a~ 

ai:*-4aV 4®® + 8® 

®‘-4ffl-*®-+4a‘‘ x^+5x+6‘ 

a;“+2a;-8 

®“+x-12 

®®+2®-15 

®'"+9®+20 

m a®-3oi»-4f)® 
a^-iab-Bb^' 

a*‘~a^b+a~b^ 

20. 

1“7®+12!I!® 

a^ + b^ ■ 

1-8®+15®^ 

a:“ — Biy + 5j/“ 

/ 22. 

l-9a® + 14a* 

x''+2xy — 35i/~ 

l-4ffi®-21o* 

x*-8x^-G5 

/ 24. 

3ffl®®+9a®®® +27fl®® 

x*+x‘-20 

ffi“-27®“ 

2®® -a -6 

26. 

3®®-6fl®+2o® 

3®“ -2®- 8' 

3®“ + ax- 2a® 

3®®+16a®+5a'' 

28. 

6®=-7®-20 

3®“+22a.®+7ffl‘‘* 

9®®+6®-8 

2®®+3tt®— 20o® 

30. 

10 - 17 a® + 3a®®® 

3®'’+5«®^28»® 

6-26a® + 6a®®-‘ 

x^-{a-b)x-ab 

32. 

6ac + 106c + 9o® + 156® 

x^+bx’‘+ax+ab 

6c‘-h9exe-Qc-3x 

8bx + ISab + firp +9ay 
12bx + 8a6 + dxy +6ay 

/' 34. 

2a^+ab-b° 

a^+a^b-a-b 


a^-P-2bc-o- 

a-‘+2ab+b’‘-c’‘' 


108. Reduction of two or more fractions to a common 
denominator. 

Let ^ ’ I ' J stand for any number of fractions. 

Let L denote the L. 0. M. of the denominators *.c., of 6, d,/. &o. 
Then, since the value of a fraction is not altered when its numerator 
and denominator are both multiplied by the same quantity, we must 
have 

a ax{L+b) . 

'b~bx{L^br L ’ 

c c X (L->-d) ^^ o-x (L-^d ) ■ 

d dx{L-^d)°° L 

e e X (L-f-/) ex[L +/) . 

7 fxlL+fT L 

and so on. 

Thus, the fractions in the third column are respectively equivalent 
to the given 'fractions and they have all got the same denominator, 
namely, L. 
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H^uce, "we have the following rule for reducing fractions to a 
common denominator : Find the It. C. M. of the denominators, and 
multiply the numerator and the denominator of each fraction by the 
quotient of the L. G. M., thus found, by the denominator of that fraction. 


Example 1. Eeduce and jj^lzpjto a common 

denominator. 

The L. 0. M. of the denominators =a6(a®-&®) : and the quotients 
obtained by dividing it by the denominators are respectively 06(0-6), 
6(0+6) and o. 

-TT 1. a: a;xa6(o-6) xab{a-b) . 

Hence,- we have a+b~{a+b)xab[a-b) 06(0“ -6*) ’ 

_ a‘^x6(o+6) _ a!°6(o+-b) . 

a{a-b) 0(0 - 6 ) X 6(0 +6) 06(0® -6®)’ 


6(0® -6®) 6(o®-5®)xo 06(0® -6®) 

Example 2. Beduce g®-L+3 ^ 

common denominator. 

The denominators are respectively 

(a; - 2)(a! - 3), (x - 1)(® - 3) and (a: - 1)(!C - 2). 

Hence, their L. C. M.=(!C-l)(®-2){a-3) ; and the quotients 
obtained by dividing it by the denominators are respectively, x-l,x-2 
and a: -3. Hence, we have 

a-1 _ (a!-l)(a:-l) _ a:®-2ar+l 

a:®-5®+6 (a:®-53;+6)(®-l)“.i5®-6a!®+llflJ-6 ’ 

1-2 (aj-2)(a!-2) _ aj®-4a:+4; 

a:®-4a;+3“(»®-4ic+3)(®-2) ®®-6a!*+lla!-6 ’ 

/ ®-3 (g-3)(®-3) , ®®-6®+ 9 

/ ®®-3®+2 (®®-3®+2X®-3)'°®*-6®®+ll®-6 

^ / " EXERCISE 55 

I / Beduce to a common denominator : 


j o 3c j c 
26’ 4d 

ah be ca 
"4®»®’ 6®®!/’ Kte®' 
g® y® 
a®+2a6’ o-26 


^ Jfl, , 

26c' 3co’ 4a6 


A a ' o c 
0-6’ 0+6’ a(o+ 6)' 
2a o-c 

U* T * T 

a— 0 ab'^a 


6 . 
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-A- 7^ • —£■ 8 > , % 4z 

a-h i-a a+b *• a*(o+a!) 

„ ft° 

2x>/-3i/^' 2a:^+33!p' ix‘‘v~9zy^ 

10, ^ b- ■ 3 4 

a;-+a:+l i8“-a:+l ‘ x"~x~2' x^+x~Q 

19. a~2b be 11 , a b c 

a(fl--2ab+ib^)' a‘‘+8b‘‘‘ o-36’ tt®+3a6+96®’ a®-27c» 

14 ^ c 

b[(i—b—c) a{a~ b+c)' o“+6®— c*— 2a6 

15 c-o 6-ffl b-c 

{a-b){b-c)' (a-cXb-c)' (c-dji[a-h)‘ 

109. Addition of Fractions. 


From Cor. 3, Art. 47, we know that 

a(6+c+«Z+c)®fl6+flc+ttrf+oc, where o, 6, o, d, e are any 
quantities whatever. 


Hence, conversely, 

a a a a a 

Hence, putting jj, q, r, s respectively for oh, Oc, ad, ae, wo have 

SiHdlUJ-Bi ? + 2 + r + 1, where p, q, r, s and a are 
a a a a a ^ 


any quantities whatever. 

' Thus, the sum of any number of fractions which have a common 
denominator is a fraction whoso denominator is the same and whose 
numerator is the sum of the numerators of the given fractions. 


Hence, to obtain the sum of any number of fractions which 
have not the same denominator wo must _ ikst reduce them to 
oquivalont fractions having a common denominator and then proceed 
as above. 

Example 1. Find the value of 

-. b _ Ax(-l) _-b 

Since ^■~(b^)x{-ira~b 


we have 


a’-b'^^b'-a a-'b a-b 


~ a-b a-b 


1-11 
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Example 2. Find the value of — h 

x+a a-a 

Since the L. 0. M. of the denQniinatoi's=.T® — a", 

we have and -“-=5^). 

x+a jc-fl .T“— a- 

Hence, the required value 

x--a- K'-ffl-* 
_aiq:-a)+aix+a) x"+a" 

““ ^ '_^ 2 " ' ’' o “' " ~ ^ o ”‘■<1 • 

!r"-a- x~-a~ 


Example 3. 


Find the value of -V 7 + i 
fl.+o a~-b- 


a 

a"+b" - 


In the present example it is not convenient to reduce all the 
fractions to a common denominator at once. We can proceed best 
as follows : 


We have 


1 b {a-b)+b a 
a+b^a^-b~ a^-b" a“~b~‘ 


Hence,the required value=^ 2^^2 

o(c°+f>°)-c (g^ ~b^ ) 2ah^ 
a*-b*‘ 


Example 

We have 


. o. 1 1 * 4 . 32 

4. Simplify ^2“^+2-.ra-".^-*+16‘ 

J 1 (a;+2)-(a— 2 ) 4 . 

,t-2 a:+2 x^-4 a'--4 

4 i_ 4(j=+4)-4(a-“-4} 32 , • 

a" — 4 a;®+4 ®*— 16 .t*— 16 


r 32 , 32 _32(»*+16)+32{ar‘-16)_ 64r* 

Lastly, .t»- 25'6 ■ .‘rf-2.56^ 

is the required result. 

Example 5. Simplify ^ 

The given axpression={^-^J-{^-;^J- 


Now, we have 

1 _ 1 (g+2h)-(a+h) _ b . 

a+b a+% la+6X®+2.6) (a+6)(a+26)’ 

1 1 (ffl+46)-(g+3h) ._ b 

ffl+3b~a+4b {o+35)(ffl+4b) (a+36Xo+4&) 
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Lastly, , tV/ 


(a+6Xffl+26) (fl+36)(ffl+46) 

_ 6 (tt -f 36)(g + 46) - 6(a + 6)(a + 26) . 

(a + 6 )(a + 26 )(a + 36)fa + 46 ) ’ 

of which the numei'ator=6(a“+7fl6+126®)-6(a®+3a6+26®) 
= 6(4a6+106=)=26®(2a+ 56).. 

Hence, the reqd. result 


Pind the value of : 


1 . 
4. 
^7. 
/ 9 . 
/ tl. 
13. 


a+ 6 , a -6 

T- 

a +6 a -6 
a -6 a +6 

a I 


2 . 

5. 


EXERCISE 56 


X-V J U-S , 2-g, 

xij yz zx 
a®+ 6 ® a -6 


3. 


a j a; 
a—x^x—a 


{a+bf 


a--b^ 
\+/ 


a® - 6 = 2 {a+ 6 ) 

8. 


e 4a:®+9y® 2a;-3v 
”• ix^-%y-~2x+2]i 


fl®+a6+6®^a®-a6+6® 


(a - 6 )(a - c) (a - c )(6 - c) 

■ 1 -1 

.r’-'+7a;+10^a®+13a-+40 

0+6 0-6 , 2a6 


0-6 a + 6 b^—a^ 


IK x+v , x~v 2 (a;°-y '-’) 
' -x-y^x+ij x'-^+y- 


/17. 
/19. 
21 . 
I 23. 
25. 
27. 


3a;+l g-3 5a;°+24a; 

3a:+9 


a' -3 

X 


X 


2r’'-18 

2a= 


®-2a a + 2o a® + 4o“’ 

X X 6a;^ 

3a - 2 / ^3a + y 9 .t:“ + //® 

(a°+6 ”)^ _ a _ 6 _ p 
aUfl-bY 6 a 
1 2 1 2 


10 . 
12 , 
t 14. 
16. 
/18. 
/ 20 . 


0+6 

1 


a — b 
1 


a“-3®+2 a®-fo+^ 
(2a!-3i/ )« 


2r+3y 8a‘*+27//® 

1 , 1 . 2o 


0 + 26 0 - 26 46®-o“ 
a-2x o+ 2 a, Soa 


0 + 2 ® o-2a o®+4.a‘‘‘ 

4a -6 4a +6 46(1 -8o®) 
]-4a6 .l+4a6'" I6a®6®-1 


2a6 . 4a®6 




a- 6 ^ 0 + 6 ^ 0 ® + 6 ® ^o*+ 6* 


99 1 1 ' a-9a 

x-3a 2x+6a 2a®+18o® 

J: 1_. 

f x~l x-fix-2 a +2 


26. 




3^+1 


a-o 2a+o^a+a 2x-d a-a a+3a a+® a-3o 

— r „ . j- — — n” so* Y-. tv— 

iC- 


2 a 1 3- go . o-c 6 -c _ 

5-1 a“+l a +1 a®-l ' To - 6 )(a - a) (6 - aXa - 6 ) 
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g . 1 . J 

f~~3x+2 x''’—5x+6 I®— 8a:+15' 


80. 

31. 


x^+Sax+ia" 

1 


x= + llaa:+28a= 
2x . 1 


a:®+20aa!+91a® 


a:“+3a:+2^ ®®+4a:+3"*'x"+5a!+6 


, _1 1 ^2x_ 

" 1-x+x® l+x+x" l+x®+®* 

I _J: L I », 1 x-2 . 6g 

1+®+®" 1“®+®"* 1—®®+®* * ®*-2 ®”+2®+4"*'®'*+8 

; 11 11 . 33o® 

• 16(2®®'-6o®+9a“)~32i“+96a«+144a® '*‘4(4®* -Sla*)' 


110. Multiplication of Fractions. 

Let j and -g be any two fractions ; to find the value f | ‘ 

• d c 

Tuot ^ ^ 5 ^ " 


Then, we have «x6xd»=^x^x6X(i«a-| 

“ ("f ( I ’'"^1 

or, ®xbd«=ac, 


Hence, 


ac . 


a c e ac , e ace . 

d'^ f~Sd f~bdf’ 


t.c., 


O C M 

b ^d"bd 


'bdfl ’ 


Thus, the product of any number of fractions is a fraction whose 
numerator is the product of the numerators of the given fractions and 
whose denominator is theproduct of their denominators. 

i 

Cor. Since. c= y’ ft ^ f f “7“ 


Brample 1. Multiply togotl\er ^ and 

. , , , ®*xy®xy“ ®®x^®x«'" , 

The required produot *=1. 
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’Example 2. 


Multiply 


x(a~x) , a(ffl+a;) 
a^+ 2 ax+x’‘ ^a^- 2 ca:+x* 


The required product 


x(a-x'ixala+x) - 

(a^+2ax+x-)^a"~2ax+x^) - 
ax{a- x)la+x ) _ ax ^ ax _ 

(a+®jCa-a:)“a®-a:“' 


Example 3. 


Multiply together 


1 + 1 / ’ x+x“ 


and 

1 — ® 


Since l+r-^= 

1 -iB 

the required product = 


l-.-E+iE 1 
1-a: l-a"’ 

(l+a;l(l-g) (l+vlfl-g) 
1 + 1 / a:(l+®) 



(1 + ir](l - a!)fl + vVl - 7 /) _ 1 - 1 / 
(l+}/).T(l+a:Xl“®) ® 


EXERCISE 57 


Multiply together : 

1 , 


3. 


2 ^ 9 ^ 

3ab’ 16ac ®'“®96c‘ 


a:® v® , s® 
—I — 8/iid — ’ 
yz zx xy 


5. i; 


1 2w®a® , 35a! ®y g 
7xy^z 96ro*7) 


Simplify the following ; 
o x+l^,x^+x-2 
s-1 x’‘+x 

« ia + b)" 

a^+ab o^+oi+f)” 

aj®+4aJ+3„!S®-3T + 2 
a!“-4- a:“-9 ’ 

ic®-4a!+3.,a:®-7!E + 10 
x‘-Gx+5 x^-dx-i-e ' 


,1 2*® - 5® + 2 Sic? + a: 

3®“-6®-2 4a:-2‘ 


, ‘ la’b’c" ’ „ , ja 
12xyz 21(1 


7 g— 9^° ., 3flV- 

a®+3o6 g®-3oh 

a® +8®* ■a ®-4(»®+4®®. 

' (^® - 2 o®® o® - 2 a® + 4 ®“ 

.. ®®- 7 g+ 10 .. g®- 3 g- 18 . 

®“— 2®— 16 ®®— 8®+12 

m g*-6* . 

_ o^a 6 + 6 ® a®+d 6 

_ - ®®-R®-16 ■®® -llg-28 . 
®«-4®“2i ®®-12s+32 


16 . 


g®-®® 
a+6 • 


„ a®- 6 ® ^ 

( 1 ®+.®® 






+!«)• 
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on ar=-7®+3„3a:=+lla— 4^ 2®s+®-16 
ar= + 7.7:-4 3®®+8®-3 2r*-ilir + 15’ 


>1 b '—c^-a'+iao b°+e--a --%c 
c''+a“-6®+2flc a“~b"+c‘-2ac 

10 c^ -a~-b~+2ab a‘-b~+e^~2 ac 

6"-c®-a“+2ac o“+6"-c“-2a6 

111. Division of Fractions. 

Let g -and ^ be any two fractions ; to find the value of j 


Let 


17;= 


a c 
b'^rl' 


Then, we have 


irx^x-=^x-; or, ®=-fx^- 
d c b c ’ 0 c 


[•.• «7-r)ix«=7n, whatever t)« and « may be.} 


Thus, to divide one fraction by another we have to multiply the 
farmer by the reciprocal of the latter. 


_ Of . , o , 0 a 1_^. 

Cor. 1-^c^i-i-i^c‘Fc 


Escample 1. 


Simplify 


a^+b^ . a^-ab + ft® 
a^-b- ' a- b 


The required result = 


„ a-b (tt® + i®)(o-6) 

a" — b^ a^—ab+b^ (a~ — 6®)(a® - a & + 6®) 
(a + bKa ’^-ab+b^)(a-b) ^ 

{a-i-b%a-b)[a’‘-ab+b’‘) 


Example 2- 


Simplify 


. J®-3®~10 ■7!®-43--0 
i?’ + 7®+12^ ®®+®-12 ®®-4®+3. 


The required result = 


g®+®-2 

s^+7«+12 


X 


®®+g-12 

a’® -3.® “10 



4®-5 

4®+3 


- (g-lXiP+2) „ (g+4Xg-3) ( ®-5)f®+l> 
"{®+3X®+4) (®-6)(®+^ (ic-3)(®-l) 
{z-lX®+2y®+4X®-3)fg-51(®+l} _ ®+l 
■ T.(a;+3)(!S+4)(®-5)(®+2X®~3){®“l) ®+3 
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Example 3. Simplify 


a a a+b ^ a—b 
■a-b a+b.a-b^a+b 


a~ 


x-„- 


We have 


b ' a+b a-b a~+b^ 
a—b a+b a-b a+b 

[0. D. 1876] 

a a a(a + b)-aia-b ) 

a-b a+ b a-— b^ 2a5 . 

b b b(a+h)-b{a-b )~a°-b‘ a^-b- 

a-b a+b a'^—b^ 


and 


_ 2ffl6 a . 

2b~ b ' 

a+b , a-b (a+b)^+(a-b)~ 
a-b a+b a^-b^ 2(a^ + &-) . 4flb 

a+b a-b (a+bY -{a- W a^-b^ a^-b^ 

a-b a+b a-—b^ 

2(ffl^+6«) ^ a^-b°- _ a'^+h- 




4a2> 2ab 


Hence, from (1) and (2), 

• .a a® 

the given expression = g ^4:^8 


=ex 


2ab 


^ a® + 6® a® + 6® ■" (a® + b-y 


2a* 


( 1 ) 


(2) 


Simplify : 

ia’‘ba . 8afc®c 


1 . 


3. 


EXERCISE 58 


15xy’‘z ' 25x°yz 

3;®-49 .a-+7 
fl5®-25 ’ a; + 5 

7»®-9»1® 


„ a'+ab . ab 

2» ■ » ' “t* " j ' f •> * 

a-b 


4. 


a*-h* .a^+h-_ 

a®+2a6+6® fl + 6 


7W®-2m»-3n® 
2 ”** ■ ' * 


wi“+5TO«+6a“ ' 

ny+mn+iY 


m+n 


m--n~ 


’■ (‘-.J 


i>+yi 


o ^.X 9 (^jt!l^x-ji\lx±V_irrJL\. 

[a+b^a-bf ' \a-ft a+b/ ' \x->/ x+y) U“2/ x+yl 

j.®+3j:- 18‘ ar-36 \ P' + q-J \ P-q J 
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12, g” + 6^ + 3g6fa + 6) . (a - &)° + 4fl& 
{a+b)--Aab ‘ B®-6®-3a6(a-&) 

'l3 ■ (g+y)°- 3ar?/.. xy 

(x-y}"+3xy' x^-if x^^' 

14. fl^c-&l"+4a®b a^~b\ . Ua+b)^~iab- 

ab+b" ab a^—ah 

•jg x‘'—X’“S0 . z~ + 3s-~10 . s+4 

a:“-36 x^+2x-S ' fe®+12ir‘ 

16. g^+3a!-108 .. -»!® + 6a;- 72 a;®-16a! +63 
a:® — 64 ^ a''' + a:-66 ^s®-14a;+48 


7 l ^‘+^r x--v^ \ ^ (x+y x-v\ 

\x"-ij- x^+y'^] U-y x+yl 

^a+b , a-+h-\ , /a-b b®-6®\ 
A-b'^a--bV [a+b a^+bV' 


[C. U. 1868] 


IQ a*— 6* . (a+6 )® — 4ab a 

(a+ 6)® - 3ab(a4- b) (a +Sp- Sab (a+ &)“ - 2ab 

a/v (a-bWa+b)‘‘-abl . fg- 6]®+3g& ..( g+i'))°-2gb 

(a-6)®+2a6 fa + )5){(B-6)®+a&} (a+6)®-3a& 


21 . 


a®_^® 

(i-Sh-I 


1 _1 

r. ^ ~ ^ 
11 1 
4+^+A 

a* 0" Bt> 


[0. U. 1874] 


OHAPTEB XVn 

SIMPLE EQUATIONS AND PROBLEMS 


I. Simple Equations 


112. In Chapter Y, we have explained the process of solving 
easy simple equations. We propose to consider the subject more fully 
here. 


We have stated that the process of solving any-equation is 
primarily based upon certain axioms [Art. 63] from which it has been 

noticed that an equation is not altered, . 

fil if any term be transposeji from one side of the equation to 
the other ; and (ii) if both the sides be multiplied or divided by any the 
some quantity. 
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Hence, the general rule for solving a simple equation involving 
one unknown quantity may bo put as follows : 

(1) Simplify tlie two sides separately by clearing of fractions’ and 
brackets, if any, and by performing operations indicated by the symbols. 

(2) Transpose all the terms inihlmng the unknown quantity to the 
left-hand- side of the equation and the remaining terms to the nght-hand 
side. 

(3) Next, simplify the two sides again. 

(4) Finally, dinidc both the sides by the co-efficient of the mhmon 
quantity. 

The value of the unknown quantity, thus obtained, is the required 
solution. 

Note. The slttietU should verify for his ovm satisfaction that this value docs 
realty satisfy the given equation 

Example 1. (6a:+9)=+(8a:-7)®=(102:+3)“-71. [C.TJ.1882] 

The left side =(36a:“+1082:+81)+f64a:*‘-:n2a:+49) 

=100a!s-4ffi+130 : 

and the right side = (100a;“ + 60a; + 9) - 71 = 100a;® + 60x - 62. 

Hence, the equation stands thus : 

lOOv® - 4a; + 130 = 100a;® + 60a; - 62. 

Eemoving 100a;® from both sides, we have 
— da; + 130 = 60a: — 62. 

Hence, by transposition, 

-4a:-60a:= -130 - 62, or. -64a:>=-192, 

and therefore, dividing both sides by -64, we have .a: =3. 

Thus, the required root is 3.— 

Example 2. Given ®- 

Multiplying both sides by 8x9x6 or 360, which is the L. 0. M. 
of the denominators, we have 

360{a: - 6) 360(2a; - 15) . 360x _ 360[a;-12). 

8 9 15 6 

or, 46(a:-6)-40(2x-15)-l:360= 24a:-60(a;-12), 

or, 45a:-270 - 80a:+600 + 360= 24a:-60a;+720, 

or, -35a:+690==-36a:+'720. 
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Hence, by transposition, “35!B+36r=720- 690, 

or, 2.*= 30. 


[chap. 


Example 3. Solve iHffl{l+®)-|{a-®)}=i{3a(l-a;)- V®(a+®)}. 
The left side = ^^(1 + x)~ |(a - x1= (y “ j) + ( J + |)® 

_7a , 16a+9 . 

12 12 ■ 


and the right side 

7ft 9ft+16 
12 12 '*■ 

Hence, the equation stands thus : 

7ft . 16ft+9 7ft 9ft+16 
12 12 " 12 “ 12 

Multiplying both sides by 12, 

7ft + (16a+ 9 )j: = - 7ft - (9ft + lO)®. 

Hence, by transposition, 

{(16ft+9)+(9ft+16)}!c= -14ft. 

or, 25(ft+l)j;*= -14a ; 


dividing both sides by 25(o+l), wo have 

^ ° ^a-fT) ’ required root. 


Example 4. Given ^^+1-^^+^ ; find®. 

Multiplying both, sides by which is the L. C. M. of the 

denominators, we have 

(ft - 6)® + (ft" - b®) = (ft + 6)® + (ft — 6)*. 

Hence, by transposition. 

(ft - b]x - (ft + b)x=(a -•b)~-{a--b~), 

or, Kft-b)-(ft+b)}®='-2ftb+2b®, 
or, -%x—-2b[a~b). 

Therefore, dividing both sides by - 2b, we have x=^a~b. 
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EXERCISE 59 

Find the value of x, when < 

1. 3(a! - 4)® + 5(« - 3)® -(2a! - 5)(4a: - 1) + 21. 

2. (12a!+9)®+(5a!+3)®=(13a:+9)®+33. 

3. 5(a:+l)®+7(a:+3)®=12(a:+2)® 

4. (3® -14)®+ (4a: -19)® -(6a: -23)® =22. 

5. (5a:-8)®+(12a:-7)®=(13a:-10)®+37. 

6. (a:-l)® + (a:+l)*=2a:(a!®-l)+4. 

7. (a:-2)® + 2a:® + (a:+2)®=4;B®(a:+2). 

8. ix + 2Xa: + 3)(a: + 4) + 96 = a:®(a: + 9) + 5(3® +13). 

9. 3(®® - 14) = (a: + 1)® + (a: -2)® + (®- 5)®. 

10. a{x^a)=b{x-b). 11. 3(a:-a)+5(2a:-3a)=8a. 

Solve the following equations : 

12. (x+a){cc+b)‘~{a+b)^={x—a%x~b). 

13. a%x-a)+b^{x~b)=ahx. 14. 7»®{a:-j»)+n®(®+m)+M»i3;=0. 

15. 6(a:-2a.)+a(a!-26)=(a-6)®. 16. n(4a-o)+6(4!r-6)-2ah=0. 

17. x{x-a)-ha^x-b)-9{x-a){x-b)'=0, 

18. (x + 3a)(® - 3i>) + 3(a! - 3a)(a: + Bbj’^Mx - 3aX® - S?*)- 

19. (26+2c-a!)®+(26-2o+a!)®=(26+2d-a:)®+(2h-2d+a!)*. 

(a: - a)® + (a: - 6)* + (a: - c)® = 3(a! - o)(a: - 5X® •“ «)• ' 

(x + a>® + (x + 6)® + (a: + c)® = 3(x+ aXx + 6X® + c). 

y'23. 


I 20. 

? 21 . 

/ 22 . 

24. 4(®+l)+i(®+2)+4(®+3)=16. 


-+a=-f +6. 

a b 


bx ax 


/25 


/J7. 


29. 




a;-6 , a— 4_Q_a:j;:^. 
3 7 


„„ X , 2® -13 o 4a:- 35 
28- 


a;+7 , a:+13 , a:+17_a:+27 ®-7_4!r.-2, 


2 


4i 


28.' 6J [C.U.1861] 



a:-l x-9 . 3®-2( a;-2) _^i 
-g 7 


2a:-9 a’ a:-3 
27 ■*'18" 4 


si 

1 

CD 

11 

31. 

9®+7 

2 

II 

33. 

a + 7 

3 


-(®--^-)=36. 
2a:+6 , 10-5® 


a:-(3.a:-^)=|(2a:-57)-f . . [C. U. 1889] 
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7!C-2R 


9-7® . 1 


**■ i(*‘f)-|(*-|) + l(»-|)-0- to. 0.1886] 

37. j j8S^ 

38. Ka:-2)-|(®-4)=xV2a;-3)-2i. " [0. 11.1869] 

»• [0.0. 18W 

40. ?^^-^=| + |_9. [C.U. 1876] 

41. 1 . - [0. 11.18771 

42. [O.U.1B78] 

48. ■ [C.U.1883] 

‘ ■■ C0-U;1886] 

45. ^^+^^=^- ' ■ “ [C.U.1888] 

11k-13.19x+ 3 3a:-25^ 17x44 

46. —^ + -7 ^=28t ^■ 

®-l§v 2-6® , 5a!-KlO-3ic) 

2 13 ® 39 

3®-j(l+®) l-^®_2f+?V(®-l). 

4 5i “ 2^ 

49. i(® - a) - 35) -i(a-®)«*10a + 115. 

2® + « x-b 3aa;+(ffl-5)® 2®+! 402-8® n 471-61 

— 55 "29 12 ““® t"' 

52. 15^_2^5^ 17-y® [0. U.1874] 

0 2 * 0 


113, Equations involving Decimals. 

The decimals, it necessary, may be converted into vulgar fractions. 
Example 1. Solve 

«. 6 1 , .ncoK— M--- L 

Since, 0'’-go“l8’ innon 1R 


lOOOQ 16 
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Wo have 


TV VT 

or, 181® — 2)— 1G(®— 4)=56, or, 2r+28‘=.% , 

2®= 28, or, x'=14. 

585®- -975 1-56 -SAx-'TS 

.g— 


Example 2. Solve '65® + 
Since 


•6 '2 
•685®- -975 5'85®-9 76 l'95®-3'25 


and 


•6 6 2 
'2 “ 2 

•39® -'78 3-9® -78 l‘3®-2-6 
•9 “ 9 3 ’ 


the equation stands thus : 

•65®+^^^^—= 7 8-— --g~ • 

Hence, multiplying both sides by 6, we have 

3‘9®+(6 85®-9 75)*=46-8-(2'6®-6-2). 

lly transposition, (3'9+5'85+2'6)r*=46'8+6"2+9 75, 
or, 12-35®= 61-76 ; 


EXERCISE 60 


Solve the following equations : 
1. '6® — 'Si^'3®— 1'6. 

'18® -'05 


3. 1-2®-- 


•5 


= '4®+8-9. 


c ® 0 

“• -6 -05^ -005 •0005“'^' 


6 . ' 0 ®+ 


•45® - ^o 1-2 -3® -’6 


8. '15® + 

9. '5® + 


•6 “ -2 -9 

1 36®- -225 _ -36 '09® -’IS 
•6 -2 “ -9 

02®+ ’07 ®+2 


2. 3'75®+’5=2'25®+S. 
, ®+ 75 ®-'25_,r 
**• ■l 25 “~ 26 — ^''• 

[C. U. 1883] 

7. '7® + "‘i = "67.r + '.j- 


10 . - 011 ®+ 


•03 9 ® 

•001®-'1'25 5-® 


•6 


■03 


-•145. 


IC. U. 18S6J 
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114. Sointion of equations facilitated by suitable transposi- 
tion and combination of terms. 


Example 1. Solve 

XJi l do 4 

ily transposition, we have 

Z3x - 29 _ 7a: - 8t 97a: + 72A- 19x* + 13 . 

12 4 " 35 7 ' 

(23® - 29) - (21.® - 25)_ (97® + 721) - (95® + 65) . 

12 35 ’ 

. or 

. 6 35 

Hence, multiplying both sides by G x 35, , 

35T-70=12r+45. 

Hence. 23® =115, or, ®*=5. 


■or. 


Example 2. Solve 

The equation may bo written as 

ir-a(l> + c) x -Ji(,o f <i) , .5:7 c(a_+ i + 1 + j 

Sc" ~ca db 

By transposition, we have 

.r — a{h+c)-l>c , x — li{o+a) — ca , a' — c(a+b)-ab_n . 
W 'dd ab 


or, 


or. 


be 


ca 

H 

ca 


n:-(ab+ac+bc) . x-ica+cb+ab) , ®-{ca+c6+a5)_^ . 

>- - - + + W~' ' ’ 


or, (•r-{nS+5c+ca)}{^+i+^}=0: 


Hence, 


.a' - (ab +bc+ ca) = 0. 
• .v=ab+bc+ca. 


EXERCISE 61 
Solve the following equations : 

, .5® + fi , 64® - 35 20.E + 23 , 13 .t - 7. 

17®-13 10S®+75 27g-<-19 , 50t\®-39 
— 9 — +'"32 8 27 



SIMPLE EQUATIONS ANP PBOBLEMS 


175 


SVII.] 


3- 

4. 

5. 

6 . 
7. 

^ 8 . 


29? -18 . 1893! -93 86^-fa; - 54 , 27!r - 13 

8 *^“^49 .24 7 

16a-17 233:rl5_142i^-153 92a;-65 

9 16 ■ 81 64 ■ 

18!1!-19 . 135a:+62V 27a:+14 , lOGAir-lW 

65~= ~13~ + T9 

33 -19a: 41+27a; 164+107H a: 164^4-95r 

15 "28 112 ■■ '75 

18 -41a; 17-lfe . 94f-lQB 14-32a: „ 
“9 8 5 7~ 

x~a^ . a:-6® , a:-c® „ 

5®+c*'*’c'^+a^ V + fi®""*- 




, 10 . 


3a;-6c Sr-ca ^ 3a;-a b^ 
6+c c+tt <1+6 


a+6+c. 


ax-b^+e'‘ ^ bx-c^+a^ ^ 
c—b a— a 


cx- a ^-\-b^ 
b — a 


=2(a+6+c). 


a:-(6®+c“) . a:-(c® + a®) , a:-(a® + 6®) ,t, j 

12 . 

TO"-nm+» ir-ln+r ^ ' 


II. Problems 

115. We have alieady explained in Ohapber VI how simple 
algebraioal problems can be expressed symbolically and solved. We 
proceed now to consider examples of a harder type. 

As pointed out before, the chief difficulty in the solution of a 
problem lies in constructing its symbolical expression. The student 
should, therefore, become proficient in it by constant and varied 
practice. 

No general rule for solution can be stated The following advice 
can. however, be offered : 

Bead the problem several times and consider its meaning carefully. 

See what quantity is required to be found out in the problem. 
Bepresent it by x. 

Next, express the conditions of the problem in terms of the symbol 
X and obtain a simple equation in x. 

Binally, solving this equation, find the value of x. 

The process is explained by the following examples. For further 
illustrations, the student is referred to Chapter VI. 

Example 1. How old is a man now, who, 20 years ago, was five 
times as old as his son who will be 41 years old 16 years after J 
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TIjo presont at'e of the man is to be fonnd out. Lee it be a: years. 

. ■ . 20 years ago, the man’s age •= (a: - 20) years. 

16 years after, the son’s age will be 4l years ; 

.'. the son’s present age=41-16=25 years. 

Hence, 20 years ago, the son’s age=25 - 20 =5 years 
.'. from the condition of the problem, 

®— 20=5x5, 

or, a!=20 + 5 x 5=20 + 25=45 years 
Thus, the man’s present age=45 years. 

Example 2. The sum of five consecutive numbers is 1185. What 
are the numbers ? 

Let x=the smallest of the consecutive numbers. Since consecutive 
numbers differ from each other by 1, the numbers after x are x+1, x+2, 
a; + 3, a; +4, etc. In the present problem, the five consecutive numbers 
are therefore, x, x+1, x+2, x-i-3, x+4. 

By the condition of the problem, their sum=1185 ; 

or, a: + (a:+l)+(a:+2)+(a: + 3)+(a:+4)=1185, 
or, Sa;+10=1185, or, 5 jj=1185- 10=1175 : 

.-. a;=i^«=235. 

Thus, the smallest of the consecutive numbers is 235. 

Hence, the five consecutive numbers required are 235, 236, 237, 
238, 239. 

Example 3. Two persons started at the same time from A. Oce 
rode on horse back at the rate of 7^- miles an hour and arrived at 
B, 30 minutes later than the other who travelled the same distance 
bv train at the rate of 30 miles an hour. Mnd the distance between 
/andS. ' [C.U. 1873] 

Let X be the distance in miles between A and B. Then the time 

SC Qfi? 

talcen by the first man to travel the distance hours hours, ana 

the time taken by the other hours. 

But the time taken by the former is halt an hour more than that 
taken by the latter. 

Hence, 15^30’*’ 2 ’ 

or, 4a!=a;+35 : 

3a:=15; a:=5. 

Thus, the distance between A and 5=6 miles. 
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feample4. A person being asked his age, replied, "Ten years ago 

1 was 0 times as old as my son, but 20 years hence I shall be only twice 
as old as he.” What is his age ? 

Let the present age of the person be x years. 

Then 10 years ago his age-was (i-lO) years, and that of his son 
was J(a;-10) years. 

Hence, the present age of bis son -10) +10} years, and the 
son’s age 20 years hence will be {}(a!-10)+30} years ; and the age of the 
person 20 years hence will evidently be (a: +20) years. 

Hence, by the second condition of the problem, we must have 
a:+20=2{i(a;-10)+30} 

=|(!C-10)+,60 , 

- 5a:+100=2a:-20+ 300, 

3a:=180 ; *=60. 

Note, Fraetimis might havo been avoided by asBuming (he present age of the 
person to be 5x years. The student can easily proceed, an this assumption. 

Example S. A and B have the same annual income. A lays by 
a fifth of his, bnt B, by spending annually £80 more than A, at the end 
of 4 years finds himself £220 in debt. What was their income ? 

Let &C be the'^income of each. 

Then A spends £|® annually. Hence, B spends annually £(ffl:+80). 

But spending at this rate B contracts a debt of £220 in 4 years, or 
a debt of £55 per year. His annual income, therefore, falls short of 
his annual expenses by £55. 

Hence, we must have x = (|<b + 80) — 55, 

.-. i«=26; ®=125. 

Thus. A and B had each an income of £125. 

Example 6. A market woman bought a certain number of eggs at 

2 a penny, and as many at 3 a penny, and sold them at the rate of 5 for 
two ponce, losing 4d. by her bargain. What number of eggs did she 
buy ? 

Let a:=the number of eggs bought. 

Then, since one half of them were bought at 2 a penny, and the 
other half at 3 a penny, the whole cost in buying the eggs 


1-12 
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By selling the eggs at 5 for two pence, 

the amount realia6d=a: x f pence.. 

Hence, by the question, y ~ ("f + | j 

or, 24a!=15®+10®-240 ; *=240. 

.Thus, altogether 240 eggs were bought. 

Example 7. There is a number consisting of two-digits, the digit 
in the unit’s place is twice that in the ten’s place, and if 2 bo subtracted 
from the sum of the digits, the difference is equal to i^th of the number. 
Find the number. 

Let x<=the digit in the ten’s place. 

Then 2®= „ „ „ „ unit’s „ . 

Clearly, therefore, the number=10®+2a;. 

[See Example 4 worked out in Art. 65] 

Hence, by the second condition of the problem, 
(®+2®)-2=?^^: 

whence. 18®— 12'= 12® ; 

or, 6®'=12; .‘. ®'=2. 

Hence, the inquired number =24, 

EXERCISE 62 

1. The length of a field is twice its breadth ; another field which 
is 60 yds. longer and 10 yds. broader, contains 6800 square yds. more 
than the former ; find the size of each, 

2. The length of a room exceeds its breadth by 3 feet ; if the 
length had been increased by 3 feet, and the breadth diminished by 
2 feet, the area would not have been altered ; find the dimensions. 

3. A and B began to play with equal sums, and when B has lost 
^th of what ho had to begin with, A has gained £6 more than half of 
what B has been loft with ; what had they at first ? 

4. The ages of a father and his son together are 80 years ; and if 
the age of the son be doubled, it will exceed the father's age by 10 years. 
Find the age of each. 

5. A person distributed £5 among 36 persons, old men and women, 
giving 35. to each man and 2s. 6d. to each woman. How many were 
there of each ? 

6. There are two places, 154 miles distant from each other, from 
which two persons A and B ^t out at the same instant with a design 
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to meet ou the road, A travelliog at Mte rate ot 3 miles in 2 hours and 
B at the rate of 5 miles in 4 hours. How long and how far did each 
travel before they met ? 

7. A labourer was engaged for 36 days, upon the condition that he 
should receive 2s. 6^. for every day he worked, but should pay Is. 6^. for 
every day he was idle. At the end of the time he received o8s. How 
many days did he work ? 

8. A person bought a picture at a certain price and paid the same 

price for the frame , if the frame had cost £1 loss and the picture 15s, 
more, the price of the frame world have been only half that of the 
picture. Find the coat of the picture. [0. U. 1860] 

9. A post has a fourth of its length in the mud. a third of its 
length in the water and 10 feet above the water, what is its length ? 

[0. U. 1863] 

10. A labourer is engaged for 80 days on condition that he receives 
25. 6d. for each day he works, and loses Is. for each day be is idle ; he 
receives £2. 7s. in all. How many days does he work, and how many 
days is he idle ? 

11. A can do a piece of work in 9 days, B in twice that time ; G 

can do only ^ as much as A, in a day'; how long would A.B and G, 
working together, require to do the same piece of work ? [0, TJ. 1876] 

12. Two sums of money are together equal to JB54. 12s. and there 

are as many pounds in the one as shillings in the other. What are the 
sums ? [0. U. 1^5] 

13. A certain sum is to be divided among A, B and G. A is to 
have £30 less than the half, B is to have £10 less than the third part, and 
0 is to have £8 more than the fourth part. What does each receive ? 

14. A farmer wishing to purchase a number of sheep, found that 
if they cost him £2. 25. a head, he would not have money enough 
by £1. 8s. ; but if they cost him £2 a head, he would then have £2 more 
than he required. Find the number of sheep, and the money which he 
bad. 

15. Two coaches start at the same time from York and London, a 
distance ot 200 miles, travelling, one at 9^ miles an hour, the other at 9J. 
Where will they meet and in what time from starting ? 

16. I bought a certain number of apples at three a penny, and 
five-sixths of that number at four a penny ; by selling them at sixteen 
for six pence I gained 3id. How many apples did I buy ? 

17. A number consists of two digits ; the sum of the digits 
is 5, and if the left digit be increased by 1 it will be equal to 4th of the 
number. Find the number. 

18. A number consists of two digits ; the digit in the ten’s place 
exceeds that in the unit’s place by 5, and if 6 times the sum of the 
digits be subtracted from the number, the digits will be inverted. Find 
the number. 
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is number, the ^um of whose digits is 6, and if 10 times 
the digit incite place of tens be added to 4 times the digit in the place 
of units, the number will be inverted. What is the number ? 

20. /Divide the number 39 into four parts, such 'that if the first be 
increased-by 1, the second diminished by 2, the third multiplied by 3) 
and the fourth divided by 4, the results will all be equal. 

/21. Divide 60 into 4 parts, such that if the first be diminished by 
3, /the second increased by 11, the third multiplied by 4, and the fourth 
divided by 2, the results will all be equal. 

. _ 22. Divide the number 116 into four such parts that if the first be 

/ increased by 6, the second diminished by 4, the third multiplied by 
/ and the fourth divided by 2, the result in each case shall be the same. 


OHAPTBB XVIII 

SIMPLE SIMULTANEOUS EQUATIONS AND PROBLEMS 

I. Simple Simultaneous Equations 

116. Introductory remarks. The equation »-y=2, in which 
(c and y are both unknown, evidently admits of an infinite number of 
solutions ; for any pair of numbers, whose difference is 2 will satisfy 
it. [For instance, the equation will be satisfied if ar=3, y=l; if!B=4. 
7/=2 ; if x=5, y=3 ; if a;=6, 3/=4 ; and so on.] If, however, x and y be 
such that they must also satisfy the equation x + y—8, then of the 
different pairs of numbers whose difference is 2, we shall have to reject 
all excepting that of which the sum is 8. Thus the two equations, 

a:-y=21 

^ ®+y=8 J 

'will Ml he satisfied by the same values of x and y, mly when a: =5 and 
l/=3. 


Again, it may bo seen that the three equations,. 
a:+y+z=6l 
a>~y-^z=i: ■ 
x+y-z-'^) 

will be satisfied by the same values of x, y, z only when ir=3, y~l, z*=2. 
The equations may be iTidividtially satisfied by innumerable sets _ol 
values of the unknown quantities, but there is only one set which wiU 
satisfy them all- 
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Two or more equations (like those just referred to) which are all 
satisfied by the same values of the unknown quantities involved in them 
are called simultaneous equations. They are said to be simple or of 
the first degree when each unknown quantity occurs only in the first 
power, and the product of the unknown quantities does not occur. 

We shall consider first of all simultaneous equations involving two 
unknown quantities, and later on, those that involve more than two. 
'There are three general methods for solving such equations and we shall 
'treat them successively in the next three articles. 

117 . First Method : From either equation find one of the 
unknown quantities in terms of the other and substitute the value thus ' 
ifound in the other equation. 

^sample !• Solve 5x - 24i/ = 16 "I 

4x-y=31 J 

From the 2nd equation, we have 

{/=4a!-31 ... ... (1) 

Substituting this value of i/ in the 1st equation, we have 
5a:-24(4a!-31)=16, 
or, 5a! - 96® + 744 = 16 ; 

— 91a:=-728; a:=8. 

Hence, from (1), y=4.x8— 31=1. 

Thus, we have a: =8 and 2 /=l. 

Note. The sttident IS recommended to vet ify far his own sahsfacttan that these 
values ofx and y do really satisfy bath of the gwen equations. 

„ ...... 3a;-5w.„ 2v+y . „ a j. 1/ . 

Example 2. Solve — ” 2 2^3 

Multiplying both sides of the 1st equation by 10, we have 
5(3ai-5j/)+30=2(2a!+!/), 
or, 16ai - 25y + 30= 4iE + 2y ; 

ll«=27y-30. ... ... (1) 

Multiplying both sides of the 2nd equation by 12, we have 
96 - 3(a: - 2y) = 6a: + 4p, 
or, 96-3a!+6j^=6®+4i/ ; 

22 /- 9 a!+ 96 = 0 . ... ••• ( 2 ) 

From(l), weliave a!=^^^^jj^. ■" (3) 
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Substituting this value of at in (2), we have 
2y-®^U96=0 j 


22y-9(27y-30)+10S6=0, 

22y -243y +270+1066=0 ; 

221j^=1326 ; 

Hence, from (3),' *=^^^-^=^=12. 
Thus, we have a:=12andy=6. 


y=6. 


EXERCISE 63 


Solve the following equations ; 

1. x+iy =141 2. 5x-8y = 91 ujS. 

7x~3y= 5} 13®+7»=79/ ^ 

/ 4. 9* -4y= 81 /5. x+ay =61 .6. 

^ 13a:+7y=10l/ ' a»-6y=cj ^ 

7, M®+l/)=^(2a:+4)l /8. ;5(®-y)=i(y-l)l 
iK®-»)*=^»-24)j ' ^4!r-5y)=flj-7J 


2a:+-3j/ =321 
llj/-9x= 3/ 

2a:-i(i^-3)=41 

3v+i(»-2)=9i 

[C. U. 1872] 


/9. U3!B-2y}-a=ii2x-y) 1 /lO. H2a;+3y)+^= 81 

/ i{6s-4y)- 3=^(4® -3y)j f i(7i/-3a:)- >=11J 


118. Second Method : -From each equation find the value of 
the same unknown quantity in terms of the other and equate the values 
thus found. 


Example 1. Solve 6®-6p=lll 

2a:+3p=27/ 

From the Ist equation, we have 

5j/=6®— 11. 
6ic-ll 

. . y 5~ 


( 1 ) 


From the 2nd equation, we have 

3j/=27-2®,. 

27-2® 

• • y 3 — 


Hence, from (1) and (2,) we have 
6®-ll_27-_2® 

5 “ 3 ’ 

3(6® -11) =5(27 -2®), 


•“ ( 2 ) 
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or, 18a; -33 >=135 -10®, 

28a:=168; Z. ®=6. 

Hence, from (1), ^ - ^ =5. 


Thus, we have 


a:>=6 and y=6. 


Example 2. Solve 




[0. U. 1880] 


Multiplying both sides of the let equation by 20, we have 
4(7 + ®) - 5(2® - 1/) = 20(3y - 5), 
or, 28-6®+6i/=60i/-100 : 


55y+6®=128. 

Multiplying both sides of the 2nd equation by 6, we have 
3{6y - 7) + (4® - 3) « 6(18 - 5®), 


or, 

IVom (1), 
From (2}, 


16y+4®-24«=108- 30® ; 

16y+34®=132. - 

128-6® 
y — 65 - ' 

132 - 34® 

V 



... ( 2 ) 

... (3) 

... ( 4 ) 


Hence, from (3] and (4), we .have 

128-6® 132- 34® 64-3®_66-17® . 

55 “ “ 15 —^’ ^ ’ 11 3 

' [Multiplying both sides by |] 

3(64-3®)=ll(66-17®), 

or, 192-9®=726-187® ; 

178®=634; .’. ®=3. 

> 

Tr / /o^ 128-18 110 „ 

Hence, from (3;, y= — gg— =.gg>=2. 

Thus, we have ®=3 and y=2. 


I 




EXERCISE 64 

SdItb the foIlD'«viEg egnaLioris : 

1 . ox-Zy= 91 2. 3y-42:= gi 3 . = 71 

%-^5=;=16j .32:-5-42/=1SJ U=4-5j;=87j 

4. :43^r)=i/i7-^«)l 5. 322-25!/= 231 6 . ^Zz^v) =4f2s-r^-M;1 

4=-^9 =5!/-14l 142-i-15y=U6j s-i{x-y)=l‘ j 

7, i^>52-6y)-=-32 =4y 

i{52 37 O — i[3z — 2-j)=2y 

9- 22-J(2y-l)=3^^if3i- 
4y-ir.5-ar)=6-i{3-2y) 

10- [A. U. 1923] 

1-19. Third Method : “Multiply the egnatious by such ziiimbeis 
make the^co-aSmeni: of oae of the untnovni quantities the same 
m the rivo resulting equatious ; then hy aSSition or snbtracrion tte can 
lom an equation containing only the other tmknotvn quantity.” 

Example 1 . Solve 3z-iy= 51 

52^2y=17J 

Mniriplying the 2nS equation hy % we have , 

102-i-4y=341 

ana the Ist equation is Sr— 4y= 5J 
Hence, by addition, 13r=39 : x=3. 

Suhsiiiuiing this value of i in the 1 st equation, we have 
4w=9— 5==; y=l- 

Thus, we have n=3, y=I. 

Esaiaple2. Solve 5r^ 9:./=S9\ 

2r-17y=15j 

Multiplying the let equation by 2, and the 2nd hy o, we have 
102vlSy=17S1 
and lOn— &5y= 75J 

Hence, hy subtraction, we have 

103:j= 103; y=l. 

Suhstituting this value of yin the 2nd equation, we have 
2r=15-r 17=32 : t:=16. 

3=16, v=l- 


-21 8. 2x-i 

-2; 

■"j raTJ. 1373] 


2x-iCy-J-3)=7vmj-2r) 1 

4yvKr-2)=25i-K2yvl) I 


anus, we have 
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Note. We might as tecll haie multiplied the 1st equation bp 17 and the Snd 
egiiaiion by 9 and added the two resulting equations ; (his would have given us the 
lalue of X. But we have preferred the other alternative because, the co-eMcients of x 
being smaller, the j equired multiplications have ocm more easily effected. 

Example 3. Solve 23x-24j;=21 1 
25x-16j/=43 J 

Multiplying the 1st equation by 2, and the 2nd by 3, we have 
46!B-48j/= 4 & \ 
and 75i-48y=129 ) 

Hence, by subtraction, we have 

29x=87 : x=3. 

Substituting this value of x in the 2nd equation, we have 
16p=75 - 43 =32: 2;=2. 

Thus, we have a: =3, y=2. 


« Note.- It may be noticed that the co-efficient of y t» each of the lesidting . 
equations is the least common multiple of S4 and 16 and this is all that is 
requited. Tffie process would have beemmnecessarily tedious if the 1st eqitation were 
multiplied by 16 and the Snd by 24. 


Example 4. 


Solve 

2 14 8 4 

5±l4.y~5_i a. 

3 + 10 -X X ^ 


Itom the 1st equation, we have 

7(x-2]-(x+t/] (x-y-l)-2(y+12) 
14 8 


6x-y-14 x-3y-25 
or, ,j ^ ^ 

or, 24!r-4y-56=7x-21y-175. 
or, 17® +17;/= -119, 

or, x+t/=— 7. * ■■ 


Erom the 2nd eguatiqn, we have 

10(x+7)+3(i 7-5) 7(l-s)-5(y+l) 

I 30 7 

10x+,3y+55 2-7x-5y 

30 7 

or, 70x+21j/+3S5 =60 - 210x-150y, 

or, 280x+171y=-325. 


[0. U. 1882] 


(1) 


( 2 ) 
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Multiplying (1) by 171, we have 

171® +mj/=- 1197 1 
also 280®+17l2^= - 325 j 

Hence, by, subtraction, 

109®=872: ®=8. 

Substituting tiiis value of ® in (1), we liave 
l/=-7-8=-15. 

Thus, we have ®=8, j/=-15. 


Example 5. Solve 


2+§=l 
X y 

^+“ = 11 
® y . 


Multiplying the 1st equation by 4, and the 2nd by 3,^we have 

H — =4 and + - =- 7 ?- 

X y X y 8 


Hence, by subtraction. 

13 13 

® “ 8 ’ 

Substituting this value of x in the 1st equation, we have 


®“= 8 . 


Thus, we have 


y 4 4 
■«=8, y=4. 


y=4. 


EXERCISE 65 


Solve the following equations : 


1. 

7®- 5y= 11 1 
3®+ 2y= 13 J 

i’ 2. 13®+6y= 58 1 
' 5®-lly= 9J 

3. 

8®- 9y= 201 
lx- 10y= 9J. 

4. 

25®-14i/= 8 1 
12®+ 7i/= 45 J 

1 .5. 12®+ 11i/=70 

1 8® - 7j/=18 

},. 

13®- 14y= 221 
17®- 21i/-= 18/ 

7. 

28®-15y= 41 1 
21®+132/= 55 1 

1 8. 19®+ 24i/=34 1 

1 23®+ 86y=62 J 

9. 

47®- 56i/=1231 
25®+ 84y=293J 

10. 

Sls-lBy^ 3 1 
68®+23 j/=137 J 

1 11. 52®- 9y=34 1 

[ 39®+ 14^=67 J 

12. 

12®+ 85y=-491 
19®- 84i/= 91/ 

13. 

05®-142/= 9 1 
91®-15j/= 31 J 

1 14. 15®+ 46y=17 1 

1 13®+ 69i/=73 / 

16. 

14®+ 81y= 531 
17® +13^ =101/ 



rvni .1 
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16. 5r ■Mlif=145 1 17. cx-t-fcjr =c 1 .cot' 


18 . I 

’ =1 \ 

14 IS i 


[0.11.1876] 


.C-/I 20 .^^’ 


4 g— 3 y — 7 

5 10 15 6 

y-1 , gy v-x r X ^IX 

“T'S ~20“ 15 ” 6'lf) 


91 ag~Sy . 7r-% 
'‘I- 12 ‘ 15 


25 (r-r 3 i/ 


( 3 ik- 4 . 2 y -5 . llar-(^)ir- 5 -l 7 _ 19 j.l 7 a:- 10 |ri :2 f 

16 ‘ li “22 ■ 3 ^ 

<w, Ss-av 2r-8y-33_ y ^ 1 'l 
'~r~ 12 2 ” 3 ' 4 


rs 

ST " }’ 


*4Ss-'7 
' 4*2 


24 Ki ^“.2 1 

s: j’ 

3 j. 2 _l? 1 
j : * r " 2 D / 

1 

V 

c f/ ^ 

2 '- i - 4 -^ ! 

E -*- s 7 -»i 
29- I -5*1 =2 
2r. 3 . rfT 
5 ~2y~"“*'' • 


I- [C.n.iS 79 ] 


rc.XJ.lSSTi 


26--' '-1='^- I 

I 

X * y ' / 

1 

Mr’ 1 

*>• 5 ^ 1 -" 


^rc. U. 1670: 
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11. Problems leading to Simple Eqnations with more 
than one unknown quantity 

120. Easy Problems. 

_ ^ Example _1. A and B aaoh had a number di mangoes. A said to 

-“> you give me 30 of your mangoes, my number will be twice 
yours.^^ B replied, ''li you give me 10, my number will be thrice 
yours. How many had each ? 

Let a!=the number of mangoes A had, 

and y= „ ., „ „ B „ . 

Then, in accordance with what A said, we must have the equation 

a:+30=2{y-30): - - - (1) 

and in accordance with jB’s reply, we must have the equation 

2/+10=3{®-10). - - (2) 

Prom (2), 3x-y=iQ, or, 6a;-2y=80; (3) 

and from (1), a:-2y=— 90. ••• ^ (ti 

Hence, by subtraction, Sa^lTO; ^ «=34. 

Substituting this value of x in (4), we have 

2j/=34+90=124 ; i/=62. 

/ 

Thus, A had 34 mangoes and B had 62. 

Example 2. A certain fraction becomes 2 when 7 is added to its 
numerator, and 1 when 2 is subtracted from the denominator. What 
is the fraction ? 


Let 


^ represent the fraction. 


Then, we have 


g + 7_n 
V 


and 


Prom (1), 
Prom (2), 

Therefore, 



a: + 7=2y 


x=2nj-l \ 
x= ij^2 f 


2y-7=i/~2, whence 7/=5. 


Hence, x—6—2—3. 

Thus, the fraction is f. 


- ( 1 ) 
... ( 2 ) 
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Example 3. Two men^nd 7 boys can do in 4 days a piece of work 
which would be done in 3 days by 4 men and 4 boys. How long wouldi 
it take one man or ond boy to do it ? 

Let !B=the number of days in which one man would do the work, 

and i/=the number of days in which one boy would do it. 

Then, in one day a man does ^ th of the work and a boy does - th. 

of it. 


Hence, since 2 men and 7 boys do ith 
we must have 


of the work in one day, 


2 ^ 1 ^ 1 , 
X ^ y 4 


{!)• 


' Again, since 4 men and 4 boys do Jrd of the work in one day, 
we must have 


4 4 ^ 1 . 

x"^ y 3 


( 2 )- 


Multiplying (1) by 2, and subtracting (2) from the resulting equa- 
tion, we must have 


10 1 1 _1 
y "2 “ 3“6 ’ 


®=60. 


Hence, from (1), 


4 

X 


1 1^_4 

3 “15 15’ 


31 = 15. 


Thus, one man would do the work in 15 days and one boy in- 
60 days. 


Example 4. Two plugs are opened in the bottom of a cistern 
containing 192 gallons of water ; after 3 hours one of them becomes 
stopped, and the cistern is emptied by the other in 11 hours ; had 
6 hours elapsed before the stoppage, it would have only required 6 hours- 
more to empty it. How many gallons will each plug-hole discharge in 
one hour, supposing the discharge to be uniform ? 

. Let X, y be the numbers of gallons of water which the plugs can 
respectively discharge in an hour. 

In the first case, the first plug remains opened for 3 hours, and 
the second for 3+11 or 14 hours. 

Hence, 3a;+14i/=192. — ••• ••• (1) 

In the second case, the first plug remains opened for -6 hours, and 
the second for 6+6 or 12 hours. 

Hence, 6x+12y=192. — •" ••• (2)- 
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Multiplying (1) by 2 and subtracting (2) Irom the resulting equation 
■tvo have , ’ 

16y=2xl92-192=192 : y=12. 

Hence, from (2), 62 :«= 192-144 =48 ; a:= 8. 

Thus, the plug-hoks respectively discharge 8 and 12 gallons in an 

hour. 


Example ,5. The dimensions of a rectangular court are such that 
if the length were increased by 3 yards, and the breadth diminished by 
the same, its area would be diminished by IB square yards ; and if its 
length were increased by 3 yards, and its breadth increased by the same, 
its area would be increased by 60 square yards, find the dimensions. 

[G. U. 1888] 

Let .T yards “length of the court, 

and y yards=its breadth. 

Then from the first condition of the problem, we have 

(®+3)(y-3)=iry-18 ; ••• ••• (1) 


and from the second condition. 

(a:+3Xy+3)=a;y+60. (2) 

From (1), 3y-3i=-9, or, y-a:=-3. •• ••• (3) 

From (2), 3y+Sa;=51, or, 3/+a;=l7. ••• ••• (4) 

From (3) and (4), by addition, 

2y=14 ; y=7 ; 

and by subtraction, 2i=20 ; a; =10. 

Thus, the length of the court is 10 yards, and the breadth is 7 yards. 


Example 6. There is a certain number, to the sum of whose digits 
if you add 7, the result will be three times the left-hand digit ; and if 
from the number itself you’subtract 18, the digits will be inverted. Find 
the number. 

Let X and y be the left and right-hand digits respectively ; then . 
the required number is represented by lOr+y, and the number with 
inverted digits =10y+ 1. 


Hence, by the conditions of the problem, 

a!+y+7=3a;, ••• "■ (1) 

and (10j;-by)-18=10y+!n. ••• (2) 

From(l), 2a:-y=7; — - - (3) 

and from (2), 9j:-9y=18. or, a;-y=2. — - (4) 



XVIII,] 


SIMPLE SIMULTANEOTIS EQUATIONS 


191 


Subtracting (i) from (3), we have 

a:=7-2=5. 


Hence, from (4), y = 5 - 2 = 3. 

Thus, the required number is 53 

Example 7. A and S play at bowls, and A bets B three shillings 
to two upon every game ; after a certain number of games it appears 
that A has won three shillings ; but if A bad bet five shillings to two 
and lost one game more out of the same number, he would have lost 
thirty shillings. How many games did each win ? 

Lot aJ= number of games that A won, 

.and y= ,, ,, ,, „ H . 

Then, the total number of games played is evidently x+y. 

Now, since A receives from B, 2s. for every game that be wins and 
gives H, 3s, for every game that he loses (i.s., for every game that B 
wins), his total gain must be equal to (fix — 3y) shillings. 

Hence, 2a:-3y=3. ••• ••• (1) 

According to the other condition, A would have gained 2(a:-l) 
shillings and lost 5(y+l) shillings ; and, therefore, his total loss would 
have been [5{y+l)-2(!B-l)] shillings. 

Hence, 5(y+l)-2(a:-l)=30, 

or. 5y-2iir=23. ••• ••• (2) 

IVom (1) and (2), by addition, 2y’=26 ; y=13. 

Hence, from (1), x = “21. 

Thus, A won 21 games and B won 13 games. 

EXERCISE 66 

1. What fraction is that whose numerator being doubled and 
denominator increased by 7, the value becomes f ; but the denominator 
being doubled, and the numerator increased by 2, the value becomes f ? 

2. Find two numbers such that if the first be added to 5 times the 
second, the sum is 52 ; and if the second be added to 8 times the first, 
the sum is 65. 

3. Find two numbers such that five times the greater exceeds four 
times the less by 22, and three times the greater together with seven 
times the less is 32. 

4. What numbers are those whose difference is 45, and the 
quotient of the greater by the less is 4 ? 
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5. There are two numbers such that one-fourth of the greater 
added to one-third of the less is 11 : and if one-fifth of the less be tglrpi 
from one-eighth of the greater,- the remainder is nothing ; find tfc» 
numbers. 


6. A certain fraction becomes i when 1 is subtracted from its 
denominator, and 1 -when 7 is added to its numerator. What is the 
fraction ? 

7. What fraction is that which, if 1 he added to the numerator, 
becomes 1. and if 1 he added to the denominator, becomes i 7 [C.TJ. 1S6-2] 

8. A certain fraction becomes i when its numerator is increased 
by unity, and i .when its denominator is increased by unity. What is 
the fraction ? 


9. A and B have 39 rupees between them, but if A were to lose 
two-thirds of his money, and B three-fourths of his, they would then 
have only 11 rupees. How much has each ? 

10. Two numbers are such that if 7 be added to the less, the sum is 
twice the greater, and if 4 be added to the greater, the sum is 3 times 
the less. Find the numbers. 


11. Two persons, 27 miles apart, setting out at the same time, meet 
together in 9 hours if they walk in the same direction, but in 3 hours ii 
they walk in opposite directions ; find their rates of walking ? 

12. A banker was asked to pay £10 in sovereigns and half-crowns, 
so that the number of the latter should be exactly twice that of the 
former. How must he do it ? 


13. A man and a boy can do in 15 days a piece of work which 
would be done in 2 days by 7 men and 9 boys. How long would it take 
one man to do it ? 

14. A rectangle is of the same area as another which is 6 yarfe 
longer and 4 yards narrower ; it is also of the same area as a thua. 
which is 8 yards longer and 5 yards narrower. What is its area ? 

15. If 15 lbs. of tea and 17 lbs. of coffee together cost £3. os. 
and 25 lbs. of tea and 13 lbs. of coffee together cost £4. 6s. 2d., find the 
price of each per pound. 


16. A takes 3 hours longer than B to walk 30 miles ; but if he 
doubles his pace he takes 2 hours less time than B ; find their rates oi 
walking ? 

17. Says Charles to William, "If you give me 10 of your rnwhles, I 
shall then have just twice as many as you” ; but says William to Charlej, 
“If you give me 10 of yours, I shall then have three times as many as 
you.” How many had each ? 

18. Es. 1100 are -so divided among A, B and C, that if A were to 
give B Es. 200, B would then have twice as much as A. and three time^ 
as much as 0. How many rupees did A, B and C each receive oriwnaUy • 

[C. u. 
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19. If a certain number be divided by the sum of its two digits the 
quotient is 6 and the remainder is 3. If the digits be inverted and the 
resulting number b^ divided by the sum of the digits, the quotient is 4 
and the remainder 9: Find the number. 

20. Find that number of 2 figures, to which , if the number formed 
by changing the places of the digits, be added, the sum is 121 ; and if 
the smaller number be subtracted from the larger, the remainder is 9. 

21. A bill of 25 guineas was paid with crowns and half-guineas ; 
and twice the number of half-guineas exceeded 3 times that of the 
crowns by 17. How many were there of each ? 

22. A person sells to one person 9 horses and 7 cows for £300 ; and 
to another, at the same prices, 6 horses and 13 cows for the same sum. 
What was the price of each ? 

23. A and B received £5. 17s. for their wages, A having been em- 
ployed for 16 and 5 for 14 days ; and A received, for working four days, 
11s. more than B did for three days. What were their daily wages ? 

24. A and B can do a piece of work in 16 days ; they work together 
for 4 days, when A leaves, and B finishes it in 36 days more. In what 
time would each do the work separately ? 

25. If the numerator of a fraction is increased by 2 and the 
denominator by 1, it becomes equal to ^ ; and if the numerator and 
denominator are each diminished by 1, it becomes equal to Find the 
fraction. 

26. A traveller walks a certain distance , had he gone half a mile 
an hour faster, he would have walked it in four-fifths of the time ; had 
he gone half a mile an hour slower, he would have been 2k hours longer 
on the road. Find the distance. 

27. A certain number between 10 and 100 is eight times the sum of 
its digits, and if 45 be subtracted from it, the digits will be reversed ; 
find the number. 

28. A and B lay a wa^er of 10$. If A loses, he will have twenty- 
five shillings less than twice as much as B will then have ; but if B 
loses, he will have five-seventeenths of what A will then have ; find 
how much money each of them has. 

29. A farmer wishing to purchase a number of sheep found that if 
they cost him £2, 2s. a head, he would not have money enough by 
£1. 8s, ; but if they cost him £2 a head, he would then have £2 more 
than he required ; find the number of sheep, and the money which he 
had. 

30. There is a number consisting of two digits ; the number is 
equal to three times the sum of its digits, and if it be multiplied b]^ 3, 
the result will be equal to the square of the sum of its digits. Find 
the number. 
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Koto 1, From Ihf nhovr it is clear that the graph of the egualtoni/=5 it a 
tlraighl line parallel to XOX'. • 

Note 2 (tenerally speaking, the graph of the equalimiZ’= a n a straight line 
parallel to the nxit of y. and passing through a point on the axis of x which is at a 
dvlanee of a unilt of length from the orupn . and the graph of the equation y’^btsa 
ttraight line parallel to the axis of r, and patting through a point on the nxti ofy, 
irkiek at a d’tloner af b tinifi of length from the origin. 

N'otc 3. Fftdrn/ly, therefoie, the graph of the equation x = 0 is the axit ofy 
it'elf, and the graph of the equation j/«=0 « the axis of x itself. 

Exnmpli: 2. If n point moves in such s rnennor that its x and // 
arc always connected hy the relation find tho path along which 
the point will move. 

Since when 3 i»= 0 1 and whona:=3 1 

we have, f/«»0 / , wohavo, y=9J 

Evidently, therefore, (0, 0) and (3, 9) are two positions of the 
moving point.’ 

Take the length of a side of a small square ns the unit of length. 



.Toin the points fQ, 0) and (3, 9), and produce Iho stniight lino 
i>oth wavs. Then this straight line will be the required path. 
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Take any point P on this straight line.'Tho co-ordinates of P 
are lonna to be 5 and 15, which evidently satisfy the given relation 
Similarly, the co-ordinates of any other point on this strai^t line may 
^ L • 1 ?^ satisfy tho given relation. But the co-ordinates of a point 
which IS outside the line OP will 920/ satisfy the given relation, as can 
be easily verified. 

Hence, the moving point iwU always he on the line OP and never 
stray out of it. 

Thus, _ it is found that if a point moves in such a way that its » 
and y are invariably connected by the relation y= 3 a;, the 'path along 
which the point will move is the straight line OP. In other words, 
the line OP is the graph of the eQuatlon j>=*3x 

Note. Generally speaking, the graph of the equation y=tnx, icherc m is any 
given ntmtber, is a straighi line passing through the origin. 

Example 8 . If a point mo^'es in such a way that its z and y are 
invariably connected by the relation i/=-4®+6, find the path along 
which the point will move. 

Prom the given relation, 

since, when ®=0 1 and w’hen a:= 3 1 

we have, y = 5 J ’ we have, y = - 7 ; 

Evidently, therefore, (0, 6 ) and (3, - 7) are two positions of the 
moving point. 

Let twice the side of a small squore represent the nnit of length. 
Join the points (0,8) and (3,-7), and produce the straight line both 
ways. Then this straight line will be the required path. [See the 
diagram on page 197.) 

Take a point P on this stralight line. The co-ordinates of P, which 
are found to be -1 and 9, satisfy the given relation. Take another 
point Q on the straight line ; its co-ordinates which are found to be 2 
and - 3 , also satisfy the given relation. Similarlj', the co-ordinates of 
any other point on this straight line may be shown to satisfy tho given 
relation. But if a point be taken outside the line PQ, its co-ordinates 
will not satisfy the given relation, as can be easily seen. Hence, the 
moving point will always be on the line PQ and never stray out of it. 

Thus, it is found that if a point moves in such a manner that its 
co-ordinates always sati 8 f 5 [ the equation y--iz+5, the path along 
which the point will move is the straight line PQ. In other words, the 
straight line PQ is the graph of the equation -4Je+5. 

Notel. Generally speaking, the graph of the equation y^Ttix-i-c, inhere m and 
c are any given ntemiers, is a straighi line passing through the point (a, e). 

Note 2. As every equatim of the first degree in x and y can he reduced to the 
form y^mx+c, it is clear that graphs of all simple equations are straight lines. 
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Mote 3. The graph of the eqttaUon p^ms+c is also said to be the graph of 
the expression nix+c. 



Note 4. The graph of any given equation may be defined to be the path 
described by a point which moves m such a manner that in every position of (he point 
its co-ordinates satisfy the given egitalion. 

Example 4. Draw the graph of the equation ?a: + = 11. 

When a;=0 \ and when a:=l \ 

!/=3| j i/=l| J 

Evidently, therefore, (0, 3f) and (1. 1^) are two points on the graph. 

Let 3 times the side of a small square represent the unit of length. 
Join the points (0, 3f) and (1, 1§), and produce the straight line both 
ways. Then this straight line will be the required graph. [See the 
diagram on page 198.] 
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Take any point P on the line ; its co-ordinates, which are {onnd 
to be d and - 3J, satisfy the given relation. Take any other point Q on 
the line ; its co-ordinates, which are found to be -1 and 6, 5so satisfy 
the given relation. Similarly, it may be shown that the co-ordinates 
of any point that may be taken on the line PQ will satisfy the given 
relation ; but the co-ordinates of any point which is outside PQ will 
iiof. Hence, the line PQ is the required graph. 



Note 1. The graph of the equation 7* + 3y = ll is also said to be the graph 
11~73c 

or the expression — 

Notes. The straight line PQ being the Igrapk of the equation 7a:+3y=ll^ 
this equation is said to be the equation of the straight line PQ. 

Note 3. The equation of a given ' straight line means the equation 
which is satisfied bq the co-ordinates of every point on that straight line. 

Bvnmplo 5. Find the equation of the straight line which passes 
through the points (1, 1) and (3, — i). 

Let y-mx+c be the required equation. 


XIX.] 


■GBAPHS OP SIMPLE EQUATIONS 


199 


This equation being satisfied by (1, 1) and also by (3, we must 

have 

1= m+cl Hence, 2»»=f and m= -f ; 
and-4=3OT+cj whence c=l+f=|. 

Thus, the required equation is j/= -|a;+J ; or, 3a!+4y=7. 


EXERCISE 67 

1. Draw the graphs of the following equations : 

(1) a:=8. (2) a:=13. (3) * + 11=0. 

(4) y= -7. (6) y-9=0. (6) y+10^0. 

2. Draw the graphs of the following equations : 

(1) y=x. {2)y=-x. {3) y>=2x. 

(4) y+22!=0. (5)y=-3x. (6) By = 5a:, 

(7) 7y+8a:=0. (8) 6y+13iE=0. 

3. Draw the graphs of the following equations : 

(1) y=3iE+4. (2) y=7a-8. (3)y=-5s+9. 

(4) v=-8a:-ll. (5) 3 j/“7!E+4. (6) -&y^7x-10. 

4. Draw the graphs of the following equations : 

(1) 2a:+7y=10. (2) 4ir-5y-7'=0. 

(3) 5a:+6y+8=0. (4) — 3ic+7y,+8=0. 

(5) 10i/-9a!=13. (6) 8a:-lly+13=0. 

5. Draw the graphs of the following equations : 


(1) l+i 


(4) !/ = 


y 

3 " 4 
5-7x 


1 . 


(2) f +:^=i- 

(5) y=- 


7 ^- 9 " 
9a: -13 


— +^=1 
-8^13 


(3) 

(6) f -f-1. 


6. Draw the graphs of the following expressions ; 


(1) a: -3. 
(4) 


(2) 3a;+4. 

(6) 


4 3 

(3) -7®+ 8. 

(6) 


3 r "" -5 

7. Find the' equation of the straight line which passes through 
each of the following pairs of points : 

(1) (0, 01, (5. 6). (2) (0, 5), (7, 0). (3) (6. - 8), ( - 7, 5). 

(4) ( - 4, 8), ( - 9, - 13). ■ (5) (- 11, 0). (7, - 10). 
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EASY QUADRATIC EQUATIONS AND PROBLEMS 

122 . Definition. Any equation which contains the square ot 
the unknown quantity, hut no higher power, is called a quadratic 
equation or an equation of the second degree. 

If an equation contains onlff the second power ot the unknown 
quantity (and not the first) it is called a pore quadratic ; if it contains 
the second as well as the first power it is called an adfected quadratic. 

Thus, 3a:® =75 is a pure quadratic ; 

and 3a:® - 7a:=6 is an adfected quadratic. 

123 . Solution of a Pure Quadratic. In solring a Pure 
Quadratic we have to find the square of the unknown quantity just in the 
same way as simple equations are solved and then to extract the square 
root of the value so found. 

Example 1. Solve 5(r®+l)-2=3(a:®+7). 

We hare , 5a:® +3= 3a:® + 31 ; 

hence, 2a;®=18 ; [by transposition] 

.*. a:®=9: 

now, since the unknown quantity is one of which the square is 9, it must 
be either +3 or -8. (Thus there are two values of ai satisfying the 
given equation, as the student can easily verify.) 

Note. The student should carefully observe that the last step of the above solu- 
tion amounts to answering the following question : ‘What quantify is that of tahMi 
the square is 9 7 

Example 2. Solve K® “ 2)(a- - 3) - jxix - 21){a; - 14) = 2. 

Mnltiplying both sides by 21, we have 

7(» - 2K® - 3) - (a: - 21)(a: - 14) = 42. 

The left side = (7a:® - 36a: + 42) - (a:® - 35a: + 294) 

=7a:® -35a:+42-a;®+35a:-294 
= 6a:® -252. 

Hence, the equation reduces to 

6a:® -252 =42, 

or. 6a;® =252+42, [by transposition] 

• i.e., =294. 
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Dividing both sides by 6, we have 
a® =49. 

Now, the tmkno^vn quantity is snch that its square is 49 ; 

. it must be diher + 7 or - 7. 

Hence, either or —7. 

Example 3. I'ind the side of a square whose area is equal to that ' 
of a rectangle of length 9 yards and breadth 4 yards. 

Let the side of the square = a yds. 

The area of the square=axa sq. yds. 

=a® sq. yds. 

Again, the area of the rectangle 

. =4x9sq. yds. 

=36 sq. yds. 

Hence, bj' the condition of the problem, 
a® sq. yds.=36sq. yds. 
or, a® =36, a=6, or, -6. 

Since, the actual length of the side of a square is a positive 
quantity, the solution a= -6 is inadmissible. 

. ■ . The required side = 6 yds. 

N. B. In problems leading io quadratic equations, the solutions which aie 
found inadmissible by the condition of the problem should be rejected. 


EXERCISE 68 

r 

Find the values of a in each of the following equations : 


1. 3a® =27. 2. a®a®=o*. 3. 4a®=28. 

4. 8a+ - =w®- 5. 2(a®-5)+a(3-a)=3Ca+5). 

a ( 


6 . 

7. 

9. 


(a - 7)(a - 10) + (a - 3)(a - 2) = (a - 17)(a - 5). 


2a®+10_„ 50+a® 

15 ' 25 ' 

a® + 26a - 6®=ffl®-6(6 - 2a). 


8. (a+fl)®-2a(<i+a)=3a®. 
10. ga(3a+5)-5a(a+2)=36. 


.. 3a®'+15^2a®+9_2a=+87. „ 

11 . 7+3 21 

12. Find the number four times which is equal to sixteen times its 
reciprocal. 

13. Find the side of a square three times the area of which is 
equal to four times the area of a rectangle whose length and breadth 
are respectively 9 yards and 3 yards. 
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14. A has got a square plot of land -which he exchanges with a 
rectangular garden of area 91 sq. yds., belonging to B and gains by the 
transaction an area of 10 sq. yds. iPind a side of the square plot. 

15. Divide a straight line of length 10 ft. into two portions such 
that five times the square on one exceeds the square on the other by 
twenty times the former portion. 

L2i. Solution of a Quadratic by the method of resolution 
into factors. Deducing a Quadratic to the form ax~ + bx+c=Q, 
if we know the factors of which the left-hand side is the product, 
then by equating to zero either of these factors, we get a solution of 
the quadratic. 

lilxample 1. Solve a®— 52?+6=0. ' 

Evidently the left-hand side=(a-2)(a:-3). 

Hence, we have (®-2)(»-3)=0. 

.‘.Either a-2=0 1 a-3=0 1 

and .'. j ’ and .’. x=3 J 

Thus, 2 and 3 are the roots of the equation, as the student can 
easily verify. 

Example 2. Solve 2a:® — 10a: =3® -15. 

We have 22:(a:-5)=3(»-5) ; ••• ••• (1) 

.-. (2a;-3)(®-5)=0. 

Hence, either 2a!-3=0 1 ®-6=0 1 

and J ’ and .'. ®=5 / 

, Thus, y and 5 are the roots of the equation. 

Note. The solutim also follows at cnee from equation (1) ; for ®-6 being a 
factor common to bath sides the equation evidently holds good when this factor is zero, 
i^., when x=5, and evidently also, the equationis satisfied when Sa!=3, or a: = f ; 
therefore, 6 and 1 are the roots of the equation. The student will thus observe that it 
is not always necessary to transpose all the terms to the left-hand side of the equation. 

Example 3. Solve 10(2®-^3X®“3)■^■(7®+3)®=20(a:+3)(a;-l). 

We have, 10(22:®-3®-9)-f(49®®-F42a:-f 9)=20(a;®-f-2a:-3) ; 

49®® -28® -21=0, 

7®®-ic-3=0, 
or, (7®*-7®)-b(3®-31=0, 

(7®-f-3Xa:-l)=0. 

-5-1 = 0 
and .'. ®=1 

Thus, -T and 1 are the roots of the equation. 


Hence, either 7® +3=0 \ 
and .'. X— — -f J 
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Example 4. Find the number -which exceeds sixty-five times its 
reciprocal by 64. 

Let X be the required number. 

Then, by the condition of the problem, 



Multiplying both sides by x, we have 
a:=‘-65= 64iE, 

or, a:® -64® -65=0, [by transposition] 
or, (a; - 65)(a; + 1) = 0 ; [by factorisation] 

.'. Either a!-65=0 1 fl a! + l=0 \ 

t.e.. x=65 j te, x=-l J 

Hence, the required number is either 65, or, - 1. 

EXERCISE eg 


Solve the following equations : 



1. 

3®®-12a!+l=6a:-23. 

2. 

4a:® -4a: =80. 

3. 


4. 

®®+ga:-62=0. 

5. 

a:®-|a:-4=0. 

6. 

6a:® + 5a:-4=0. 

7. 

3(a:-2)®=18-f-(8!c+l). 

8. 

a:® <"®=2 

9. 

21®«-16 7 5 

3a:* -4 ° 

10 

x^-(a+b)x+a5=0. 

11. Find two numbers whose product is equal to 399 and sum is- 
equal to 40. 


12. Find the number whose square exceeds ten times itself by 96. 


13. Find the number which exceeds 12 by as much as thirty-nine 
times its reciprocal falls short of 4. 

14. The difference between the ages of a man and his son is 25 
.now. If the product of the numbers denoting their ages, ten years 
back, be 150, find the present age of the father. 

15. The length of a rectangular garden of area, 100 sq. yds. axceeds 
its breadth by 15 yards. Find the cost of.fencing it by wire-net the 
price of which is 8 annas per foot. 
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1. Define Highest Oommon Factor and Lowest Gammon Multiple 
of two or more algebraical expressions. Find the H. 0. F. and L. C M 
of 36a:®o*c®, 24a:y°a®6* and 240j/®ffl®6®c. 


2. Factorise the following expressions and find their H, 0. F. : 
aj®-6a!+9and 4a:®-lla;-3. 


3. Find the L. 0. M. of 

ah - flc — ft® + he and h® - 12a<; — 4a® - 9c®. 

4. Resolve x^+p^+ixy—1 into elementary factors and show 
that the H. 0. F. of this and 2(x~^xy-x) + By(x+y)-(7+3y) + 7x+7ii is 
x+y-1. 

5. If 2s=a+b+o, show that 

2he + (h®+c®— o®) _ s(s — a) 

2hc— (i®+c~-a®) (s — h)(i - c)" 

6. Reduce the following to its simplest form : 

a!° X* 1 , 1 

®®-l~a:® + l”®®-l^it®+l’ 


7. Solve ax+l=by+l-ay+bx. 

8. One pipe can fill a cistern in a hours ; another can do it in 
b hours ; in what time could the two running together fill it ? And if 
a third pipe could empty the cistern in o hours, how long would it take 
to do this if the first two were running at the same time ? 

n 


1. Und the H. C. F. of 

7a:® - 26® +15 and 5®(® - 1) + 3f3® - 11) - 24. 


2. Find the L. C. M. of 

x^+bx^+ax+ab and x'~{a—b)x—ab. 

3. Reduce the following to their simplest forms : 

(3 ®*y®-3r ®y*)® . 3 fa®-®-30)C®°-9a; + 14) 

' (2®®y — 2®j/*)® ' ^ (®® — 13a:+42)(®® + 3® — 10) 

4. Find the value of 

+ ,vhen®=a® + &® andy=a®-&®. 
x-y x+v . 

, Q. (2®- 9)®-(®-6)=’ . . 2(®-3)® . . 

5. Simplify -^-iOx+25) ^3(®®-8a:+16) 
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6. Show that 

23® - . 2®® 5r , , , ■ 

3 -12® "^8 ' i contains -g — g +las a factor. 

7. Find the value of ®, when 

5 /o 3 


f(2®-U)-|(®-5)=|-aO-®). 
8. Solve ax+by^c" and 

0 a 


111 

1. Find the H. C. F. of a®®®+ffl'‘-2o6®® + 6®®“+o*6®-2o*i and 
2o®®* -6a*®® + 3a® - 26®®* + 5a®6®®® - 3a*6®. 


2. Find the L. 0. M. of ®®+®*+®®+®® + ®+l and ®®-®*+®® 
-®®+®-l. 

3. Find the H. 0. F. of ®®-9, (®+3)® and ®®+®-6. [0. U. 1910] 

4. State and prove the rule for finding the Lowest Common 

Multiple of two algebraical expressions. [B. TJ. 1902] 


Find theL.O. M. of®® + (a+ b)x +a6, ®®— 6® and ®® + (o - 6)® — ah. 


5.. 


Simplify 


1 ( ®+3 ®-5 \ 1 

«i \®“+®-6'’®®-3s-10/ ®*+4* 


6. Solve a®+i/=®+6i/=M®+y)+l. 

• 

7. An income of £196 is derived from two sums invested, one at 
4 per cent., the other at 7 per cent, per annum ; if the interest on the 
former bad been 5 per cent., and on the latter 6 per cent., the income 
derived would have been £212. Find the sums invested. 


8. Find the value of ®, when 3(®® — 4) ■= 15. 


IV 

1 Define H. C. F. and L. C. M. of two or more algebraical 
expressions. 

If E and L denote the H. C. F. and L. C. M. respectively of two 
algebraical expressions A and B, show that 

HnL=Ay.B. 

2. Find the H. 0. F. of ®®-y®, ®®-2®y + y® and ®®-y®, and 
show that when their L. 0. M. is divided by ®®+!Ey+y“ the quotient is 

3. Find the defect of ^om 
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4. 


SimpUfj-^ 


1 : 2 to 


5. Showthat (a+j/f -(i/+AF=3(a!-z)[(a;+i/)fe+2)+|(a;-z)®J. 

6. A number of three digits has 5 in the unit’s place and the 
middle figure is half the sum of the other two ; if 108 be added to the 
number, the hundred’s figure will take the place of the unit’s, and the 
unit’s, the place of the ten’s, find the number. 


7. If 3 be added to the numerator and denominator of a certain 
fraction, the fraction becomes ^ ; if 5 be subtracted from the numerator 
and denominator, it becomes Find the fraction, 

8. Solve 5(ar=^3a:+ll)+3(a:®+2a:+4)=3{3a;®-3a:+l). 


V 


1. Find the H. 0. F, of a:*-(a“+6®)a;®+fl®6® and x*-(a+b)^s:^ 
•+2ab(a+S)z~a"b^. 




2 . 


3. 


4. 


5. 


Find the L. C. M- of 35a;® — 11s -6 and 40s®— 29s +3. 
Beduce to simplest form : 


/ 2i _ s® 2v \ 

(1 

+ 11 


2 

+1\ 

\s+^ s^-y® s-®/ 

Is 

^ y/ 

's-y 

s 

y) 


Simplify 


a^+bc-i-ca-f-ab a®+8c® ■ 

a® + 26c+2ca+ah a*+a®c®+6oc®+4c* 

« 


Show that 


s+2 

i+s+s® 


s-2 2s® -4 . 4s*+8 _ 

1— s+s® 1— s® + s*'*s®+s*+l' 


6. A and B travel together 120 miles by rail. A takes a return 
ticket for which he has to pay one fare and a half. Coming back they 
find that A has travailed cheaper than B by 4 annas 2 pies for everj- 
100 miles. Show that the fare per mile is 2 pies. 

7. The expression as+ h is equal to 13 when s is 6, and to 29 when 
s is 13. Show that the value of the expression is 4 when s is ‘5. 

* 8. The defect of 4 from twice the square of a number is 28. Find 

the number. ■ 


VI 

1, Find the H. C. F. of 

3s®— 18s® + 33s— 18, s®— 5s+6 and s® -3s-f-2. 

2. Find the L. 0. M. of as® - (a® + ab)x+a% hs® - (h® + bc)x + h®e 

and cs’=-(c®+tfc)»+c*a. 
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3. There are two quantities a and b of which the L. 0. M. is 
®, and the G. C. M. is j/ ; if a‘ + y—ma+^ • show that !r® + 7/®=OT®a® 


m 

Simplify + 

^ x^+xy+v ir+yz+z’^ z^+zx+x- 


771 


5. If V- 


a + b 


show that 


in * - 

W _9_,,2 = ^2_ 1,2 


a‘ + b- 


(« 


a^-b ^ 
a» + 6®‘ 


6. Solve K7ic-5)+ A(34a-+10)- ^ ^- _i8. 

7. A market-woman bought apples at three for a pehny and as 
many more at four for a penny ; and thinking to make her money again, 
she sold them at seven for 2d. She lost, however, 3d. by the business. 
How much did she sell them for ? 

8. Solve (2a: + 3)(a; - 5) + (a- + .5)(3a; + 1) = 34 + (a: + 4)(a: + 5). 

VII 

1. Find the H, 0. P. of r®-7a:® + 6a:-35, a:* + 8a:® +16 and 
.a:»(a:® +8) - 7(a:* + 16)+ 15a: - 56a:®. 

2. Find the L. C. M. of ab — ac + bc — b^, 5c-o6+ac-c® and 
ac-6c+a6-a®. 

3. The H. G. F. and L. 0. M. of two numbers x and y are respec- 
tively 3 'and 105 ; if a:+ j/=36, prove that 

x^ y °°35 


4. Simplify 


5. 


Find the value of when x- 
x-y 


a+b 

’a-b 


and y- 


^a-h 

a+b 


6. Show that if a number formed by two digits is four times the 
sum of its digits, the number formed by interchanging the digits is _ 
seven times their sum. 

7. Solve 3a:+20 =4t/-10 I rn TI 18951 

4{a:-l)-3{ii-3)=0 1 LUU.iay&J 

8. Find the number, the square of which exceeds 7 by as much as 
the square of half the number faUa short of 13. 



OHAPTEB XXI 

HARDER FORMULAE 


TVe shall now consider some important formulce of a somewhat 
harder type than those treated of in Chapter 

126. Formula (x+a){x+b)(x+c) 

= jc® + (a + 6 + c)x* + (&c + cc + fl6)*+ a6c. 

Note. I'hc student can easilp verify this. It is also evident that the following 
results are included in it : 

(aj— o) {*-“&)(* “o) '-(fl+l>*t-c)a® + (6c+co+ob}a/— obc . 
(*+o)(a!+J)(a— e) =**+{0+6— c)x* — (6c+cfl— oft)*— oic ; 
(a+fl)[»-b){a:-c) =a*+(a— 6-c)»° + {6e— co-a6)a+a6c. 

For instance, 

(a:-a)(»- 5 )(x-c)*={!E+(-a)M«+(-fe)}{a:+(-c)} 

=»’+{(-o)+(-M + (-c)}x*+{(-l.)(-cl 
. ' +(— c)(— o) + (— o)(— 6)}®+(-o)(— 6)(-c) 

= X* — (a + 6 + c)s* + (6c + ca + o&)* — o 5 c. 

Similarly, the other two results can be estahlisked, which is left as an exercise 
for the student. 

Esample 1 • "Write do^Yn the product of a; + 2, a; + 4 and a: + 6. 

2+4+6=12, ' 

4x6+6x2+2x4=24+12+8=44, 

2x4x6=48. 

Hence, the required produot=a:*+12x®+44a!+48. 

Esample 2. Write down the product of ® - 3, a: - 5 and sc- 7. 
(-3)+(-5)+(-7)=-15, 
(-5)(-7)+(-7)(-3)+(-8X-5)=35+21+15=71, 
(-3)(-5)(-7)=-105. 

Hence, the required product =a:® — 15a;® + 71a:! -105. 

TgroTiinU 3 . Write down the product of a:-4,‘a!+5 and a:-3. , 

(-4)+5+(-3)=-2, 

•(5X-3)+(-3X-4)+(-4:)(S)-=-16+12 - 20=-23, 
(-4)x5x(-S)=60. 

Hence, the required product =a!®- 2a!® -23a: +60. 
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Example 4. "Write down the product of as+3, s+5 and ®-8. 
3+5+{-8)=0, 

(6)(-8)+(-8X3)+(3X5)= -40-24+15« -49. 
3x5x(-8)=--120, 

Hence, the reqd. product = a® - 0,®® - 49® - 120 =®® - 49® - 120. 
EXERCISE 70 


Write down the product of : 


1. 

®+l, ®+2 

and a' 4- 3. 

2. 

a4-2, a-f5 

and 

a4-7. 

3. 

®+3, ®— 6 

and a 4- 2. 

4. 

a4-4, a4-5 

and 

a-10. 

5. 

ffi-8, ®+3 

and a 4-1. 

6. 

a — ' 6, a — 2 

and 

a4-8. 

7. 

®-3,®+7 

and a -4. 

8. 

®4-6, a— 5 

and 

a-7. 

9. 

®-6, ®-7 

and a -11. 

10. 

a— 3, a— 6 

and 

a-9. 

11. 

®+4, ®-5 

and a -12. 

12. 

®4-5, a4-9 

and 

a 4-11. 

13. 

® — 6, a + 8 

and a -2. 

14. 

a-3, a-7 

and 

a -13. 

15. 

®— 3, ®+12 

1 and a 4-4. 

16. 

a-9, a-10 

and 

a 4- 12. 

17. 

a+9, ®-5 

and a -7. 

18. 

a4-8, a4-12 

and 

a4-16. 

19. 

a— 14, ®+6 

I and a4-6. 

20. 

a-5, ®-10 

1 and 

a -16. 


128. Squares of multinomials. It his been respeotirely shown 
in examples 4 and 5 of Art. 51 that (ffl+6+c)®=o“+6®+c®+2a6+2ao+ 
2ba and (c[+5+o+dJ®*=fl®+5®+c®+d®+2a6+2ao+2acf +2bc+2bd+2cd. 

Thus, in each of these oases we may observe that the square of the 
whole expression is obtained by taking the sum of the squares of the 
different terms and of twice the product of each term by every term 
which follows it. The results are best remembered when put as follows : 
(ffl+6+c)®=fl®+i®+c®+2fl(6+c)+2Jc ; 

{a+6+c+dJ®=(i®+6*+c® +d® +2'r(6+c+d)+36(c+d)+2cd 

The same rule may be shown ko hold in every other case ; for 
instance, let us find the square of a+b+o+d+e. 

We have, 

{tt+6+c+d+fi)®={(a+6+c)+(d+c)}® 

=(a+6+c)®+2{a+6+cXd+e) +(d+c)® 

+i® +c^ + 2a{b+c)+2bG\+{2a(d+e)+2b(d+e) 

+ 2c(d +e)}+(d®+e®+ 2 d 0 ) 

=a®+6®+fl® +d®+s®+2a{i+c+d!+e) 

+ 2i>(c + d + c) + 2c{d+ c) + 2de. 

Hence, we conclude that the square of any multinomial is equal to 
the sum of the squares of its different terms together with twice the 
product of each term by every term which /oliows it. 

1-14 
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It is needless to add that the above riile will also hold good whan 
the mnltmomial under consideration contains one or more negative 
terms, for the symbols us6d above are perfectly general in character and 
any of them may stand either for a positive or a negative q^uantity. 

Note. Siricc (o+2>+c)®=«*+6*+c’+2(a6+ac+&£:), we have 

2(n6+oc+lic)={a®+6*+c®+2(a6+ac+6c)l-(a*+6’+c'’) 

= (a+ B+c)’’- (o* +t“ H-c”). 

Similarly, o’ +6’+c° = (a+&+c)’— 2(a&+ao+6c). 

Hisample 1' Write down the square of x-y+z-v. 
(a:-y+r-D)'=a:®+y"+s“-l-»“+2aK“y+s-»)+2{-y)fa-D)+2z(~t)) 
=x^+y~+z’‘+v--2xy+2xs-2xv-2ys+2yv-2sv. 
Example 2. Write down the square of -o+25— 3c— d. 

(— a+26-3c— d)®*=a®+46®+9c®+d“+2(— a)(26— 3c— d) 

+2{26X-3c-d)+2{-3cX-d) 

=«■ + 4i>“ + 9c® + d® - 4ob + 6ac + 2ad 

-126c-46d+6cd. 

Examples. Find the value of o® + 6®+c®+2a6-2ac-2bc, when 
0=19, 6=18 and c=32. 

The given expression =o®+6®+c®+ 2a(6 - c) + 25( — c) ={a + 6 - c)®. 
Hence, the required value = (19 + 18 - 32)® = (5)® = 25. / 

Example 4. Ifa:=6+c, j/=c-a, z=a-6, prove that 

x~+y°+z~—2xy—2xz+2yz=ib^. [0. U. 1883] 

s® + j/® + 2 ® — 2a;y — 2a:z+ 2ys 

=a:®+y®+2®+2i(-y-2)+2(-yX-^)'=(»-2/“2)® 
=X&+c)-(c-a)-{a-6)p=(26)= = 46®. 

EXERCISE 71 
Write down the square of : 

1. a:4-y-z. 2, x-y+z. S- -x+y+z. 

4. -x-y+z. 5. x-y-z. 6- a-x+y-e. 

7. a-x-y-'z. 8. m+n-i-p+q+r. 9. p~q+r-x~y. 

4Q, — 0+6— c+ic- y — 2. 11- a — 2® — 3y— 42. 

12. 2a-b+2c-d. 

Find the value of ; 

13. I" +?»® +M® - 2lm+2ln-2mn, when 1=17, to= 23 and »t=13. 

14. p®+g®+r®+ 2 pg- 2 pr- 23 r, when p=16, q=12 and r=25. 

15. o®+6®+c“"2a6-2oc+26c, whan o=28, 6=13 and o=15. 

16. a:®+y®+l+2a:p-2a:-2y, when ®=6 and y=7. 
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17. iS® + i/"+2a:2/ — 2a!-2i/+36, when *=23 and y=18. 

18. a;“+4y®+l~4a:?/-2a!+4^, when a; =26 and 2 /= 12. 

19. a5®+9y® — Gasy — 2a!+6j/ + 64, whana!=49 and{/=16. 

20. Ox^+i/® — 6sj/+6a:-2j/— 24,'whBna!=14 and i/=38. 

21. If ft+6+c=12 and a® + 5®+c®=50, find the value of fflJ+oe+ 6c 

22. If tt + 6 + c = 13 and a6 +fio + 6c = 50, find the value of a® + 6® + c®. 

127. Powers of Binomials : Involution. 

By actual multiplication it may be seen that 

(a+6)®=a®+2fl6+6®l 
{a - 6)® = a® - 2a6 + 6®j 

(a + 6)® = ffl® + 3a®6 + 3ffl6“ + 6®\ 

(a - 6r = o® - 3a®6 + 3a6® - 6® j 

(a + 6)* = o* + 4ffl®6 + 6o®6 ® + 4fl6® + 6*1 
(a-6)*=a*-4a®6+6ffl®6®-4fl6®+6*/ 

(ffl + 6)® = ffl® + 5fl!*6 + 10a®6 ® + lOa® 6® + Sab* + 6®1 
(ffl - 6)® = a® - 5a*6 + 10a®6® - 10o®6® + Sah* -h*j 

(a + 6)« = a® + 6a®6 + 16a*6® +20a®6® + 16a®6* + 6ffi6® +6*1 
(a - 6)® = a® - 6a®6 + 16o®6® - 20a®6® + 16a®6* - 6o6® + 6®/ 

/ 

Note. On examining the above cases iie observe that : * 

(1) The total numbet of terms in the lesulhng exjpiesswn is one mote than the 
index of the binomial. Thus, in the fifth powet the niimbci of terms is six, in the , 
sixUt power the number of terms is seven , and so on. 

(2) Angpowei of a— b dilfets ft am the same power of a + b only in this that 
the signs of the terms of the former aie alternately + and —, whilst those of the 
lattei are all + . 

(3) The first term IS a raised to a poioir equal to Hhat of the binomial, and the 
last tei in is b raised to the same powei Thus, in the fourth poiiei , the first term is 
a* and the last b* , in the fifth power, the fast teim is a‘, and the last b‘ , and so 
on. As to the other terms the powei of a in any teim is one less, whilst the powei of b 
IS one greater than that in the preceding lei m 

(4) The co-efiietent of the second teim IS the same os the iiides, of the power to 
which the binomial is raised ; and if the eo-efficieiU of any term be multiplied by the 
index of am that term, and divided by the number indicating the position of that 
teim, the lesull gives the co-efficientaf Ihenexlteim. Thus, if we multiply theeo- 
ef^ient of the second term by the index of a in it and divide the product by itvo, we 
gel the eo-efficient of the 3rd term ; again, if the co-effieient of the third let m be 
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viuUiplicd by the index of a in it and the product divided by three, vie oWoin the 
^co-efficient of the 4lh term ; and so on. 

(5) The co-efficients of the tei ms eguidtslanl from the beginning and the end ore 
the same ; in other leords, the co-effieicni of the term which has any number of term 
before it, is cgiial to that of the term which has the same number of terms after it. 

The laics obscried above, a proof of the universal truth of which is beyond the 
scope of our limits, furnish us with a ready means of raising a binomial to any power 
toilhotil the process of actual ninltiplication. The following examples are intended to 
illiislrale the application of those laics. * 

[The resulting expression in each ease is called the expaneton of the eorrei- 
ponding potcer of the binomial.]. 

The operation of raising any expression to any power is called Ineolation. 


Example 1. Baiso a+Jf to the seventh power. 


Tlio total number of terms in the expansion «8. 


Tho first torm*=fl^ 

„ 2nd „ *=7a®6 
„ 3rd „ 

4th 


[Laws (3) and (4)] 


Now’, since tlio four terms from tho end will havo rospe otivoly the 
same co-cfllcients as tho four terms from tho beginning [la w (5)], the 
next four terms of the expansion will respectively be 35n® 6*, 21o®bS 
7ai® and b’’. 


Hence, wo have 

(a + bT = a'^ + la^b + 21a®fc= + + 35 b® 6* + 21a=6'' + 7a6'- + fcL 


Example 2. Expand (x-y)®. 

Tho total number of terms in the expansion =9. 


Tho first term=®® 


2nd ,. 
.. 3rd „ 

,, 4tli ,, 

I, 5th ,, 


= -8a:’» 

“ 28a:'’y® 


[Laws (2), (3) and (4)] 


The oo'oflioients of tho remaining four terms need not he calouloted 
as the co-elfioients of tho first four terms only will now reappear in the 
reverse order. ’ 


Hence, wo have ' 

(a: - 5 /)® c= s® - as’y + 28x®y® - 66s®y ® + 70x*y * - 56a:®y ® 

+28x® 2/® -8x1/’ +y®- 
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Examples. Expand (2®- 8y)^. 

The liotal number of tierms in the expansion »8. 

As we have 2® for a and 3y for 6, mnsfc have 
The first term = (2®)’ 

2nd =-7(2®)®C3y) 

■ 3rd = 2t(2®)«(3y)* ' 

„ 4th „ =-2J^W(3 i/)®=-35(2®)W J 

We can now write down the remaining four terms which will 
Mspeotively be ®(2®)®(3y)*. - 21(2a!)®(3j/)®, 7(2®)(32/)® and-(3y)^. 

Hence, we have 

.e2®-3if)^=(2®}» - 7(2®)®(3y)+21(2®)®(3i/)» -35(2®)*C3 p)® 

+ 35(2®)®(3i/)* - 21{2®)®(3!/)® + 7{Q®)(3y)« - (3y)^ 

=128®’ - 7(64®“X3y)+21(32®''X9y®) -35(16®*)(27y®) 

+ 35(8®»)(81y *)- 21(4®“X243y®) + 7(2®)(729y “) - 2187y ’ 
= 128®’ - 1344®“y + 6048®''y“ - 15120®*y ® + 22680®*«* 

- 20412®’® s + 10206®®® - 2187®’. 

'Example 4. Find the value of 

®® + 6®* + 18®* + 20® ® + 15a® + 6® - 8, when ® = ?/3 - 1. 

The given expression 

= (a® + 6®* + 15a* + J20®® + 1 5®® + 6® + 1) - 9 

=(®+l)®-9 

=(V3)®-9=9-9=.0. 


EXERCISE 72 


Expand : 

1. (a+1)®. 

2. 

(a+D®. 

3. 

(a +5)®. 

4. 

(a+6)». 

5. (a-®)®. 

6. 


'7. 

(a +2)*. 

8. 

(a+2)». 

9. (a+1)®. 

10. 

(a + 3)*. 

11. 

(a-D®. 

12. 

(2-s)«. 

-ftS. (2®-l)*. 

14. 


15. 

(3® -2)®. 

16. 

(l-fl)«. 

17. (l-c)’. 

18. 

(1-3®)®. 

19. 

(1-2®)’. 

20. 

(2a -a)®. 

^1. (a-a)*°. 
Simplify : - 

22. 

(3® -2a)®. 






'23. {a+l)®-(®-l)*. 24. (®-l)®+{®+l)®. 25. (®+a)’-(a-o)’. 

Find the sum of the oo-efiloients in the expansion of : . 

:26. (®+o)*. 27. (a+a)®. 28. (®+o)®. 

.20. (a+o)T. 30- 
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Knd fche value of : 

31. a!*+5x^+10j:®+10a:=+oa!+32, whena:=-2. 

32- a;® - fe® +15®* - 20ar® +15®* - 6a?, when a?= ^2+ 1. 

. 33. 16a?*-32a:®+24a?®-8x-80,whena?=2. 

34. a:* + 12a:® + 54a:® + 108a:+81, when a:= -5. 

35. a:*+83:®+24a:®+32a:-609. whena:=-7, 

128. Formula- {a-^b^c){a\+b^-\-c’^-bc-ca-ab) 

= |(a+ 6 + c){ib - c)» + (c- a)2 + (a - 6)2} 

= fl® + 6® + c® - 3o6c. 

[ (a+i+cXa®+6®+c®— 6c-ca-a6) 

= (a + 6 + c){(o® + 6® - o6) - (ac + 6o) + c®} 

= (a + 6 + c)\(a+b)~—Bab — cla + i) +c®} 
=(tt+6+c){ a + 6)® - c(a + 6) + c® - 3a6) 

•“ (a + 6)® +£* - 3a6(o +b+c) 

■= (o + 6)® - 3a6(a + 6) + c® - 3a6c 
= a® + h® + c® — 3abc.] 

Cor. Conversely, »® + 6®+c®-3a6c=(a+6+c)^a®+&®+c®-6c-ca 
-a6). Hence, we can always resolve an expression into factors when« 
ever it is of the form o® + 6^+c®-3o6c. 

Note. Since o*+6*+o’— Jc— ca— o6=i'{(6— c)*+(c— o}“+{o— fc)*}, tee have 
fl’-l-fc’+c'- Sate = t+ clfft- c)® + (c- fl)’ + (o ~ t)'}. 

~ Example 1. Multiply x^+y‘+g’‘+xy+xg-yzhY x-y~s. 

Putting a for x, 6 for -y and c for -z, we have 
(a: - 2/ - s)(a;® + y ® + + a:y +a:2 -1/x) 

=(a+6+c)(o®+6®+c®-o6-oc-6o) 

=a®+6®+c®-3o6c 

=a® -j;® -2® - Sij/x. 

Example 2. Eesolve 7Ji®-n®+l+3wwi into factors. 

Putting a for m, 6 or -« and c for 1, we have 
9)1® - 71® + 1 + 3mn “ a® + i® + c® — 3tt6c 

= (a + 6 +c)(o® +b^+c^-ab— ac.~ be) 

«= (dI - 71 + 1 + ww - 7?J + n). 

Examples. Show that (a:“y)®+(!/-»)®+fe-a:)® 

‘-S{x-v){y-z){s~x). 

Putting a for a: - j), 6 for y-z and c for z - a:, we have 
a+6+c=(«-y)+(y“A)+{^“®)“0* 
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Hence, K® - y)® + (y - 2 )® + (e -a!)®}- 3(a; - y)(y - e)iz - x) 

=o® + 6®+c®-3o5c 
=(o+6+c){a®+6®+c®-afi-ac-6c) 
=0x(a®+5®+c®-a5-oc-5c)=0 ; 

• ■ • (® - 2/)® + (y - a)® + (2 - ®)® = 3(a! - !/)(y -z)(z~x). 

EXERCISE 73 

Multiply : 

1 . x°+y’‘+z--xy+xz+yz hyx+y-z. 

2. 3)®+4g®+r®+2p3+pr— 2grby3J“2(?-r. 

3. 4a;®+9y“+2®+6a;y+2!ra-3yaby 2®-3y-a. 

4. tt® +-45® +2fl6~3ffl+6b+9 by 25+3. 

5. 9a®+255®+15a5+12ffi-205+16by 3a-55-4. 

Eesolve into factors : 

6. a:®-y®-l-3a:j/, 7. a:® -y® +62^2+8. 8. a;®-8y®-27a®-18»ya. 
Eind the value of : 

9. a:®+y®+18x2/-216, when »+y=6. 

10. a® - 85® - 24a5 - 64, when a - 25 »= 4. 

11. (s-o)®+(s-5)®+(s-o)®-3(s-aXs“^'){s“c), when 3s=a+5+c. 

12. Show that ^a-25)®+(25-3c)® +(3o-o)® 

■=3(a-26](25-a^)(3c-o). 

13. Show that (®+y-2a)®+(y+2-2®)®+(a+a!-2?/)® 

- =3(®+y-2z)(y+a-2®)(r+®-2y). 

14. Show that (a+25-3c)®+{5+2c-3a)®+(c+2a-36)®-^ 

= 3(a + 25 - 3c](5 + 2c - 3o)(c + 2a - 36). 

15. Show that (2p - 5g + 3r)® + (3gf - 5r + 3p)® + (2r - 6p + 3g)® 

= 3(2p - 5g + 3r)(2g - 5r + 3p)(2»’ - 5 jb + 3g). 

16. ' Find the value of s®+y® — z® + 3a:®y®a®, when a:=a®-5® 
y=2a5, z=a®+5®. 

17. Find the value of ®®+y®+2®-3®ya, when ®=658, y=668, 
2 = 674. 

129. Formula (a -6)(c-e){6-c) 

= c®(6 - c) + 6®(c - o) + c®(a - 6) 

= 6c(6 - e)+ cfl(c- a) + c6(c - 6). 

[(o - 6)(a - c)(5 - c) = {a® - a(6 + c) + 6c i (5 - c) 

= a®(6 - c) - 0(5® - c®) + 6c(6 - c) ■ 

= a®(5 - c) + 5*{c - a) + c®(a - 6).] 
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Cor. 1. Conversely, a=(i-c)+J®(c-a)+c*(a-&) 

=(o-6)(a~cX6-c). 

Hence, we know at once the factors of an expression which is of 
the form o®(6 - c) + 6s{c - o) + c®(fl - b). 

Cor, 2, Since a** c°= —(c— a}, we have 

(a - h)la~c)lb -c)= -(a-b)(b ~c)[e-a). 

Hence, the above relation can also be put in the form 

a°(6-c)+6®(c-a)+c®(a-fe)= -(fl-6)(6-c)(c-o). 

'Cor. 3. Since a®{6-c)+ft®(c-fl)+c®(o— 6) can be put in the 
form ob(a - i) + bc(b - c) + ca(c - a), we have also 

abla-b)+bclb-c)+ca{c~a)=> -{o-6)(6-c)(c-a). 


Example. Simplify (o+26+3o)“(a-26+c)+{6+2c+3o)®(6-2c+o) 
+ (c + 2a + 36)®(c — 2a + 6) + (a — 2& + o)(b — 2c + a)(c — 2a + 6), 

Putting® for 0+26+ 3c, > we have y— s=o— 2b+c ' 

vfor5+2o+8a, > x— ®=>6— 2c+a 

and s for c+ 2a +36, J ' ®-y=c~2o+6 

Hence, the given expression 

= ® ®(p - g) + j/®(z - ®) + 2®(* - y) + (y - e)(s ~ »)(® - y) 

= - (v - 2)(2 - «}(® - y) + (v - z)(« - »)(» - y) = 0. 

EXERCISE 74 

1. Show that (®-2y+c)(2r-y-gXy~22+a?) 

=(®-y)®(y-2z+x)+(y-z)®(e-2®+y)+(g-®)®(®-2y+a). 

2. Show that {o+a)®(6-a)+{6+c)®(c-6)+(c+a)®(a-c) 

+{6- oXc-6)[o-c)=0. 

3. Resolve into factors 

2(a 7 6 + c)®(a - c) + 2(6 — c + a)°(6 -• o) + 2(c - o + 6)®(c — 6), 

4. Resolve into factors 

(» + y)®(y - ®) + (y + z)®{g - y) + (g + ®) ®(® - c). 

5. Simplify 2(a-6-c)®(6-c)+2(6-C'--a)®(o-a) 

* + 2(c - a - 6)®{a - 6) + 8(o - 6j(6 - o)(o - a), 

6. Simplify (a-y)(y-2)(®-2y+z) 

+ (y - g)(0 - a)(y - 2g + ®) + (s - a)(® - y)Cz - 2® + y ) 

+{®-2y+e)(y-2s+®)(2-2®+y). 
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130. Formula (6 + c)(c + a)(c + 6) 

=c®(&+c)+6®(c+a)+c®(o+6)+2fl6c 
= a(62 + c=) + 6(ca + c®) + c(fl= + 62) + 2o6c 
=■ bc(b + c) + ca(c+ a) + fl6[c+ 6)+ 2c6c 
(fl+ 6 + c)(6c+ cfl+ c6) - o6c. 

[(6 + c)(c + a){a + h) 

= (6 + c){(a + h){a + c){ =(b + c)}a® + o(6 + c) + 6c} 

= + c) + fl( 6 + fl)® + 6 c( 6 + c) 

=a®(6 + c) + a(6® + 25c +c®) + 6®c + 6c® 

= a®(6 + c) + 6®(c + ffi) + c®(o + 6) + 2a6c. 

' [TO-arranging tho terms] 

But, fl®( 6 +c)+ 6 ®(c+a)+o®(a+ 6 ) 

= a( 6 ® + c®) + 6 (c® +a®) + c(o® + 6 =) 

I [re-arranging tlio terms] 

=(b^c+ bc^) (c®a -H ca‘) + (o® 6 + 06 ®) 

= 6c(6 -H c) + ca(c + a) + a6(a + 6) 
=6c(ffl+5+c-a)+caCa+6+c-6)+a6(a+6+c-c) 

= 6c(a+6+c)-l-ca(a+6+c)+a6(o+6+c) 

— 6ca —cab —abc 

= (o + 6 + c)( 6 c + CO + 06 ) - 3a6c. Hence, the result follows.] 

131. Formula (a+ 6 +c)(6c +ca+c6) = P+9abc, where P stands 
for any of the equivalent forms 

(i) a’‘(b+c}+b’‘(c+a)+c’‘(a+b) ; 

(ii) bc{b+c)+ca(c+a)+ab{a+b) ; 

(iii) a(6® + c“) + 6(c“ + o®) + c(c® + 6®). 

[Prom Art. 130, we have by transposition, or by direct multiplica- 
tion, (o -I- 6 + c)( 6 c + CO + 06 ) 

= o®(b -i- c) 6 ®(c + a)+ c®[a + 6 ) + 3a6c 
= 0 ( 6 ® -l-c®) + 6 (c® +a®)-i-c(o® + 6®)+3o6c 
= 6 c (6 -i-c) -H ca{c + 0 ) + 06(0 + 6 ) -h 3a6c.] 

Example 1. Find the product of 

(2® +3y+ 6s)(15y® + lOzx + 6xy). 

Putting o, 6 and c for 2®, By and 5z respectively, we have 
o+6+c=2®+3i/+5z, 

6 c + CO + 06 = 15j/z + lOr® + 6 ®i/ ; 
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&c+3y+5z)il5yz+10zm+6xy) 

—i<i'hb+c){Jba+cci+ ab) 

= a®{6 + c) + 6*{c + a) + c“(a + &) + 3a&c 
=4:X=(By+ 5z) + 9^2(65 + 2®) +252®(2!E + By) + 3.2x.By.oz 
=‘12x°y+ 2Qx"z + 45j;®z + IBy^x + 50z®® + 75s®i/ + 90x1/2. 
Example 2, Show that (® + % 4- 12z)tX2yz + 42® +xy)~ 12xyz 
—iy+4z)[l2z+x){x+3y). 

Putting a, b and c for x. By and 122 respectively, we have 

a+b+a—x+3y+12z. ' 

bc+ca>+ab—36yz+12zx+3xy 
= 3(122/2 + 42® + ®i/), 
abc^BBxyz ; 

The left-hand side=J|{ffi+h+c){6c+ca+a6)~a6c} 

=^(i-^cXc+o)(ffi+h) [Art. 130] 

=1(32/+ 12z)(12z +x)ix+3y) 

[restoring values of a, b, c] 
= (y + 4:z)(12z + «)(® + 3y). 

EXERCISE 75 

Write down the pi-oducts of the following : 

I. (x+2yX2y+3z)(3z-t-x). 2. (8®+y)(2/+52)(52 +8®). 

3. (a+26)(26+3c){3c+a). 4. (3® +j/+ 102X102/2 +302® +3®!/). 

5. (®+22/+2X2®+y+2Xa;+l/+22]. 6. (a-26X2&-3cX3c+o). 

Simplify the following : 

7. a(b+c-a)^+b(c+a-b)^+c(a+b-c)^ , 

' +(b+c~~(i){c+ci—b){o,+b—c). 

8. c{b +c — ci)(c + ffl ~ &) + ffl(c + a ~ feX® + h ~ o) 

+ b(a+b~G)(b+c-a)+{b+o~d)[c+a-b)ia+b-o). 

9. (i{+z)%2x+y+z)+(z+x}%x+2y+z)+{x+y)^(x+y+2z) 

- (2® + 1 / + s)ix +2y+ zXx +y+2z)+2(y+ z)(z + ®X® + S')- 

10. 2a(6 +c - a)® + 26(0 + a - 6)® + 2c(fl + 6 - c)® - 3abc 

-h 2(a + 6 + c)J (c -t tt - 6){o + 6 - c] (a + 6 - o)(6 + 0 - a) 

+lb+c-a){c+a-b)}. 

II. Prove that (x+y-z){(y+z-x)-+[z+x-y)^+(v+z-x) 

X {( 2 + ® “ y)® + (® + 2/ ~ x)®} + {« + ® ~ 2/)|{® + 2/ " 

+ ( 2/ +2 - ®)®{ + 2(t / +2 -®X®+® -2/)(»+2/ - r)=8®l/s- 
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132. Formula (o+6+c)®-fl®+6®+c3+3(6+c)(c+a)(fl+6). 

[(a+6+c)®={(a+6)+c}® 

= (a + 6)® + 0 ® + 3(a + b)c\[a + 6) + c], [Art. 57] 

+5® +3o6(a+6)}+c® +3(ffi+5)c(o+6+c) 

= ffl® + 6® + c® + \Bab(o,+ b) + 3(ffl + 5)c(a + i + c]} 

=ffl® + 5®+c®+ 3(ffl +'5)jo6 + c(ffl + 6 + c)} 

= a® + 5® + c® + 3{o + 6){c® + c(a + 5) + ab\ 

= ffl® + 5® + c® + 3(a + feXc + W(c + ®) [Art. 61^' 

= a® + i® + c® + 3(5 + c)(c + a)(a + 6).] 

Cor. (a+5+c)®-a®-5®-c®=3(5+ <{)(c + a)(a + b). 

Example 1. Factorise 8(a!+^+j?)®-(i/+2)®-(3+ir)®-(a:+j/)®. 

Put a, b and ctory+z.z+x and x+y respectively. 

We have a+b+c=2{x+y+z). 

The given expression 

= {2(a: + 1 / + s)}® - ( 2 ^ + z)® «- (z + !r)® - (ic + y)® 
=(a+6+c)®-a®-b®-c® 

=3(6+c)(c+ffl)(a+6) [Cor.] 

=3(2s+y+z)(a!+2y+z)(a;+!/+2z). [restoring the 

values of a, b, c] 

Example 2. Show that 

(a: + 2 / + z)® = (y + z - a;)® + (z + a: - j/)® + (a: + y - z) ® + 24a:yz. 

Put a, b ani 0 tor y+z-f, z+x-y x+y - z respectively. 
'V}ehe,yea + b+c={y + 'z-x) + [z+x-y)+{x+y~z)='!C+y+z, 
b+c={z+x-y)+{x+y-z)=2x, 
c+a=(x+y-z)+{v+z-x}=^, 
a+b=(y+z-x)+{z+x-y)=2z ; 

(a:+ 2 / + z)® = (a + 6+c)®=a® + 6®+c® + 3(5+c)(c+a)(ffl+5) 

= (y + z - aj)® +{z+a:-y)®+{a;+y-z)®+ 3.2a:.2y.2z 
= (y + z - a;)® + (z + a: - y)® + (a: + y - z)® + 24a:yz. 

t 

EXERCISE 76 

1. If ffl + 6 + c = 0, show that o® +5® + c“ = 3fl(c + a)(a +(5) 

= 36(5 + c)(5 + a) = 3c(<! + aj(c + 6) = 3o5c. 

2. If 2s =a:+y+z, prove that (s-ar)®+(s“y)® + (s-z)*+3a;yz=s®. 

3. Prove that (2a: - y - z)® + (2y - z — a:)® + {2z - a: — y)® 

= 3(2a: “ y - zX2y - z - a:](2z - a: - y). 
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4. Simplify {Zx-y- z)® + {3y - z - ®)® + {3z - ® - y)« 

'/ +24(t/ + s-®)(z+a-l/X®+y-'z)-a:®-y®-z® 

- 3(j/ + 2){s + s){a: + y). 

5. Show that C2a: - - z)® + » + s® + 3(|, + 2 )( 2 ® - y)(2x - z) 

= (2b - ?/ - 32)® + j/® + 272® + 3(y + 32){2 b - 1/)(2® - Ss). 
8. If 2s <= 0 :+^+ 2 , prove that 

s» + (s - 2b)® + (a - 2y)® + (s - 22 )® - 24(s - a:){s - i/)(s - 2 ) -0. 
7« If 3s = 2(fl: + y + z), show that (s — i/-z)®+(s — 2 — x)® 

+(s-®-y)®+3(y+2-s)(2+x-s)(®-t^V~s)=®0. 

8. Simplify {6+c-a)®+(c+o-6)®+(o+6-c)®-(o4-t+c)®+103o6c. 

9. Simplify (x+j/+ 2 )®-^(y+^)®-(z+a:)®-(a:+y)®+®®+ 2 /®+ 2 ®. , 

1 0 . ' Faotocise x® - (2® - 1 / - 2 )* - (2*/ - z - *)® + (y - 22 )® . 

11. Eesolve into factors 

64{s + 1 / + z) ® - (2x + v + z)* - (® + 2 j/ + s) ® - (x + y + 22 ) ® . 

JPind the value of : 


12. a®+6®+c®, when 6+c=10, <;+a =16 and a+6=20. 

13 . x®+9*+z®, when x =32 -25 and 2= - 7 . 

14 . ,(®+y+ 2 )®-(x+ 2 -j/)®-(y+z-®)®-{®+y-z)®- 23 xi/z, 

when »« 10, {/=64 and 2-= 2. 

16 . (6® - y - z)® + j/® + 2® + 3 {y + 2){6 b - i/)(6x - 2). 

when ®=» Vi 2 = 17 . 


183. Recapitulation of the formulse. The different formolte 
treated of in Chapter 17 as well as in the present one are grouped 
helow to facilitate any reference to them. It is desired, however, that 
the student should commit them so fully to memory that the necessity 
even fo^ccasional references may be altogether done away with. 

<1. {ffl+6)==a=+2a6+6®. 

|ri. (a-i)®=a®-2of)+6®. 

III. (a+6)(a-d)=a?-6®. ' 

iv. (a+6)®=.a®+3a®6+3o5® + 5®l 

/ =a®+i®+3a6(a+fi). / 

/ V. (a-6)®=a®-3a“6+3ai>®-6®l . 

=ia®-6='-3o6(o-6). J 

VI..o®+6®=(a+6)®-3a5(a+6) 1 
_ =» (a + 5)(a® - a6 + 5®). j 


yil. a«-6®=(o-5)®+3a6{a-6) 1 > 
=(a-5)(a®+ah+5®). K 
7III. (®+a)(x+6)=®®+(a+ii)®+a&. 
IX. (®-a)(®+i>)=®®+{5-a)®-oh. 
X. (®-a){x-6)=s®-(a+i')®+«&. 
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XI. (a; + a)(x + b)(x +c)=x'‘+(a+b+ c)x“ + (6c + co + a6)x + abc. 

XII. (x — o)(® “ 6)(a! — c)=a:®~(a+6+ c)a;® + (6c + ca + a6)x — o6c. 

'-'■^III. o® +6® +c® — 3o6o*“(a+ 6+c)(a’* +6® +c® — 6c — cffl— o6) 1 

= i(a + 6 +c)j(6 - c)® + (c - a)® + (a - 6)“}.J 
^^I V . (a- 6 Xo - c)(6 - c) “ - (6 - c){c - a)(a - b) 

•= a®(6 — <;)+ 6®(o - o) + c®(a — 6) 

•=hc[h- c) +ca(c - a) + o6(o - 6) 

= - {o(6® - c® ) + 6(c® - 0 =) + c(a® - 6®)]. . 

XV. (6 + c)(c+ o)(a + 6) = ft®(6+ c) + 6“(c + o) + e®(o + 6) + 2a bo 

“ a{br +0® 1 + 6(c® + o®) + c{o“ + b’‘)+Zabo 
= 6c{6 + c) + ca{c + o) + ab{a + 6) + 2a6o 
“= (a + 6 + cXbc + ca + o6) - o6c. 

XVI. (o+6+cX6c+cfl+a6) 

'=(6+cXo+a}(a+6)+a6c i 

= a®(6 + c) +6®(c+ a) +c®(a+ 6) +3o6c 1 

= 6c(6 + tf) + ca(c + a) + a6ta + 6) + 3a6c 
= a(6® + c®} + 6{c® + a®) + c(a* + 6 ®) + 3abc. 

XVII. (a+6+c)®=a® + b®.+c®+3{6+cXc+a)(a+6) 

=a®+6®+c®+3fa®(6+c)+ 6®(c + a) + c®(a + 6){ + Gabc, 
or, (a+6+c)®-a®-6®-c®‘=3(6+c}(c+a)[o+6). 


The following useful results are deserving of notice. They can be 
deduced fium the above formulse or verified by actual multiplication. 

XVIII. (a+6)®+(o-6)®=2(a=+6®). 

XIX. (a+6)®-{a-6)®=4o6, 


, /a + 6\® /a-6\® 
or. a6=^-2-) -(-3-) ■ 

XX. (o+6+c)®=a®+6®+c®+ 26c + 2co + 2a6. 

XXI. (60 +ca + ab)® = 6®c® +c®a® + a®6® + 2a6c(o + 6 + c). 

XXII. (6-c)+(c-a)+(a-6)=0. 

XXIII. o(6-c) + 6(c-a) + c(a-6)=0. 

XXIV. 4}(6-c)® + (c-a)=+(o-6)®}=o= + 6®+o®-6c-co-o6. 

XXV. (a +6)® + (0-6)® = 2a® + 606®. 

XXVI. (a+6)®-(a-6)® = 6a®6+26®. 

XXVII. (a® +06 + 6®)(o® - 06 + 6®)= a* + a®6® + 6*. 


XXIX. (a+ 6)* = o* + 4o®6 +6o®6® + 4o6® + 6*. 

XXX. (a+6)®=o®+5a*‘b+ 10a® 6® + 10a® 6® + 5ob* +6®. 



CHAPTEE XXn 

HARDER FACTORS AND IDENTITIES 
I. Factors 

We have already explained in Chapter XII how simple expressions 
•of the types - b“, a® + if, o® - i® and as® + bx+c can be resolved into 
factors, and shall in this section consider factorisations of a harder type, 

' 134. To factorise expressions of the form 
c®+6®+c®-8a6c. 

Since, i®+c®=(i+c)®— 3Zic(6+c), we have 

.a®+6®+c®-3a6c 

« o® + \(b + fl)® - 3bc[b + c)\ - 3abc 
= {a® + (6 + c)®} - 36c{{6 + c) + a} 

= jffl + (5 + c)Ha® - a{b + c) + (i + c)®} - 3bc(a +b+c) 
=(ffl+b+c)ja®-a6-ac+6“+26c+c®-36c} 

= (o + h + c)(a® -f b® + c® - 6c - CO - ah) 

=Ma-f 6 + c)K5— c)® +(c — a)® + (o — 6)®{. 

Example 1- Factorise a®-6®-fc®-f 3a6c. 

The given expression ^ 

== a® -J- ( - 6)® + c® - 3a( - 6)c 

={a+(-6)+cHo®+(“6)®+c®-(-6)c-ca-a(-6)} 

={a-b+c)(a"+b~+c°+bc-ca+ab). 

Example 2- Factorise x^-v^+Gxij+S- 

The given expression 

=a;®+(-y)®+(2)“-3®(-y).2 

={a: + ( 2Ha:® + ( - 1 /)® + 2® - ( - j().2 - 2® - a;( - 2 /)} 

= (® - 2/ -f 2)(® ® + y ® + 4 + 2?/ - 2® -1- acy). 

Examples. Eesolve into factors ®®+32®®— 64. 

The given expression 
=®® +8®® -64+24®® 

. ^ ='{a;®)® + (2»)® + ( - 4)® - 3.®®.2®.( - 4) 

= ja;® + 2® + ( - 4)H(® + (2a)® + ( - 4)® - 2®( - 4) - { - 4)®® - ®®.2®{ 

= (s® + 2® - 4){®* + 4®® + 16 +8® + 4®® - 2®®) 

,= (®® + 2® - 4)C®* -2®*+8®®+8®+ 16.) 
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Example 4. Eind the quotient of a®+&®+l-3a6bya+6+l. 
Since, a® + &®+l-3a5=a®+fc®+l®-3o6.1 

=(a+6+l){a®+6®+l®-6.1-l.a-a6} 
- =(a+i+l)(o® + 6®+l-6-a-a6) ; 

. The required quotient =ffl®+3®+l-6-ft-a6. 

EXERCISE 77 , 

Eaottirise : 

/I. x^+tf-z^+Zxijz. 2. p®-8(/®-r®-6pg}-. 

3. 8a!®-27i/-a«-18a:y2. 4. fl®+86®+l-6ah. 

5. 8a®+27i®-64 + 72a&. 

6. Find the quotient of x® - y® + 6x v + 8 by * - v + 2. 

7. Factorise x^+Sx’^+S. 

8. Resolve into factors 

(a: - y)® - 0/ - s)® + (g - s)® + 3{y - 2 )(g - a:)(® - y). 

9. Factorise <i“ - 18a® + 123. 

Find the quotient of ; 

10. ®® + 27 - 5y(25y ® - 9z) by a:® + 25y ® + 9 + 5xy - 3a: + 15y . 

11. a®+6®-c®+3o3cbya+6— c. 

12. a:®-y®-l-3a:y by ®-y-l. 

13. a:® - 8y ® + 27?® + 18a:yg by a: -2y + 3g. 

14. 8o® - 276® - c® - 18a6c by 4o®+96®+c®+6o6+2ac-36c. 

15. Factorise 14a®-46®+9a®6. 

135. To factorise expressions of the form 
(a+0+c)(bc+ca+ad)-adc. 

The expression =* {a + (6 + c)}{o(6 + c) + 6c} - o6c 
= a®(6+c]+a(6+c)® + 6c(6+c) 

= (6 + c){o® + a(6 + c) + 6c} 

= (6 + c)(a + 6)(o + c)= (6 + c)Cc + a)(a + 6). 

Cor. L (a+i+cMa+ca+ab)-(b+c)(c+a)(a+b)=abc. 

Cor. 2, (6 + c)[c + a)[a + 6) + o6c = (a + 6 + c)(6c + ca + a6). 
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136. To factorise expressions of the form 

(i) P+2c6c, 

and (ii) P-^^abc, where P stands for any of the equivalent 
forms (1) fl“(&+c)+h“(c+a)+tf®(fl+&). 

( 2 ) dc(lf+c)+ca(c+a)+ab(a+b). 

(3) 0(6“ + c“) + 6(c“ + a=) + c{a= + 6= ). 

(i) Taking the 1st value of P, we have 

P + 2o6c =a~(b+e)+ b~{o + o) + c“{a + 6) + 2abc 

= a'{6 + c) + a(6“ + 26 c + c®) + 6“c + 6c" 

[arranging in powers of a] 
= ffl"(6 + c) + a(6 + c)“ + 6c(6 + c) 

■= (6 +c){a“ + fl(6 + c) + 6c} 

= (6 + c)(a + 6)(a + c) = (6 + c)(c + a){a + 6). 

(ii) Taking the 2nd value of P, we have 

P+ 3fl6c = 6c{6 + c) + cfl{c + a)+ a6{a + 6) + 3a6c 

= 6c(6 + c) + ca{o + ffl) + ab{a + 6) + a6c + a6e + abc 
= {6c(6 + c) + a6c} + {aa(c + o) + abc\ + }a6(a + 6) + fl6c} 

= 6c((z +6 + c) + ca(c + a + 6) + a6(a + 6 + c) 

= (a + 6 + c)(6c + ca + a6). 

137. To factorise expressions of the type Q, where Q stands 
for any of the equivalent forms 

(1) a“(6-c)+6=(c-o)+c®(a-6). 

(2) 6c(6 - c) + ca(c - o) + o6(c - 6). 

(3) - {a(6“ - c“) + 6(c“ - o“) + c(c“ - 6“)}. 

Erorn the first form of Q, we have 

o®(6 - c) + 6“(c - o) + c“(a — 6) 

=o=(6-c)-o{6“-c=)+6=c + 6c® 

[arranging in powers of oj 

= a®(6 - c) — a(6" - o~) + bc[b - c) 

=(6 — c)[o“— a(6 + c) + 6c} 

^ = (6 - c)(a - 6)(a - c) = - (6 - c)(c - a)[a - 6). 

Cor. Patting a", b" and c® for a, h and c respectively in the 
above, wa have 

o*(6® - c®) + 6*{c® - a") + c*(a® - 6®) 

= - (6® - c®)(c® - a®Xa® - 6®) 

= - (6 - c)(c - o)(o - 6)(6 + c)(c + a)(a + 6). 
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Example. Pactorise {x-a)"{b-c)-i-{a-b)’‘(c-a)+lz-o)^a-b). 
The exp. = (ic® - 2oa: + a®Xh - c) + (a:® - 26® + 6®)(c - a) 

+ (® ® - 2c® + c®){a - 6) 

= ®®{(6 - c) + (c - a) + (o - 6)} - 2®{fl{6 -c)+ 6(c - a) +c(<i - 6)} 

+ ]a®(6 - c) + 6®(c - o) + o®(a - 6)} 
[arranged in powers of ®] 

= ®®.0 - 2®.0 - (6 - c)(c - fl)(a - 6) = - (6 - c)(c - a){a - b). ' 
138. To factorise a®(6-c)+6®(c-c)+c®(fl-6). 
a®(6 - c] + 6®(c - a) + c®(a - 6} 

=<i®(6 - c) - a(6® - c®) + 6c(6® - c-) [arranging in powers of a] 
= (6 - c) jo® - a(6® + 6c + c®) +-bc[b 4- c)[ 

= (6 - c)j - 6®(o - c) - bc{a - c) + a(o® - c®)} 

= (6 - c)(a - c)|c(a - 6) + a® - 6®} [an-anging the last factor 

in powers of c] 

= (6 - c}(a - c)(o - 6)(c 4- 6 + o) = - (6 - c)(c - o)(o - 6)(o + 6 + c). 


Note. It must be observed that (s) as soon as the given expression ts arranged 
according to powers of a, one of the factors, namely, b~c, becomes obvious ; fiij when 
the espression within larger brackets is arranged according to powers of b, the next 
factor, a— c, becomes obvious’, (lii) when the expression now within larger brackets 
IS arranged according to powers of c, the third factor, a—b, becomes,obvious. 

139. Cyclic Order. There is a certain peculiarity in the arrange- 
ment of three letters a, b, c in the different expressions of Arts. 137 
and 138. Thus, in any of the equivalent forms of Q in Art. 137, wo got 
the second term by changing a, b, c of the first into 6. c, o respec- 
tively ; the third term by changing 6, c, o of the second into c, a, b 
respectively ; and the first term by changing c, a, 6 of the third into 
a, b, c respectively. The orders in which the letters, a, b, c are to be 
changed successively will bo best understood in the following way : 

Let the letters a, 6, c be arranged 
round the circumference of a circle as 
shown in the diagram, starting from the 
letter a and moving in the direction of 
the arrow-head we notice that the 
order of the letters is abc. Similarly 
starting from 6 and c successively and 
moving in the same direction, we notice 
that the orders of the letters are bca and ca6 respectively. 

1—15 
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The letters a, b, c Tvhon arranged in this manner, are said to be in 
cyclic order. 

Thus, a, b, c are arranged in cyclic -order in the following ; 

(i) b + c, o+a and a + b ; (ii) b-a. c-a and a-b ; 

(iii) b+c-a, c+a-6 and a+b~c : 

(iv) be, ca and ah ; (v) a"[b-'c), b\c-a) and c®(o-6) ; 

and so on. 

. 140. To factorise 

In this expression also the letters occur in cyclic order and we can 
at once proceed as in the last example. 

= ff *(6= - c®) - - c®) -1- h®c®(6 - c) 

[arranged according to powers of a] 
=(b-c)\a^(b + o)-aHb‘+bc+c’‘)+b’^c’‘\ 

={b- o)J - h\a^ - c®) ha®{a - c) + a®D(a - c)[ 

[arranged according to powers of 6] 
■= (h - c)(« - e)f “ b\a + c)+ 6a® + o®o} 

= (6 - c){a ~ c)jc(a® - 6®) ^ a6(o - 6)} 

[arranged according to powers of c] 

= (6 - c)(o - c)(a - 6)jc(a + 6) + a6{ 

= - (6 - eXc - a)(a - 6)(6c + ca -h ab). 

J 4 J[. To factorise [See Art. 132 , Cor.] 

142. To factorise 26®c“+2a«c=-H2c*6“-c*-^ 

The given expression 

- = 4i,*o® - (a* + 6* -f- c* + 26®c® - 2c®a® - 2a®6®) 

=(26c)®-(a®-6®-c®)® 

= i26c (a® - 6= - c®)[{26c - (a® - 6®,- c®)} ^ 

= {a® - (6® - 2bc -b c®)i{{6® -b 26c ■^c®) - a®} 
=[o®-(6-c)®H(6rf-c)®-a®t 
= {a + (6 - c)}ia - (6 - c)H[6 +o)+ aH(6 -b c) - a} 

=(a+6-cHa-6-bcX6+c+aK6-t-c-a) 

= (a + 6 + c)(6 -f c - aXc -J- a - 6Xa -t- 6 - c). 
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EXERCISE 78 

i 

Resolve into factors : 

1 . a*(J}—c] + b*{a — a)+c*(a — b). 

2. b^-cHb^ -c=) +c®a V - - b"). 

3. a®(6-c)+6®(c-a)+c®(a-6). 

4. 6c(f’®“0®)+ca(c® -a*) + aJ(a®-6*). 

' 5. 6®c®{6-c)+c®a®(c-a)+a®6®(a-i). 

6 - x{y-z)’‘+y{z-x)~+e(x-y)^+Sxvs. 

7. x’‘[y-e)^+y-(z-x)^+z’‘(x-vf. 8. {y-z)^+{z-xf+(x-y)^. 
9. (a:® + 22 : + 4)(j/ — 2 ) + (j/® + 2i/ + 4 X 2 —x)+(z~+2z+ 4)(a; — y). 

10. {a:® - (6 + o)x + bc}(b - c) + {a:® — (c + a)a: + ca}(c - a) 

IS +fx’‘-(a+b)x+ab}{a-b). 

11. (a:+6X®+cX6~<j)+(a:+cX®+fflXc~^^)+(®+®)(®+^X®”6). 

12. a(b +c)~+b(c+a)- + djx + 6)® — 3o6c. 

13. 8 a:®-({/- 2 )®-( 2 +a:)®-(a!-y)®. 

" 14. a*(b®-c®)+b®(fl®-a®)+c®(a®-Z)®). 

15. x%y*‘~-z*‘)+y''{z*‘ ~x*‘)+z'^{x*-y*‘). 

18. 8 (a + & + c)® - (i + c)® - (c + o)® - (a + 6 )* , 

17. - yziy + 2 ) + 2 a :(2 + a:) + xy{x 4-y)-a!®-y®-2® - 2zys. 

18. (x 4- l)®(i/ - s) + (v + l)®(z - x) +{z + 1)®(® - y). 

19. (x + l)®{i/ - 2 ) + ( 1 / + 1)® (2 - x) + (2 + l)®(x - y). 

20. x(v-2)® + j/(z-xF + ^(x-i/)®. 

21 . 26 ®c®y® 2 ® + 2 c®a® 2 ®x® + 2 o®i>®x® 2 /®-o*x*-i»*y®— 0 * 2 *. 

22. 72y=2® +182®x® +8x=y® -x* -16y* -Slz*. 

23. Find the value of 26®c® +2c®a® +2a®t® -a* - 1* -c*, 

^ when i+c— a"=7, c+a-&=l6 and a+6-c“3. 

24. Evaluate a®(6+c)+6®(c+a)+c®(a+h), 

• when a+&+c=20, bc+ca+ab=18 ando6o=37. 

25. Evaluate (o + 6+o)®-a®-6®— c®+3fl6c, 

- when 0+6+0=13 and a®+6®+c®=69. 

143. Factors of Reciprocal Expressions. 

Definition. An algebraical expression in which co-efiScients of the 
terms equidistant from the beginning and end are same, is called a 
reciprocal or recurring expression. 

Thus, x*+4x®-F5x®+4®+l IS a reciprocal expression. 
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Bxampl^ 1. Eesolve into factors a?*+2ar®+32;®+2E+l. 

The expr6Ssion=(ic*+l)+(23;®+2a:)+32® 

fcolleofcing terms with aqaalco-efficietils] 

={fa!* + J)= -2*®} + 2»{a:® +1) + 3®= 

= (a:® + 1)® + 2a!(a:® + 1) + 3®® - 2*® 
=(®®+l)®+2(®®+l).a;+®® 

=K®® + l)+a:P=(a:= + ® + l)® 

Example 2. Factorise a*— 5a® -12a® -5a +1, 

The expression = (a* + 1) - (5a® + 5a) - 12a ® ' 

[collecting terms with equal co-efficients] 
=Ka® + D® - 2a®}- 5o(a® + 1) - 12a® 

= (a® -H)® - 5{a® + l).a - 2a® — 12a® 

=a:®— 5a:a— 14a® [putting a; for a® +1] 

=(a:+2aXa:-7a) 

= (a® + 1 + 2aXa® + 1 - 7o] [restorin g the value of a:] 
== (a -H)®(a® - 7a + 1), 

144. Factors by trial. 

Example 1< Eesolve into factors a;'* -2a:® -5® +6. 

On inspection we find that the given expression can be split up 
into parts each of which is divisible by a:-l. 

Thus, the exp.=a:®— a:®-a;®-f-a:— 6a:+6 

= (jc® -a:®) -(ic® - a:) - (6a; - 6) 

=> a;®(3: - 1) - 3:(a; - 1) - 6(a: - 1) 

= (a: - iXa: ® - » - 6) = (a: - iXa; + 2)(a: - 3). 

Note. Ji is imjiorlanl for the sbident to observe that the gtven ea^ess\o» 

vanishes when 1, —2, or 3 is substituted for x. Thus, it may be remembered as o 

• ^ ^ 

general rule that if any expression involving x vanishes when *ao, x-ars 

a factor of that expression. ' , 

The above general rule leads to the following particular cases : 

(1) It in any expression containing integral powers of x, the sum ol tbs 
co-eificients is zero, x - 1 is a laotor of that expressioa. 

(i) If in any expression containing integral powers of x, the sum ot the 
co-eflicients ol odd powers of x is egnal to the sum ol the remaining co-ellicients, 
'x+ 1 is a factor of that expression. 

Thus, in example 1 above, the sum of the co-efficients of the 
exprossion=l+(-2)+(— 6)-P 6=1— 2-5+6=' 0. 

Hence, x-1 is a factor of the expression. 
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Again, in the expression •«“+ Sr® + 3® +1, the odd powers of® are 
and X. 

The sum of their oo-efScients'=l+3=4 and the ‘sum of the 
remaining co-efBcients =3+ 1=4. , . 

These two sums being equal, the expression ®®+3®®+3®+l must 
have {®+l) as a factor. 

Example 2. Sesolve into factors ®®+6®®+ll®+6. 

The sum of the co-efficients of odd powers of ® =1+11 =12 and the 
sum of the remaining co-efficieats=6+6=12. 

These two sums being equal, ®+l must be a factor, of the given 
expression. Now, grouping the terms into parts each of which is divi- 
sible by ®+l, we have 

the expression=®®+!K®+5®®+5®+6®+6 
. =(®®+®®)+(5®®+'5®)+(6®+6) 

= ® ® (® + 1 ) + 5 ®{® + 1 ) + 6 (® + 1 ) 

‘ * =(®+l)(®®+5®+6)=(®+l)(®+2)(®+3). 

Example 3. Eesolve into factors 8®® + 16® - 9. 

Putting y for 2®, the given expression 

=(2®)®+8.2®-9=2/’+8p-9. 

Now, the sum of the co-efficients of i/®+8p-9 
=l+8-9=0. 

Hence, p -1 is a factor of this expression. Next, arranging it into 
parts such that each part is divisible by p -1, we have 
p®+8p-9=p®-p+9p-9=p(p“-l)+9(p-l) 

=(.y~ l){l/(l/ +l)+9}=(l/ " l)f!/® + 1 ^ +9) 

=(2®-lX4®®+2®+9). [restoring the value of p] 

Example 4. Hesolve into factors 

®® +4®* -13®® -13®® +4® +1. 

We notice that the sum of the co-efficients of odd powers of ® 
=l+(-13)+4=-8. 

. and the sum of the remaining co-efficients 
=4+(-i3)+l=-8. 

These two sums being equal, ®+l must be a factor. 

1 Now, grouping the terms into parts each of which is divisible by 
®+l, we have the given expression 

=(®® +®*) + (3®^ + 3®®) - (16®® + 16®®)+ (3®= + 3®) + (® + 1) 

= ®*(® + 1) + 3®®(® + 1) - 16®=(® + 1) + 3®(® + 1) + (® + 1) 

=(® + 1)(®* + 3®® - 16®® + 3® + 1). 
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»*+3«®-16a;®+3®+l 

=(a:*+l)+(3!i:«+3®)-16!c®, 


Hence, 


tgrouping terms with eqnal co-efficients] 
={(®® -H)®-2a:®i+3®f®® +1)-J6a:® 

= -t- 1)® -t- 3(® ® + 1).® - 2®® - 16®® 

= I/® + 3y® - 18®® [putting y for ®® + 1] 

=fe-3®}(y+6®) 

= (®® -H - 3®X®® + 1 + 6®) [restoring tie value of 
=(®®-3®+lX®®+6®+l). 

Hence, tbe given expression = (® + 1)(®® - 3® + IX®® + 6® + 1). 
Esample 5. Eesolve into factors ®® + ®® - 21® - 38. . 

* By trial we find that the given expression vanishes when ®= - 2 
Hence, ®-(-2)=®+2 is a factor. Thus, we have 

®® + ® ® - 21® - 38 = f® ® +2®®) - (®® + 2®) - (19® + 38) 

(splitting into parts divisible by a +2] 


=®®{® + 2) - ®{® + 2) - 19(® + 2) 
= {® + 2X®® - ® — 19). 


146. Factors of Homogeneous expressions of two dimen-' 
sions. 

The following examples will illustrate tbe process ; 


Example 1- Eesolve into factors 6ffl®+7fl&+2&®+llac+76c+3c". 

If a=0, tbe expression becomes 26® + 76c +3c®, 

which=(26+cX6+3c). (1) 

If 6=0, tbe expression reduces to ^® + llac+3c®, 

whioh=(3a+c)(2a+3c). (2) 

If c=0, the expression reduces to 6o® + 7a6 + 26®, 

whioh=(3a+26X2a+6), (3)' 

Now, comparing tbe results (1), (2) and (3), we notice that the 
given expression must be=(3a+26+c){2o+6+3c), [since it is these 

factors which reduce to the form (1) when a=0, to the from (2) when 
6=0, and to the form (3) when c=0]. , 

Alternative Method : Arranging the terms in descending powers 
of any one of the letters, say a, we have 

the given expression=6a®+(76+llo)tt+(26®+76c+Sc") 

= 6a® + ff6 + llc)o + (26 + c){6 + 3c). 
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Now, split the product of (the oo-efiBoient o^ ®“) 

.independent of a) into two factors whose sum = the co-efSoient of a. 

Thus, split 6 X (26 + c)(6 + 3c) into two factors whose sum = 76 + 11c. 

By trial, the factors are 2(26 +c) and 3(6+ 3c). 

Hence, the given expression , , 

= 6a® + 2(26 + c)a + 3(6 + 3c)a + (26 + c)(6 + 3c) 

•=2a{3a+(26+c)l+(6 + 3c)i3o+(26+c)} 

= (3a + 26 + c)(2a +'6 + 3c). 

Example 2. Factorise x^-3xy+^v^-2vz-^^' 

The given expression is homogeneous in x, y ^^d z. 

If a:=0, the given expression reduces'to 2y®-22/z-4s®, 
which = 2(j/® - j/z - 2z®) 


' =2(j/ + z)(j/-2z) 

=(2i/ + 2z)(t/-2z). . . . - "• (1) 

If y=0, the given expression reduces to 

which = (-a:+2z)(-!B-2z). ‘ ”■ (2) 

If z=0, the given expression reduces to a® 

which={-a!4-2y)(-®+jz). ••• ••• 

Now," comparing the results (1), (2) and (3), the given expression 
is evidently egual to ( - a: + 2i/ + 2z)( - a: + 1 / - 2z) = (a? “ 2^ - 2z)(a: -y+ 2z). 


Alternative Method : Arranging the expression in descending 
powers of any one of the letters, say x, we have 

the expression = a'® - Zyx ■¥{^y" — 2yz - 4z®) = a:*^ “ Sya: + 2(iz''+ z){v - 2z) 
Next, splitting the product of (the oo-efEciePt of a:®)x(the term 
independent of a:), i.e . 2{y + s]{y-2z) into two factor® whose sum 

«= the co-efficient of x, %.e., - 3y, 

we notice by trial that these factors are -2(iz+®) 8'“^ -{y-2z). 
Hence, the given expression ' 

= a:® - 2[y + z)a; -{y- 2z)x + 2(iz + ~ S®) 

=a:^a: - 2(iz + z)} -(y- 2z){a: - 2{i/ + ®)t 
= (a: - 2j/ * 2z)(a! -y+2z) 


146. Factors of general expressions of th0 second degree in 
two or more letters. 


Example- Factorise 6a®+7a6 + 26® + lla+76 + 3. 

Arranging the expression in descending powef® of any one of the 
letters, say a, 

the given expression = 6a® + (76 + ll)a + (26® + 7^' + 3) 

■= 6a= + (76 + ll)a + (26 + 1){1) + 3). 
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• J product ot (fcbe co-efficiant of a=) and fthe term 

independent of a), ?.Cj, 6x(26+lX6+3) into two factors whose sum=the 
co-efiacientof a, t.e., 7i+ll, 


The factors are evidently 2{26 +1) and 3(i+3). 

Hence, the given expression 

= 6rt= + 2(26 + l)a + 3(6 + 3)a + (26 + 1)(6 + 3) 

= 2a{3a + (26 + 1)} + (6 + 3)l3a + (26 + 1)( 
={3ffl+26+l)(2a+6+3). 

r 

Factors found by suitable arrangement and grouping 

oi terms. ' 


There are some expressions ot which the factors become obvious 
after re-arrangement of the terms in a certain way, but there are others 
again which do not exactly come under this category. Hence, no definite 
method can be specified as applicable to all oases /ihat may be practicklly 
included in this article. We must, therefore, content ourselves only 
with directing the student's attention to a few important cases, more or 
less isolated, which will fairly introduce him to the subject under 
consideration. ' 

Exam ple 1. Eesolve into factors (3aj®-46")ffi+(3o® -4x^)6. 

The given e-xpression=3®'a-46®o+3a®6-4®*6 
= (3.'B®a + 3ffl=6) - (46®o + 4«»6) 

[taking the 3rd term with the 1st, 
■■ ' and the 4th with the 2nd] 

= 3a(x“ + o6) - 46 ( 06 +®®) 

=(®®+o6)(3a-46). 

Example 2. Eesolve into factors x*+x~!/" -y~z" - s*. 

Combining the 4th term with the 1st, and the 2nd with the 3rd, 
we have 

x*+x"y- -y° 2 - -z* -z*)+i!!D'y~ 

= (a:=+s®)(®®-^®)+t/={®®-s®) 

= (®® -/®)j(® ® + 2:^) + y ®} 

= (® + 2!)(» - «){®® + y ® + 2 ®). 

Examples. Eesolve into factors ®®+7®®-21®-27. 

The given^ expression ={®® - 27) + (7®® - 21®) 

^ = (® — 3)(®® + 3® + 9) + 7®(® “ 3) 

= (® — 3 ){(® ® + 3 ® + 9 ) + 7 ®} 

= (® - 3)(®® + 10® + 9) = (® - 3)(® + 9){® + 1). 
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Example 4. Besolve into factors 4a®+12af>+96®— 8a — 126. 

The given exp.=(4a®+12ft6+96®)-(8a+126) 

=(2a+36)®-4(2a+36) 

=(2a+36]K2a+36)-4} 

=(2a+36)(2a+36-4). 

Example 5. Besolve into factors 2 a® - 26c + 66® + oc - lab. 

We observe that the 1st, 3rd and the 5th terms are of the second 
degree in a and b, whilst the 2nd and the 4th terms are of the first 
degree in those letters. 

Putting the former set of terms in one group and the latter in 
another, we have 

the given exp.={2a®-7a6+66®)+c(o-26) 

== (a - 26)f2a - 36) + c{a - 26) 

= (o - 26)(2a — 36 + c). 

I 

Example 6 . Besolve into factors a® - 1 /® - s® + 2yz + x+i/-z. 

The given exp. =(a!®-i/®- 2 ®+ 2yz) + (a: + j/ - «) 

={s+y -z){x~y+z)+[x+y - z) 

'=(a!+t/-«){(a!— j/+5)+l} ' 

= (a:+y- 2 :)(a:-y+«+l). 

Example 7. Besolve into factors 

o®®® + o® - 2 a 6 !B® + 6 ®a;® + o® 6 ® - 2 a* 6 . 

We observe that the 1st, 3rd and 4th terms- have got a;® for a 
common factor, whilst the other have got a®. 

Hence, putting the 1 st, 3rd and 4th terms in one group and the 
remaining terms in another, we have 

the given exp.=(a®is®- 2 a 6 a;®+ 6 ®a:®)+{a®-fa® 6 ®- 2 a^ 6 ) 

= SB® (a® — 2 a 6 -f 6 ®) + a®(a ® + 6 ® - 2 o 6 ) 

= (a® - 2 a 6 + 6 ®)(a:® + o®) 

= (a - 6 )®(a; + a){a:® - ®a + o®). 


EXERCISE 79 


Besolve into factors . 

1. ®® + a:®+a:+l. 

3. a;®-a:®-a: + l. 

5. x*—ab^+xb^~x^a. 
7. x^+xfu-yz-z^. 


2. a;® -ho:® -35-1. 

4. 6c(o®-i;l)+o(6®+c®), 

6 . a 6 (a:®+ 2 /®)+a:y(a®-h 6 ®). 
8. xb-ac-xc^-ab. 
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9. (2x=+3i=)a-(2«=+3a:*)6. 10. a{a+c)-6{6+c). 

ll. 4tt +8flc~126c'-9i)". 12. ti~x''+acxz—b~y' — bcyz. 

13. x*~ySz+y=x=-v-z". 14. 16x=-15ab+mx-25a\ 

15, a^a+2b)+b-(2a+b). , 16. m^~2m'‘n+2mn^-7i\ 

17. a^+2a®6-2fl6®-6^ 18. x^{x-2y)+yH2x-v). 

19. a® + 5a® + 10a +8. 20. a:® -17®® +85® -125. 

21. 8a®+18a®b-27flh®-275®. 22. ®=-2®j/+y®~®+i/. 

23. 4a"— 4a6+6®— 6a+35, 24. ®*— 2fl®®+2fl®®®— 2a®®+a^. 

25. o*-3o®i+4a®5®-6ai®+4&*. 

26. a"+3a6+26' + ac+26c. 27. ®® — 4®]/+3i/®+®2— 3yz. 

28. m~+2pm-5mn~ipn+6n-. 29. a®-10a6-156c+215®+5ac. 

30. 2®®+4a(45-3a)+®(46+5a). 81. o®-3a(26-l)+46(26-3). 

32. 3®(i+2)-2y(4®-l)-3y®. 33. a®-6=-c®-2ftc+a-6-fl. 

34. a:®-4j/®-93®+l2j/2+4®-8y+12^. 

35. 9x®-42®-24®i/+16y®+20y-15®+102. * 

36. 2a=®^ -oa*®=+3a®-26®®*+5a®5®®®-3a*5®. 

37. 2®® + (2a - 36)»® - (26 + 3a6)® +36®. 

38. (a® + 6®)®® - a®6(2a + 6) + a(26»® - a®), 

39. 2a*-5a®+j5a®-5a+2. 40. a»-4a*-13a®+13tt= + 4orl. 

41. 2®®+6®y+4y®+5®r+6y2+2s®. 

42. 2x-+xy-3y~ -xz-iyz-z^. 43. a®-5ff‘''-12a*-6a®+l. 

44. 4®®-4®y-3i/® + 122/s-92®. 

45. ®®-a®*+a®®®-a®®®+a*®-a®. 46. «®+7®® + 14s+8. 

148. Miscellaneous Examples. 

Example 1. Eesolve into factors o®+7a6®-226®. 

We find that the expression can bo split up into parts each of 
which is divisible by a - 26 in either of the Iwo following ways : 

(i) {a®-86®)+76®(a-26); 

(ii) a(a®-46®)+116®(a-26). 

Hence, choosing the former way, we liavo 

a® +7a6= -226® =(a» -86®)+76®(a-26) 

= (a — 26){(a® + 2ab + 46®) + 76®} 

=(a-26)(a®+2a6+n6®). 

• « 

Example 2. Kesolve into factors 

®® + 2(a® + 6® ) + 3a® - 6(3® + 5a). 
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Arranging the expression according to descending powers of x, 
wo have it =a:®+3(a-6)a: + {2a®-5a6+26") 

= + 3(a - 6)® + (2a - i)(a - 26) 

=x~+ )(2a - 6) + (a - 26)}» + (2a - 6)(o - 26) 
=x{x+(2a-b^+(a- 26))a: + (2o - 6)} 

= {a: + (2o - 6)Ha: + (o - 26)) 

= (a: + 2a - 6X® + a - 26). 

Example 3. Besolve into factors a® - 6 zy + 81 /® - z® + 2j/z. 

The given oxpression=(a®-6a:y+9t/®)-(i/®i-z®-2!/z) 
=(®-3p)®-(l/-2)® 

= )(a - 3y) + (j; - 2 )H(a - 3j/) - ( 1 / - z)) 

= (a - 2 ?/ - z)(a - 4y + z). 

Example 4. Besolve into factors . (a® - 6 ®)(®® -i^“)+4o6at/. 

The given expression =a®a® —d^y- -b-x" +b-y^ +Aabxy 

' = (a®a® + 5®j/® + 2abxy) - (a®y® + 6 ®a® - 2 a 6 aF) 

-{ax+by)~~lay~bx)- 
= {(aa + 6 ^) + (ay - 6 a)}{(aa + by) - (ay - 6 a)) 

■= {(a - 6 )® + (a + 6 )y) j(a + 6 )® - (a -i)!/) 

Example 5. Besolve into factors a* + 6 ®* + 4®® - 15® + 6. 

The given expression = (®* + 6 ®® + 9®® ) - (5®® + 15®) + 6 
= (a® + 3®)® - 5(a® + 3 ®) + 6 
=)(®=+3®)-2))(®®+3®)-3) 

= (a® + 3®— 2)(a® + 3® - 3) 

Example 6 . Besolve into factors 

X* + 2®®y + 3 ®®f® + 2®2/® + y*. 

The given expression=(®*+2®®F®+l/*)+®®i/® + (2®®i/ + 2®i/®) 

= (®® + 1 /®)® + (ay)® + 2(®p)(®® + 1 /® ) 

= )(® ® + 1 /®) + ®!/)® =(x- + xy+y-)-. 

Example 7. Besolve into factors (a - 1)(® - 2)(® + 3)(® + 4) + 4. 

(a - 1 )(® - 2 )(s + 3)(® + 4) 

= i(® - 1 )(® + 3)){(a - 2 )(® + 4)) 

= (a® + 2® - 3)(®® + 2® - 8 ). 

Hence, putting z for a® +2®, 

the given expression = (z - 3)(z - 8 ) + 4 

= z=-llz+28=(z-4)(z-7) 

= (s® + 2® - 4)(®® + 2® - 7). 
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Note. The sUidenimiisl carefully noliee why in multiplying togelher the fmr 

Hvomials x-l-, a-2, x+3, x+i, we combine s+3 nnthx-1, and x+4 with x-2. 

If ai+y= a and xy=b’‘, find the value. of (i) a:*+i/* 
and (ij) X -x-y-xy^+y^ in terms of a and b. 

(0 a:*+7/ = (a!“+j,®)3_2sBV 

= K® + 2/)® - 2a:i/} “ - 2a:®2/“, 

and the required vaIae=(a“-2&®)®-26*=a*-4a®fc"+2fc*. 
(ii) x^-x"y-xy^+ij^ =a:®(® -y)- yHx - y) 

=‘(x-y)%x+y) 

= ft® + 2f)“ “ ^xy\lx +y)={a"-4b^)a. 
lEsample 9. "Find the value of a:^ -a!®+a;° + 2, when x^+2=2x. 
x*~x’‘+x~+2=(x*+x^+x^)-~2(x^-l} 

= x^(x‘ +x+l)~- 2(x - l)(x- + .r + 1) 
=(a!®+a:+l){®“ ^ 2(a: - 1){ 
=(®®+»+l)(®®-2a:+2), 
and the required value=(®®+® + l)xO=0. 

^!xample 10. Find the value of 

a* + 6*+c*— 26®c®— 2o®a® — 2aj®i®. when a+b—o. 

The given expression 

= -( 26 V+ 2 c®a®+ 2 a® 6 ®-'a*-h*-c*) 

= —(a + b~G)(a — b+c)(a + b+c)(bi-o~a), [Art. 142] 

and =0, when o+i>=c. 


EXERCISE 80 


Eesolve into factors : 

I. ®®+8®®+19b+12. 

3. ®®-6®=+ll®-6. 

5. a’®-4®®+® + 2. 

7. 6®® + 13® -10. 

9. ®*-3®®— ®®-^13®-10. 

II. ®* + 5®®-8®®-30®+36. 
13. ®«-7»®+l3®-15. 

15. .®®-6®®+32. 

17. .®®-9®2/®-10p®. 

19. 6a®-3a®6-286“. 

21. 2®®+5®®-4®-3. 


2. ®® +9.®® +26® +24. 

4. ®® + 5.®® -2®— 24. 

6. ®®+5®®-2s-6. 

8. «*-3®®-9®.®+12a:+20. 
10. ®*-5®®+®®+13®+6. 
12. ®*- 7®® +9®® +26® -56. 
14. ®®-5®+12. 

16. 2®® -3®® -4. 

18. a®+4a®5-96®. 

20. 8®* +4® -3. 

22. ®»-3®-2. 
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24. 

3®®'+8®=-8®-3. 

25. 

x^ -6xy^ + 9y^. 

26. 

®® + 5® - (n® - 3a5 + 26®). 

27. 

x^+idbx^y^ - (o“ - b°)-y*. 



28. 

a* + 2(a:® + y =)a*6= + (e= -y^)^b*. 


29. 

+ (a: + y)a — 2x^ + Qxy — 2y^. 

o 

CO 

®(® + a) - 2a® + 36(a + ®) + 26®. 

31. 

a:® + ixy +Sy" + 2ys-e^. 

32. 

4o® - 4a6 - 36® + 126c - 9c®. 

33. 

a:‘+6a:®+8a:®+6z-9.’ 

34. 

fl*-4o®6-5a®6®+6o6®-6*. 

35. 

4®* - 20®® + 24®» + 6® - 9. 

36. 

®*-2®®+2®®-2s+l. 

37. 

a^-9a=+30a-25. 

38. 

a® - 2a6® - (ac - 6®)®® + 6c®®_ 

39. 

x^y * + ®®»® - a® + 2xyz + 1. 

40. 

®®(y®-2®)+4®3/2*-y®+2®. 

41. 

(a~~ 5®)(®® + 1 /®) + 2(a® + b-}xy. 


42. 

s* - 4®® - ®® + 10® + 4. 

43. 

a*-6o® + 15a®-18o+5. 

44. 

4®* + 12®® - 5®® - 21® + 12. 

45. 

®* - 5®*y + 6®®y® - 6®y® + y *. 

46. 

X* - 5®® + 14®® ~ 20® + 16. 



. 47. 

-a* - 7ffl®6 +14a®6= - 14o5® + 45*. 

• 

48. 

a*+4®®-llfc®+20®+25. 

49. 

o* + 4o®6 - 10fl®6® + 4a6® + 6* . 

50. 

®*+8®®+24®®+32®-20. 

51. 

(® + 1)(® + 8)(® — 4)(® — 6) + 13. 

52. 

(®+2)(® + 3)(a+4)(»+6)-360. 53. 

®(2®+l)(®-2)(2®-3)-63. 

54. 

Find the value of xy(x-f-y)+ye(y+e)+sx[s+x)+3xys. when 

x-^aib- 

cj, y ■= o(c - a), 2 = c(a - 6J. 




55. Find the value of (i/- 2 :)(i/®-s'‘)-a:{(i/- 2 )® + a:(j/+ 2 )}+a;®, when 
x=a^~b^, y=b^-c'‘, js *= o ®- c ®. 

56. Find the value of a:“-2(j/~2)x-3i/®+20y-32, whan ®+y=4. 

57. Find the value of a!®-2/®+4s+142/-45, when a;+y=25 and 
x-y=G. 

58. Find the value of 8xy[x-+y~),- when x+y= aJS\ 

when x-y=ij2] 

n. Identities 

149. "We shall in this section consider some important identities 
of a somewhat harder type than those treated of in Chapter Sill and 
establish their truth with the aid of the foregoing formulsa and principles. 

The following general method should be remembered : 

Reduce the more difficult side of the identity to the form of the other 
With the help of the preceding formula. 

If both the sides of the identity are complex, reduce each to its 
simplest form and establish their equality. 
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Sotnetimss on identity follows easily by tTwnsyosition of terms or 
addition'of some terms to both its sides. 

Sometimes an identity may be proved very easily by subsUtniing a 
new letter for a grottp of letters occurring in the identity. Make stick 
subsUtutions wherever necessary. 

The following examples will illustrate the process : 

Example 1. Prove that 

(a - a)(® - b]ia -b]+(x- 6 X® “ c )(6 - c) + (a - cX® - aXc - a) 

— -[b- c){c - o)(a - b). 

'Substituting p for ® ~ a, 3 for ® — 6 and r for a — c, we have 
q~p=‘a-b.r-g^b-c,p-r=o-a. 

S . The left side*=pg{( 2 '-p)+gj(r-g)+rp{p-r) 

= -(g-pXT-g)(p-r) 

= - (a - b^jb - c)(c - a). [restoring values 

of g-p, r-g,p~r] 

Rxniuptf i 2. Prove that 

{yi-z)~{2x+y+z]+{z+x)Hx+2y+z) + {x+y)‘(x+y+ 2z) 

+ 2 ( 1 / + z)(z + aX® + 1 /) *= ( 2 a + p + z)(x+ 2y + zXx + y +2e), 

putting a for p+Zi h for z+a, c for ®+p, we have 

h+o«= 2 a+p+z, c4-a==a+2y+z, a+i>=®+p+ 2 z. 

. The left side = a ®(6 4 c) + d®(fi + a) + c-(a 4 6 ) 4 2a6o 
<=(64 cXc 4 a)(a 4 6 ) 
=(2a4p4zXa42p4zX®+l/42z). 

Example 3. Prove that®®46{p4s)a®4l2{p4z)®a48(p4z)® 

= 4(3a 4 2y 4 6 z)y ® 4 (a 4 6 p 4 2z)(® 4 2z)®, [M,M.1881] 

'The left side=a®43a®.{2(p4z){43.®.{2(p4z)P4{2(p4z)P 
= ^a 4 2 ( 1 / 4 z)P = (a 4 2i/ 4 2z)® = \2y 4 (a 4 2z)P 
= { 2 i/)® 4 3(2i/}®(a 4 2 z) 4 3(2j/X® 4 2 z)® 4 (a 4 2 z)® 

“By® 4 12y%x 4 2s)+Qy[x 4 2z)® 4 (a 4 2s)® 

= 4i/®{2y 4 3(® 4 2z)} 4 { 6 y 4 (a 4 2s)}(a 4 2z)® 

= 4(3a 4 2j/ 4 6 z)y® 4 (a 4 6 y 4 2 z)(b 4 2z)®. 

Eixample 4. Prove that 

- ®® 4 y® 4 z ®4 2ixyz = (a 4y 4 z)® - 3ja(y - z)“ 4 y(z ~ a)® 4 z(a - y)®{. 

By transposition of terms, this identity is equivalent to the form 

3ia(y - z)® 4 y{z - a)® 4 z(a - p)®} 4 24aps 

=(a4p4z)®-a®-p®-z®. ... ... (1) 

If the latter identity can be established, the former can be deduced 

Iby transposing terms. 
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Now, ^x{y-z)--¥y{z-x)~ ■¥z{z-y)‘]-^%xvz 
=B\x{y^ -2yz+z^)+y{ji-~iizz+x^) 

•• + «(®- - 2zy + y “)} + 24xyz 

—3{x(y^ + s’‘)+y(z^ +z~)-i-z(x“ +y~)—2xyz 

- 2yra: - 2sxy + Sxyz} 

= Z\x(y~ + 2 ®) + i/(s® +a:®) + 2 ( 1 ® +y®) + 2xyz\ 

~ 3 ( 1 / + 2 X 2 + x)(x +y)= {* + y + 2 )® - a;® -y® - 2 ®, 
by transposition, - 

s® +y® + 2 ® + 24xyz = (a: + y + 2 )® - 3ia:(y - 2 )® + y (2 - a;)® + z(x - y)®}. 
Example 5. Prove that 


- x(d - c)(e - a)(a - 6) = a(b - c){x - b)(x -c)+b(c-a](x- cX® - a) . 

+c(a-b)(a;-o)(®- 6 ). 

. The 1 st expression of the right side 
= a (6 - c){® ® - a:( 6 + c) + 6 c} 

= x^a{b - c) - xa(b^ - c®) + obc(b - c). 

The 2 nd expression of the right side 
=■ 6 (c - a){a: ® - a:(c + cs) 4 - ca} 

“a:® 6 (c-«)-a! 6 (c® -a®)+obc(c-o). 

The 3 rd expression = c(o - 6 )|a;® - a:{a + 6 ) + o 6 } 

= a:®c(ffl “ 6 ) - a!c(a® - 6®) + 060(0 - 6 ). 

. The tight side (adding the columns vertically) 

= a:®{o(6 - cj + 6(c - o) + c{o - 6)[ - *{0(6® - c *) 

+ 6 (c® - o®) +c(o® - 6 ®)} +o 6 c {(6 - c) + (c - 0 ) - (o - 6 )} 
=a:®. 0 -a:{( 6 -c)(c-o)(a— 6 ){+o 6 c.O. [Ponnulre XXII, 

XIV and XXm, Art. 133] 

= - *(6 - c)(c - oXo - 6 ). 


Example 6. Prove that 

(l-a:®)(l-y®)(l-2®)-(a:+y2)(y+2x)(2+®!/) „ „ „ , 

=(l+a;y2)(l -a- -y -s' - 2rys). 

The left side 


= (1 - a:®)(l - v®)(l - 2®) - 


= {1 - (a:® + y ® + 2®) + y *2® + 2®a;® +a;®y ® - a;®y ®2=} - ^K®y -)® 


+(®ys)®(a:® + y® + s®) + (a:vs)(y®2® + 2=®®^+a:=y ®) +a;®y=2®} 

=(l_a;»-yS-s=)+(y®s®+2®a;®+a;-y-)-3:-y-2®-a:-y-2- ^ 

- xyz(x-+y' + 2®) - (y ®2® +z-x- +x-y-) -xy: 
= (1 - a:® - y ® - 2®) - a-ys - zys(®® +y® + 2®) - 2a:®y ®2® 
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=l-x^-y--z-~ <2^yz+xyz - xyz(x^ +y"+z-)- %z^y^z^ 
=(l-®=-y=-s*' - 2 tj/£) + * 2 / 2(1 -x^-y^-z"- 2xyz) 
={l+xyz)(l-x-~y"~z--2x7js). 

150. Conditional Identities. We shall now establish certain 
important 'Conditional identities and deduce the truth of other iden- 
tities from them. 

151. If o+6+c=0, prove that 

(1) fl®+&®-Pca=-2(6c+ca-hc6), 

We have (a + i -h c)* »» a® + b® -P c“ + 26c + 2ca -P 2ab, 

0®=a®-f 6®-hc®-f2{6c+ca+fl6). 

Transposing, a®-h6®+c®= — ^6c+ca-Po6). 

( 2 ) a^+b^+c^-3abc. 

We liaA'e a®-P6®-t-c*-3a6c > 

=(o+6-hc){o® + 6®+c®-6c-ca-a6) 
=0x(tt® + 6®-hc®-6c-ca-a6)=0. 
Transposing, a®+6®+c®=3ffi6c. [See Art. 99, Ex. 10.] 

(3) (6c+ca+a6)«==6’®c“+c®c®+c®6®=i(c“+6®+c®)'?. 

We have (6c +ca+ a6)® •=' 6®c® -h c®o® + a®6® -f- 2abc[a + 6 -h c) 

. '=6®c®-Pc®a®-l-a®6®+2o6cxO 
=6®c®+c®a®-ha®6®. 

Also, from (1) above, 6c-hca+a6= -■^(a®+6®+c®). 

(6c+ca+«6)®=i(a®+6®-hc®)®. 

Hence, (6c -h co -h a6)® = 6®c® +c®a® -t- a®6® =i(a® -P 6® -t- o®)®. _ 

(4) a^-h6‘‘-hc‘'=2(6®c*+i;*o®+c“6®) 

We have 26®c®+2c®a®-P2a®6®— a* — 6*-c* 

= (a + 6 H- c)(6 -h c - a)(c -h a - 6 Xa + 6 - c) 
=0x(6-hc-aXc+a-6Xa+^’“c) [Art. 142] 

- 0 . 

Hence, transposing. 

* + 6* +c* = 26®o® + 2c®a® + 2ti=6® = 2(6®c® + c®a® + o®6®) 

=i(o®-h6®+c=)®. [from (3)] 
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(6) a®+6®+c®=-5a6c(6c+co+fl6) 

=|fl&c(a“+6“+c*) 

= |(a“ + 6= + + 63 + c3). 

Since, a + 6 + c = 0, we have, by transposition, a + 6 = - c ; 

(a+bYH-cY, 

or, tt®+6a*6+10a36®+10a®6®+5fl6*+6®>= -c®. [Art. 127] 
By transposition, 

a® + 6 ® + c® = - 5a*b - 10a®6® - 10a®6» - 5o6* 

= - 5a6(a3 + 2a®6 + 2o6® + 6») 

= — 6 a 6 (fl+ 6 Xffl®+ffl 6 + 6 ®) [factorising] 

= ~5ab(~ c)\{a + 6 )® — ab} [since o + 6 = - c] 

= 5abc\{a + 6 )( — c) — 06 } 

=babci-ac-ho—db) 

= -5abc(bo+ca+ab) 

=^"(a®+ 6 ®+o®) [byCD] 

. ='S(a®+6®+c®).3a6c 

= ^(a® + 6 ® + c®)(fl® + 6 ® + 0 ®). [since, 0 ® + 6 ® + c® 

=3o6c] 

( 6 ) a'+b'’+c^=^abc^pc'+ca+abY 

® + 6® + c*)3(fl® + 6® + c®). 

Since, o+6+c=0, we have, by transposition, < 1 + 6 = -c ; 
{a+bTM-c)\ 

or, a’’ + 7a®6 + 21a®6® + 35a®6* + 35o®6* + 21a*6® + 7a6« + b'' 

= -c®. [Art. 127] 

Transposing, a’+ 6 ®+c’ 

' = -7a“6-21a®6=-35a*6®-35a®6‘-21o®6®-7fl6® 

- - 7ffl6(a® + 3a*6 + 6 o» 6 ® + 5o®6® + 3o6* + 6 «) 

= -7o6(fl+6][o*+2a®6+3a®6®+2o6®+6*) [factorising] 
= -7a6(-c)(a®+ab+6®)® 

=7o6c(a®+o6+6®]® 

' = labdibo + cfl + flb)® [as in [5)] 

= |( 6 c + ca + fl6)®.3a6c 

^2) & (3)] 

»*(a® + 6 ®+e®)®(fl®+ 6 ®+c®). 

1-16 
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Example 1. Prove that 

(V - Hb~ xf + (» ~ yY = 3(y - siz - x)[x - y). 

Putting a for [y-e), b for {z-x) and c for {x-y), we have 
a+b+e—y~z-f-B~x+x-y=0, 
a®+i®+c®=3o6c. [by (3)] 

Bestoring values of a, b and c, 

[y -zY+[s-xY+{x~ yY = 3ly - z)lz - x)[x - y). 

' Example 2 . Prove that 

o 

_ (y~2Y+(z~xY+(x-yY (y-sY+(z-xY+(x-yY 
^ 2 ■ 3 ' 

Put a for (y- 0 ), b for {e-x) and c for (a:-y), we have 

a-i-b+c=y-2+z~xi-x~y=0, ' 

+ + [from (5)] 

«®+i®+c® a^+b^+e^ a^-*-b‘+c^ 

5 " 2 ■ 3 ■ ^ 

Bestoring values of a, b, c, we obtain 

{v-zY+dz-oiY+ix-yY {v-zY-^{s-xY-\-{x-yY 

, 6 2 

V [ y - g)^ + (g - •*• [g - y)*- 

' 3 

Examples. Pz-ovethat (y+s-!c)®+(s+a!-j/)®+(a:+y~a)® 

=3(y+z-a;)(3+a!-yX3r+y-a}'=' -24a:ys, if ®+y+z=0. 
Putting d for y +z— ®, b for z-hx—y and c for x+y~z, 
we have a+d+c=(y+z-a:)+(z+!c-y)+(a:+y-s) 

=!S + J^ + Z = 0. 

Hence, a®+h®+c®= 3abc, 

Bestoring values of a, b, c, we obtain 
(y+s-a:)® + (z+a:-yr+(®+y-g)® 

, ‘=3{y-l-z-x){z+x-y)(,x+y~z). 

Also, since «+fe+e=0, we have, by transposition, 

-(J+c)= -Xz+a:-y)+(»+y-g)}='-2a!, 

-(c+a)= -{[x+v-z)+[y+z-x)\^ -2y, 
c= -(a+6)= -[(y+z-a:)+(g+!B-y)i=' -2g 

3abe=3i-2x){-2y)(~2z^= -2ia^z. 
or, 3 {y-i-z-x){z+x-y)(,x+y—z)= ■~24xyz. 

Hence, (y+z-xY+iz+x-yYHa^+y-^Y . 

=3{y+z-x)[z+x-yy.x+y~z)^ ~2ixvz- 
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Esaniple 4. If x=a^—bc, y=b“ ~ca,z=o^~ab, show that 
«“ + i/® + 2 ® + &® + c® - ZaboY. 

Wa have®+y+2=o® — &c+i®— ca+c®— aJ 
=o“+h“ + c®-ic— co-ffl& ; 
y-2=i®-ca-(2®-ah) 

= b^ — a^+ab—ca 

=ib-c)(b+o)+a[b-o) , 

= (b-cM(i+c)+o}' I 

={b-c)(a+b+c). 

Similarly, z~x‘={c-aXa+b+c}, 
x-y={a-b){a + b+c). 

Now, a:®+j/®+2®-3a:p2 

=i{x+y+z){{y - zY + {.z-xY + (» -vYl 
=4(a®+6®+c®-6c-ca- ab){(b -oYla+b+cY 
+ (c - + 6 + c)® + (a - t)®(o + 6 + c)®} 

=(a® + i®+c®-Jc-ca-o6) 

X - c)® + (c - a)® + (a - 6)®}(a + 6 + c)* 

=(a+6+c)®(a®+ J®+c®-fcc-ca-ah)® 
=\{a+b+c)(a°+b^+o° -bo-ca-ab)Y 
= (a® + 6® + c® - 3a6c)®. 

Examples. Iis=a+b+e, prove that 

s(s - 26)(s - 2c) + s(5 - 2cXs - 2a) + s(s - 2a)(s - 2b) 

= (s - 2a)(s - 2i>){s - 2c) + SaSc. 

The sum of the first two terms of the left side 
= s(5 - 2 g)Ks - 26) + (s - 2a) j 
= 5(s - 2o){2s - 2(o + b)\ 

=2(s-2o)x2c : 

and the third term = (s-2c + 2c)(s - 2a)(s - 26) 

= Cs “ 2c)(s - 2a)(s - 26) + 2c(s — 2^){s — 26). 

Henae, the left side 

= s(5 - 2c)2o + {(s - 2 c)( 5 - 2a)(s - 26) + 2o(s - 2a)(s - 26)} 
= (s - 2a)ls - 26)(s - 2c) + 2c{s(s - 2c) + (s - 2a)(s - 26)}. 

But s(s-2c)+(s“2a)(s-26) 

= (s ® — 2 c 5 ) + {« ° — 2s(a + 6) + 4a6} 
=2s®-25(a+6+c)+4a6 
= 2s® - 2s.s + 4a6 = 4a6, 

The left side=(s-2a)(s-26)(s-2c)+8a6c. 



244 


ALGEBRA MADE EASY 


[chap. 


Exaniple 6. If 8=0+ 6+c, show that 

(5 ~ a)(s — &)Cs — c) = (a + 6 + c)ibc +ca+ ab) — dbc. 

The left side =s®~(a+6+c)s®+(6c+ca-Hib)s-alic 
= s ® ~ s,s® + (6c + C(Z + ab)(a + b + c) - abc 
= ( 6 c+ ca+ ii 6 )(a + 6 + c) — 06 c. 

Elxample 7. If ci+6+c+d=0, prove that 

{fl + 6)(a + c3(a + d) = (6 + aX6 + dX6 + c) 

= (c + d){c + aXc + 6) 

= (d + cXd + 6X^ + ®)" 

Sines, a+ 6+c+d=0, wa have, hy transposition, 

<1+6= — (c+d), 

<i+c= ~(6+d), 

—(b+e ) ; 

, (a + b]{a, + + d) = (a + 6){ — (6 + d)H “ (6 + c)} 

= (a + 5)(6 +d)(6+ c) 

= (6 + aXb + dX6 + c). 

Similarly, 

(a + 6Ka + cXa + d) = { - (0 4 - d)Ka + e){ - (6 + c)} 

— (c + dXa + cX6 + c)^ 
=(c+t^c+aXe+6) ; 

(a + 6X® + cX® + d) = - (c + d){ - (6 + d){(a + d) 
=(c+dX6+dX®+tO 
= (d + cXd + 6Xd + a). 


Example 8. Prove that 

(■y + a - a;)® + (a + a: - j/)® + (® + » - e)® + 24a^0 

= (2a: + y - a) ® + (y + ^) ® - C» + y - 8')® “ 6a:(a: - SsX® 4- 1/) ' 

Putting a for 2a:4-y-2, 6 for y+z and c for -(*4-y-^), 

•we have a+b+c^x+y+z, 

64-0=22-®, 
c4-o=®, 
a4-6=2(®4-y) ; 

The right side 

= (2® 4-V - 2)® 4- (y 4- 2)® 4-{ - {® 4- 3/ - sX® 4- 3.®(22 - ®).2{® 4- y) 

= a® 4- 6® 4- 0 ® 4- 3(c 4- a)(6 4- c)(a 4- 6} 

'= (a 4-64-0)® 

= (® 4- y 4- 2 )® [restoring values of a, 6, c] 
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={({/+2-a:)+(2 + a!-j^)+(a!+3/— s)}® [since {y-i-z-x)+{s+x-y) 

+{®+j/-2)=a:+y+z] 

= {.y+z-x)^ + {s+x-yY+{x+y-zY+Z{[z+x-y) 

+ (a: + - e)}|(a: + y - 2)+ (j/ + 2 - a:)H(y + s - ®) + (g +» - {/)} 

. [Formula XYII, Art. 133] 

={y+z-xY +{z+x-y)^ +{x+y-z)^ + 3.2x.2y.2z 
= (y + 2 - ®)® + (2 + a: - y)® + (® + 7^ - 2)* + 24 * 2 / 2 . 

EXERCISE 81 

Prove that ; 

1. fl®® + 5® 2/ + e®2 = (® + 2/ + 2)(o® + 6® + c®), 

ii ®® - 2/2 = o®, 1/® “ 2SC = ?>®, 2® -®2/ = c®. 

2. ax + by+cz={a+b+c)(x+y+z), 

if ®=a®-6c, y=b^—ca, 2=c®-ol». 

3. (a - a)®(6 - c) + {® - 6)®(c - a) +(® - c)®(a - 6) + (6 - c)(c - a)(a - 6) =0. 

4. 27{a+6+c)®-(a+26)®-{b+2c)®-(c+2a)» 

= 3(a+ 36 + 2c)(6 + 3c + 2aXc + 3a + 26). 

5. 2(s - a)(s - 6)(s - c) + a(s - 6)(s - c) + 6(s - c)(s - a) 

+ c(s - a){s - 6) = a6o , if 2s = a + 6 + 0., 

6. s(s - a)(2 - 6) + s(s - a)(s - c) + s(s + a)(s - c) + c(s + a)[s + 6) 

=(5+a){5+6)(s+c), if s=a+6+o, 

7. (s-a)®+{s-6)® + (s-c)®-3(s-o){s-6)(s-c) 

=^(a® + 6 ®+c®- 3a6c), if 2s=a+6+c. 

8. (3s + 22/ + 52)® - (3® +2y- 62)® - 302](3® + 2i/)® - 252®} 

= (20® -y+8z)^+(y+2z- 20®) ® + 302(20® -y+ 8z)(y +2z- 20®). 

9. (!B+y+2z)(x+2y+zX2x+y+z)-(y+z)(z+xXx+y) 

=2(®+2 /+s)®+2 ®2/2. 

10. (a+b+c)(®+2/+2)+(a+6-c)(®+2/-2)+(6+c-B)(2/+2-®) 

+ (c + 0 - 6)(2 + ® - 2/) = 4(a® + 6y + 02). 

11 . (2/ - 2)(1 + ®2/)(l + ®2) + (2 - ®X1 + 2/2')(l + 2/®) 

+ (® - 2/)(i + 2®)(i + yz) =ly-z)(z- ®)(® - y). 

12. (®-l)(®® + ®+4)(i/-s)+(2/-l)(t/®+2/+4)(2-®) 

+ (2 - 1)(2® + 2 + 4)(® - 2/) = - (tf - 2)(s - ®)(® - 2/)(» +!/+«). 

13 . s®+2/®+s®+«;®+3 (2/+2 )(s+®)(®+2 ^)=0, itx+y+z+w=0. 

.. (6-c)®+(c-a)*+(a-6)® (6-c)®+(o-a)®+fo-6)® 

5 ' 2 

(6-o)"+(c-a)’+(a-6)» 

“ 7 
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16. 

17. 

18. 

19. 

20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 


27. 


28. 


[CSAP. 


(* + p){x + z){®® ~ ys) = (a: +2/ + z){a; - z){®® + j/®), 

if 2/=ix®+aandz=a+l. [M. TJ.1909] 

iv+s-^)[z+x~Siy)+iz-i-x-2y){x+y~2z)+[x+y-is){y+z-2x) 

— Hiv ~z)lz~x)+iz- x){x -y)+(x~ y)(y ~ a)}, 
{ 2 / ~ a)* + (s - ®)* + {® - »)* = 2{®® + y® + z® - 2^3 - z® - 
(6 - cX6 + c - 2a)® + {c - a)(c + a - 2&)® + (a - 6){a + 6 - 2c)® = 0. 

®®(l/ - z)® + i/®(z - ®)® + z®(® - j/)® = 3xyz(y - z)(z - ®){® - y). 
a\b^ - c®)® + 5*(c® - a®)® + c«(a® - 6®)® 

= 3a®6®e®(6 + c)(c + a){a+ 6){6 - c)(c - a)(a - 6). 
(6 + c)(6 - c)® + (c + a)(c - a)® + (a + 6)(a - fe)® 

= 2(6 - c)fc - a)(a - 6){a + 6 + c) . 

®(y - z)® + - «)* + 2(® - vT = (j/ - s)(z - ®)(® - y){x + 3/ + z). 

4(a® +a6+6®)® -(a-6}®(a+26)®{2a+6)®=27o®6®(a+6)®. 

26®c® + 2c®a® + 2a®6® ~a*‘-b*~c^ 

= 16s(s — a)(s - 6)fs - c), if 2s = a + 6 + c. 
(s-a)® +(s-6)®+(s-c)®+3a6c=s®, if 2s=a+h+o. 
(6-o)®+fc-a)®+(a-6)® (6-c)®+{c-a)®+(a-6)’ 

3 — 7 

j (6-c)®+'(c-a)®+(a“6)® l® 

(ax ■i-by+cz)^ + (bx+cy+ az)^ +(cx+ay+ bz)^ 

- 1(6® + cj/ + az)(cx + aj3 + bz) + (cx +ay+ 6z)(a® +by+oz) 

+ (ax +hy+ cz)(bx +cy+ az)} 
=(a®+6®+c®-6c-ca-o6)(®®+2/®+z®-vz-z®-a9). 
(ax + 61/ + cz)® + (bx + cy+az)^ + (cx + ay + 6z)® 

- 3(0® + 6y + czX6® +cy+ az)(cx + ay + bz) 

=(o® + 6®+o® - 3a6c)(®® + y ® + z® - 3iryz). 


If a + 6 + c >= 0, pi’o ve that 


29. 

30. 

31. 

32. 

33. 

34. 

35. 


ca— 6®=a6-c®“6o— a®=6c+ca+a6'= -^(a®+6®+c®). 
6®+6c+c®— c®+ca+a®=a®+a6+6^= —(ba+ca+ab). 
a(c + a)(a + 6) = b(a + h)(b +c)= c(a + e)(6 + c) = abc. 
a(b + c)® + 6(c + o)® + c(a + 6)® = 3a6c. 

0(6 - c)® + 6(0 - a)® + c(a - 6)® “O. 

X® + r® +x®= 3 xrx, where X^ax-i-hy+oz, • 

Y=bx+ey+az and X=ca!+oy+62. 

( 2 a+ 6 +<!)®+(«+ 26 +c)®+(a+ 6 + 2 c)® 

= 3(2a + 6 + c)(o + 26 + c)(a + 6 + 2e). 
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36. Prove that (3a: + + 2)® + (a + 3j/ + a)® + (a; + j/ + 80^® 

- 3(3® +y+ s)(x + Sy + z)(x + y + 3z) = 20(a® + y ® + 2® - Bxyz). 

37. If a+6+c=l, prove that 

(a + 6c)(6 + c) = (6 + ca)(c + a) = (c + ab){a + 6) = (1 - a)(l - 6X1 " *5). 
Prove that : 

38. {x+y)’‘{y+z~x){z+x-y)+{x-y)’‘(x+y+e){x+y-s) 

=ixyz^ +{y“ -2^)(y* +y^2^ +z^)+{z- -x°)(s*‘ + s^x° +x*) > 

+ (a® - y°)(®* + ®®y ® + y *). 

39. 2a:(y+2-®)+(2+a-yX®+y-2) 

=2y(2+a-y)+(a+y-2Xy+0-®) 

=22(a-ky-2)+(y+2-aXz+®-y) 

=(y+2-aX2+®-y)+(2+a-yX®+y-z)+(®+y~2Xy+2-®). 

40. ®®+y®+3®=a®-3fl6+3c, 

when a+y+2=a, y2+2X+xy=b, ®yz=c. 
41t y2(y + 2) + 2a(2 + a) + ay(a + y) + 3®y2 = i(p® - yg®), 

when x+y+Z’=p and s®+y®+2®=g®. 

42. ®’+y’+2’=7gr®, when a+y= -2, xyz=q, yz+zx+xy^^r. 

43. x*+y*+z*-iq*, when ®®+y®+2®=g®, ®+y=13, z= -13. 

44. (a + y + z)(y2 + 2® + ay) - (y + 2X2 + «)(® + y) = 120, 

when yz~A5, 2®=64, ®y=6. 


CEAPTBB XXIII 

THE REMAINDER THEOREM AND DIVISIBILITY 

152. Important Theorem in Division. 

Theorem I. Ifpx’‘+qx+r is divided, by x~ a until the remainder 
does not contain x, the remainder will be pa^-iqa+r. 


By actual division, we have 


x-c 


a\pa® + g® + rlpx + (ap + g) 
i px^-apx \ 

{ap+q)x+r 
(ap+g)g-a(op+g) 
o(ap+gy+r 


The remainder 
= o(ap+g)+r=pa®+go+r. 


Note. Observe that the remainder is of the same form as the dividend with a'in 
the place of x. 
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Theorem n. If is divided hy x-a mUl ibe 

remamder does not involve x, the remainder will be pa^ +-go® +ro.+s. 

By actual division, 


a; - ojpa:® + ga!= + + s/pa:® + (ap +q)x + (pa® + ga + r) 

j px^-apx- \ 

(ap+q)x~+rx+s The remainder required 

(gp+g)a;®-ffl(op4-g)a; i 

(pa +qa+r)x-i-s =pa®+ga®+ro+s. 

fpg®+gg+r)a;-gfpa®+gg+r) 
pa®+ga®+ra+s 


Note. Sere also, itoliee that the remainder is of the same form as the diviie}id 
with a in the place ofx. 

fo^ple 1. Find the remamder independent of a: when 
+6a:+9 is divided by *-2. ' 

By Theorem II, the remainder x-equired 

=the value of a:® — 5a:® +6® +9, when a:=2 
=2®-5.2®+6.2+9=8-20+12+9=9. 


Example 2. Find the remainder independent of x when a® ~ 216 
is divided by a: -6. 

The remainder required = the value of a:® -216, when ®=6 
=6®-216=216-216»0. 


Note. The student is recommended to verify these results by actual division. 

163. national and Integral Expressions. We shall now 
establish a more general theorem known as the Remainder Theorem 

by dividing an expression of the tyixe px”+qx”~^+rx"'^+ +lx+m 

by ®-a, n being a positive integer and p, g, r....... I, m being constants. 

An algebraic expression of this kind in which every power of ® isa 
positive integer is called a rational and integral expression in ®. 

Thus, ®®— 3®+13, ®®+p®+y, etc. are each a rational and integral 
expression in x. ' 

164. The Remainder Theorem. If any rational and integral 
expression in X is divided by x—a, the remainder independent of x, is. 
obtained by putting a f<p' x in the given expression. 

lteipx''+gx”-^+rx”-' + +la;+mb 0 the rational and integral 

expreteion. Let Q be the quotient and B, the remainder independent of 
X wbm the above expression is divided by ®-a. 

Then, since, pividend)®=(Divisor)x(Quotient)+(Eemainder), 
we have 

p®"+gffi’'-^+r®"-®+ -hlx+m‘=(x~a)Q+B [identically). 
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_ Sinca, JS does not contain x. it remains the same Avhatever ralue 
be given to x. If a is put for x in the above relation, we have 

pa" + + ra"~~ + +la+m=ia-a)Q'+B, 

(where Q' is the value of Q when a is put for x) 
• =0 x Q*+jfil= 0 +JB=jB. ^ 

The remainder 12 =pa" + 90 "“^ +ra"“® + + la+m. 

Thus,' the remainder is of the same form as the dividend with a in 
the place of x. 

Bence, the theorem is established. ' 

Cor. If any rational and integral expression in x be divided by 
x+a, the remainder independent of X IS obtained by putting - a for x in 
the given expression. $ 

Since, a: +o=a:-(- a), the above corollary follows at once from 
the Semainder Theorem. 

Example 1. If a® -5® +9 be divided by a: + 2 , find the remainder 
independent of x. 

* From the corollary, the remainder required = the value of the 
expression ®®-5®+9, when -2 is put for x 

=(-2)=-6(-2)+9-4+10+9=23. 

» Example 2. If ®°+p®+g be divided by ®+a, find the remainder 
, independent of x. 

From the corollary above, the remainder required 

=the value of a® +px+g, when x= - a 
'=(-oJ®+p(-o)+g"=a® -pa + q. 

.Note. The student is advised to vaify these lesults hg actual division. 

Example 3. Find, without actual substitution, the value of 
-19®= + 69a:*-151®«+229®®+166s+26, when ®=15. 

By the Eemainder Theorem, the value of the expression, when 15 
is put for ®,=the remainder on division by ®-15. 

But the given expression 

=®® - 15®= - (4®= - 60®*)+(9®* - 135®=) 

- (16®® - 240®®) - (11®® - 165®) + (® - 15) + 41 
=®*(® - 16) - 4®=(® -16)+9®®(® - 15) -16®®(® - 15) 

— 11®(® — 16) + (® — 15) + 41. 

Evidently, the remainder on division by ®- 15=41. 

Hence, the value required =41. 
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166. Divisibility and Factor Tbeorem. If any rational aid 
integral expression in x vanishes identically when a is substituted, for 
, X, the expression is exactly divisible by x—a and, contains x~aasa 
factor. 

Let the given expression be pa!”+5a:"'^+ra:""®+ +ia!+m. 

The remainder on division hj x- a 
' =tha value of the dividend when a is put for x ‘ 

, [by the Eemainder Theorem] 
=pa" + + ra”-® + + la+m. 

The given expression is exactly divisible by a; -a if the remainder 
is zero, t.e., if pa“+ga"'’-+j-a""®+ +ia+m=0. t 

Also, (Dividend)=i!(Divisor)x(Quotient)+(Eemainder), we»have 
the given expression 

=(x~a)x Q+(pa'‘+ qa"' ^ + ra” " ® + + la +m) 

[<3 being the quotient] 

={®-a)Q, i{pa"+ga"~^ + +Za+7?i='0 ; 

x~a is a factor of + ' + lx+m, ^ 

if pa"+ga"'^+ + la+w=0. 

Thus, the theorem is established. 

Cor. m+a is a factor of px’'+qx''~^+rx”~^+ +Z®+«t,^f 

p( - a)" + g( - o)" " *■ + r( - a)"~ ® + • ' • + Z( - a) + ?a = 0. 

Since, x+a=x-i~d), the corollary follows at once. 

Example 1. Show that 3®* - 2a;” + a: -18 is exactly divisible by 
® — 2 and contains ffi — 2 as a factor. 

The value of 8®® -2a;®+»-18, when 2 is put for x, 
=3.2®-2.2“+2-18=24-8+2-18=0. 

Hence, by the above theoz'em, 3®* -2®®+®- 18 is exactly divisible 
by ®-2 and contains ®-2 as a factor. 

Example 2. Show that 3®®-2®®y-l3®i/®+10j/® is exactly divi- 
sible by ® -py. 

Putting 2y for ® in the given expression, we have 
3.(2y)» - 2.(2yr.» -13.(2y).»® +10y® 

< -24y®-8y®-26y®+10y»=0. . 

' .• . By the above theorem, the given expression is exactly divisible 

by ®— 2y and contains ®-2j/ as a factor. 

Examples. Find the condition that the rational and integral 
expression ax^+bx'‘-^+cx”-- + + lx+m may be divisible by ®-l. 
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The value of the given expression, when 1 is put for x ■ 

= 0.1" + b.V'~^ + c.l""® + + Z.1 + m 

=o+6+c+ +Z+ire 

[since, l"=lxlxl... to w factors = 1 
and similarly l"-’-=l"-® = -” = l]i 
. The given expression is exactly" divisible by ® - 1, 
if o+i+c + + Z+7w=0, 

i.e., if the algebraic sum of the co-efficients of the expression be zero. 
Example 4. Provo that » + 3 is a factor of s® + 4a!® + 5a; + 6. 
a!+3=a!— (— 3). 

The value of a;® + 4i® + 5a: + 6, when x=~3 

=(-3)®-h4.(-3)®+5.(-3)-l-6= -27 -h 36-15+6=0. 
Hence, by the corollary of the factor theorem the expression is 
exactly divisible by a; +3 and contains o+3 as a factor. 

'Example 5. If the expression a;® + 3®® + 4® +p contains ® + 6 as to. 
factor, find p. 

® + 6 =®-(- 6 ). 

The value of ®® + 3®® + 4® +p for ® = - 6 

= (-6)®+3.{-6)® + 4.(-6)+p 
= -216+108 - 24+p=p-132. 

By the above theorem, (®+6) is a factor, if p-132^0 ; 

' .'. The required value of p= 132. , 

Example 6. Bind the condition that ®®+3®+p and ®®+4®+5’ 
may have a common factor. 

Let ® - a be the common factor. 

Putting a for ®, the value of 

®®+3®+p=o®+3a+p=0. ... _ ... ... (1)' 

[since, ®-a is a factor of ®®-h3®+p]' 

Similarly, a®+4a+g=0. ...' ... ... ... (2)' 

[since, x-a is a factor of ®®+4®+g] 
IVom (1) and (2), by subtraction, we have 
(a® + 4a+ g) - (a® + 3tt+p)=0, 
or, a+q-p=0, or, a=p-q. [transposing] 

Substituting this value of a in (1), we have 
0=a®+3o+p=(p-g)®+3(p-g)+p 
=p®-2pg+g®+4p-3g. 

.'. The required condition isp®— 2pg+g®+4p-3g=0. 
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166. Important Theorems on Divisibility. In Chapter X wa 
have already considered the divisibility of expressions a’’+6” and a"-6* 
by a + 6 and a - i in particular oases. We propose now to establish the 
propositions generally. 

Theorem 1. The expression a”- b” is always divisible by a~b, if 
■n is any positive integer, odd or even. 

Divide a" — 6" by a — 6 until the remainder is independent of a. Let 
V he the quotient and B, the remainder. 

Since, (Dividend) *= (Quotient) x (Divisor) + (Eemainder), 
we have o” — 6” •= Q x (a — 6) + J? {identically). 

Now, since B is independent of a, it remains the same whatever 
value be given to a. 

Let in the above relation. Then, we have 

b'‘~b”=Q’x(b- b) -t-B, [Q' being the value of Q 

when b is put for a] 

or, 0=Q'i<0+B=0+B I .'. B=0. 

Hence, the remainder being zero, o"-6" is exactly divisible by'O-t. 
Thus, if the division be actually performed, wo have 

a" - i"=(a - 6)(a"-^ +a”-®5 + + +ofc"-® + 6”-^). 

_ Example. Each-of the expressions a® - 6®, o® - 5®, o* - a® - 
«tc. is exactly divisible by a -5. 

Theorem n. The expression a” ~b” is exactly divisible by a+b, 
when n is any even positive integer, but not ifn is odd. 

Divide a" -6" by a+b till the remainder does not contain a. 
Then, if $ be the quotient and B, the remainder, we have 

a”-b’‘=Qx(a+b)+B {identically). , 

Since, B does not contain a, it remains the same whatever value 
he given to a. Putting ~b for a in the above identity, we have 

(-6)"-6"=Q'x(-5+6)+5, [Q' being the value of Q 
• when -5 is put for a] 

==g'xO+E=E: 

when n is oven, ( - 6)" - 5" = 6" - 5” = 0 ; 

when n is odd. (-i)“-b"= -6“-6'’= -25" ; 

. i? =0, when n is even ; 

hut, since -26", when n is odd, the remainder is not zero, when « is 
.an odd integer. 

Hence, a" -6" is exactly divisible by o+6, when n is even, but not 
if n is odd. 

Thus, by actual division, we have 

a'‘-6’’={a+b)(a’-^-a"-®6+a”-®6®- whan w is even. 
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Esample. Each of the expressions a® - 6®, a* - 6*, a® - 6®, etc. is 
exactly divisible by a + b\ but a® -6®, a^-b^, o’ -b’’ etc. are not 
exactly divisible by a + ft. 

, ' Theorem m. The expression a” +b'' is exaotly divisible, by a + ft, 
if 11 is odd, but not if n be even. 

Divide a"+6” by a+ft till the remainder does not contain a. Let 
Q be the quotient and B, the remainder. Then, 

o" + ft"=Qx(a+6)+i2 (identically). 

_ Since, B does not contain a, it remains the same whatever value 
be given to a. Let a= — ft in the above identity. Then, we have 

(-ft)"+ft"=Q'x(-ft+ft)+E=Q'xO+E=B, 
when w is odd, {— ft)" + ft"= — ft* + ft"=0. 

But, when » is even, (-ft)''+6’'=&"+ft'*=26", which is, therefore, 
not zero. 

Hence, if ra is odd, but not if n is even. 

o"+ft" is exactly divisible by o + ft, when n is odd, but not 
when n is even. 

Thus, by actual division, we have 

o"+6"=(a+6)(a""®--a"’®ft+a"‘®ft®>”-oft"'®+6"‘®-), 

when n is odd. 

Example. o® + ft®, a® +6®, a’+ft’ are all exactly divisible by a+b, 
while a® + ft®, o®+ft®, a®+ft® are not so. 

Theorem IV. The expression a" + ft“ is never divisible by a—b, 
whether n is even or odd. 

Divide a*+ft" by o-ft till the remainder does not contain a. 
Lot Q be the quotient and B, the remainder. Then, 
a''+b''=Qn(a-b)+B (identically). 

Since, B does not contain a, it remains the same whatever value 
be given to a. Put 6 for a in the above identity and we have 
■ 6”+ft”-(3'x(ft-ft)+H = Q'xO+B=B, or, B=2ft". 

Since, B does not vanish ffer any value of n, a" + ft" is never 
divisible by a— ft. 

Example. 'Thus, a® + ft“, a® +ft®, o* + ft*, etc. are never divisible- 
by a - ft. 

Example 1. Show that 3®" -4®" is divisible by 17, if n is any 
positive integer. 

The expression 3®"-4®'*=(3®)"-(4®)"=(81)"-(64r : 

By Theorem I. Art. 156, the given expression is divisible by 
81-64,'i.e..l7. ^ / 
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_ Example 2. Show thafc the last two digits of 2®" 
n being any even positive integer. 


-6®*are0’8, 


The given expression*(2®)"-{6®)”=(64)"-(36)". 

Since, n is even, the given expression is exactly divisible bv 64+.’5R 

^•«-byl00- ■ [Theorem II Art. 1® 

Hence, 100 being a factor of the given expression, the last two 
digits must be O s. s. 

Example 3. Show that 


(a:® + aas® + 3a®(C + + (a?® - 3ax^ + 3a =a: - a®)®”+’^ 
contains 2a; as a factor, m being a positive integer. 

The given expression- {(a;+a)®}®"+’^+ {(a: ■* 0 )®}®“+’^ 
-"(aj+a)®^®”^^)^- (a: -a)®(®’*+iJ. 


Since, 3(2m+l) is an odd positive integer, the given expression is 
exactly divisible by (« + a) + (a: - a), i.e., 2®. [Theorem HI] 

Example 4. Show that (&-a)®"+®'+(a-o)®"+®^+{a-h)®"+’^ is divi- 
sible by (b - o)(o - a)(a -b),n being any positive integer. ^ 

The given expression is a rational and integral expression in 
a, b and 0 . 

If we substitute c for b in the expression, we have the expression 
- (c - 0 )®"+®- + (c - a)®"+®- + (a - 0 )®”+® 

= ( 0 )®"+^ • 

=0 ■t-(c-a}®“+®^-(c-a)®”+®. 

Now, {-(o-a)}®"+^ 

=j-lx(c-a)l®"+® 

=i-lx(c-a){x{-lx(c-a){x-" to (2n+l ) factors 

=(-l)x(-l)x(-l) to (2n+l) factors 

x(o-a)x(c-a)x[c-a)‘“ to (2 m -H) factors 

= - 1 X (c - a)®"+^ = - (c - a)®’-+^ ; 

. ■ . The expression => 0 >; 

By Art. 155, the given expression is divisible by 6-c. 

Similarly, putting a for c, ih the given expression, it may be shown 
that the expression is divisible b^ c — a ; and putting'5 for a, it may be 
shown that the given expression is divisible by a-h. ^ 

Hence, the given expression is divisible by the product 
ib-c)ic-a){a-b). 

Example 5. If n be any positive integer, show that 
{kb's” - (be)” + (cd)” - (da)” is divisible by ab-bo+cd- da, 

[M. M. 1873] 

Evidently, a 2 > - Sc + cd - ifa = h(a - c) + i(c - a) * (c~ a)(d - b). 



xxm.] 


BEMAINDBB THEOBEM 


255 


Now, if we put a for c in the given expression, we have the 
expression = [ahf - {haY + (ad> - {daY 

= {ahY - [ahY + (ad)" - (ad)* = 0 ; 

By Art. 155, the given expression is exactly divisible by c- a. , 

Similarly, putting b for,d in the expression, it may be shown that 
the expression is divisible by d — 6. 

• .The expression is divisible by the product oi era and d-h, 
by (c'-a)(d-6), i.e., by ab-bc-i-ed-da. 

. Example 6. Show that a;"— »+! is exactly divisible by 
(s-l)®, when n is any positive integer. 

The given expression=a!"+^-a!"-a;+l=a:"(a!-l)-(!c-l) 
=(a!-l)(®"-l). 

Thus, a!-l is a factor of the given expression. 

Since, by Theorem I, Art. 156, a:®— 1 is exactly divisible by a;-l. 
The given expression is divisible by (a:-l)x(!i;-l), i.e., (a:-l)°. 

Example 7. Find the continued product of 

(a: + o)(a!“ + a®){a:* + o*)(»® + a®). 

Let A denote the continued product required. 

Then, A=({c+ a)(a!® + a~Xic* + a*)(a:® + a®). 

Multiplying both the sides by a: -a, we have 
(a; - a). A ={(a: - tt)(a: + o)K®® +a®)(a;* +a*)(a:® +o®) 

=I(a:= - a®)(a:® +a=)K®*+o*)(a:« +a®) 

*=i(a:* - a*)(a!* + a*)K»® +a®) 

' . =(a;«-a®)(a!«+a®)=»”-a“: 

- =a:'«+!B^*a+3:’-®o® + +a;a“+a*-®. 

a:-a 

Examples* If x+abe the H. C. S', of a;®+pa;+g and x^+p'es+g', 
show that a=® — 

p-p 

Since, x + ais the H. 0. P. of the two expressions x®+px + g and 
x®+p'® + g\ these expressions must be exactly divisible by ®+a. 

.’. By the Divisibility Theorem, we have 

(-a)®+p(-a)+g=0, ^.e., a’‘~pa+q=0. 

and (.~aY+p'{-a)+q'=0, a^-p'a+q'=0. 

.’ . By subtraction, (a® —p'a + g') - (a® —pa + g) = 0, 

or, a(p~p')+q'-q=0. 

Transposing, a{p-p')=q-q’ 
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EXERCISE 82 

Pind the remainder, without actual division, when ■ 

1. ic*+ 2®® + 3a;® + 4a; + 5 is divided by a; - 3. 

2. 3a:® + 5a:'' + 11 is divided by a: + 1. 

3. 3a;® + 7a:® + 11a: + 2 is divided by 3a: - 1. 

4. 4®® + 5®® + 9® + 7 is divided by 2® + 3. 

5. a®®+6®®+o®+(i is divided by o®+b. 

In the following examples, show that the first expression is 
divisible by the second : 

6. 6®® + 13®® + 17® +6 by 2® +1. 

7. ap®® + (2p + ag)®® + (2gr + ar)x + 2r by o® + 2. 

8. 6®* + 13®®3/ + 18®®j/® + 23®^® + lOy* by 3® + 2y. 

9. a®^+6®^ by ffl+6. 10. 64®®-729i/® by 2®+3i/. 

11. ®®”-p®" by ®+p (n being a positive integer). 

12. ®^®p®-®®p“ by ®®j/®{®-p), 

13. (3a + 26)®"'*'^ + 5®"+^ by a + ft (n being any positive integer). 

14. ®®"+^ - a®®" - ®a®" + a®"'*'*- by (® - a)®. 

15. 64+ 32®+2®®+®® by ®®+4®+4. 

16. J7nd the condition that ®''+9®*-7®®+lla®+6o® may contain 
®+l as a factor. 

17. For what values of a will 3®®+9®*“7®®— 5®®-4a®+3a® 
contain ®-l as a factor ? 

18. What must be the form of in order that a"*— ®'“ may have 
both o"+®" and o"-®” for divisors, n being any positive 

19. If n be any positive integer, show that 

(®®+7®+6)"-(2+®)®", is divisible by 3® +2. 

20. Show that the quotient of 3®®+®® -11® +7 when divided by 
®-l is exactly divisible by ®-l. 

Show that each of the following expressions is exactly divisible by 
la-bXb-oXc-a) : 

21. a®6®(a-i)+6®c®(6-c)+'o®a®{c-a). 

22. a®b®(a-b)+bV(6-c)+c®a®{c-a). 

23. a®(6-o)® + 6®(c-a)®+c®(a-b)®. 24. (a-5)®+(6-c)®+(c-o) > 

25. - b)“ + - c}*® + c^a®(c - a)®®. 

26. Show, by the principle of divisibility that (a + 6 + c){o6 +ba+ oa) 
-abo contains the factors b+c,c+a and o+b. 
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27. Show that {fix+byYjbx+cy)[cx+ay)—{jiy+h^[by+cx){oy+axi 

contains the factors x-y,a-b,b-c and o-a. [M. U. 1874] 

28. Show that ffl"( 6 -c)+ 6 "(c-ffi)+c"(o- 6 ) contains each of the 

factors a-b,b-c and c-a. [P. U. 1916] 

29. Eesolve o®(i“-c“)+ 6 ®(c®— a®)+c®(a®-i>®) into factors hy the 
principle of dmsihility. 

30. Show that — is divisible by 

(& +e)(e + aXa + b)[a - b)[h - o)(a - a). 

31. Show that the last digit in (41)" -1, where n is any positive 
integer, is zero. 

32. Show that 7®'“- 1, where m is any positive integer, is divisible 
by each of the factors, 2, 3, 4, 6 , 8, 12, 16, 24 and 48. 

33. Show that 17® +13’ -5® +2’ is divisible by 3. 

34. Show that re® — a - 6 and a;® — 11® + 14 contain a common factor 
of the/om x-m, 

35. Show that the expression (81)™.(121)“-1, where m is my 
positive integer, is divisible by 100 . 

36. Find the continued product of (1 + ®)(1 + ®®)(1 + ®*)(1 + ®®)( 1 + s'-*). 

37. Show that 13"=12(13"-i+13»-®+ +1)+1, n being any 

positive integer. 

38. Fin'd the continued product of 11 x 101 x 10001. 

39. Show that s"-na!+ 7 i-l is exactly divisible by (®-l)®. 

40. Show that o”(a- y+J^CS'l) is not divisible by a+b,m being 
any positive integer. 

Write down the quotients in the following divisions : 

41. ®®+y® by *+?/. 42. ®®-y®by®+v. 43. o’ -y'‘ hy x-y. 

44. by a®+a/®. 45, by ®-j^. 

46. If ® + 3 be the H, G. F. of os®+5®+2p and fl®®+3s+j)+6, 
find p and a. 

47. If s -6 be the H. 0. F. of 6 ®®-pa +6 and 6®®-2®-2p, prove 
thatjJ=5 and b=f. 

48. Ifa-abethe H. C. F. of 5 ®®+ 2® + 2 ? and gx^+x+r, prove 
that a^r—p and g{r— p)®+ 2 r-p= 0 . 

49. Find, without actual substitution, the value of a® -3®® +5®’ 
-15®® +13®* -39a*+7»®-21®®+17®-51, when ®=3. 

50. What is the value of 32®* -48s® +40®® -60®“ +26® -38, when 
s=l- 6 ? 


1—17 



CHAPTER XXIV 
HARDER H. C. F. AND L. C. M. 

157. In Chapters XIV and XV we have explained the methods 
of finding the H. C. E. and the L. C. M. of compound expressions, whose 
factors can be determined easily. We shall now proceed to consider 
more difficnlt cases. 

I. Harder Highest Common Factors 

158. If the H. C. F. of two or more compound expressions be a 
compound expression, it cannot generally be found by inspection. In 
such cases the following methods should be adopted. 

159. The ordinary method of finding the H. C. F. of two 
multinomial expressions which have no monomial factors. 

Rule. Arrange the two expressions according to descending powers 
of some common letter ; divide the expression which is of higher degree, 
in that letter hy the other, or if they be of the same degree, either of them 
by the other : if there be any remainder, tahe it for a neio divisor and 
the preceding divisor for the dividend, and continue the process till there 
is no remainder. The last divisor ufill be the H. 0. F. required. Of any 
divisor and the corresponding dividend either may be multiplied or 
divided by any number which is not a factor of the other. 

This rule may bo proved as follows : 

Let A and B stand for two such expressions both arranged accord- 
ing to descending pbwers of some common letter* and let the index of 
the highest power of that letter in A be not less than the index of the 
highest power of that letter in B. . 

Divide A by B, and lot Q be the quotient and 0, the remainder. 

Then, we must have G^A—BQ, ... (i) 

or, A=BQ+C. ... (2) 

From (1), it is clear that every common factor of A and S is a 

factor of C [for \tA=pa and B=pb, we have 0=2)(a-i(Q)]. Hence, 
if R denote the H. 0. F. of A and B, R also'is a factor of G, and is, 
therefore, a common factor of B and C. 

It is clear, therefore, that the H. C. F. of B and G is either R or 

an expression of higher dimensions than H. ••• ... (a) 

Now, from (2), it is evident that every common factor of B and G is 
a factor of A, and is, therefore, a common factor of B and A. Hence, 


*The letter is called the letter of reference. 
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the H. 0. F. of B and G also is a common factor of B and A and 
therefore, cannot be of higher dimensions than H. ’ 

Hence, from (a), the H. 0. P. of B and 0 is H. 

Thus, the H. 0. P of 5 and G is the H. 0. P. required. 

Similarly, if B be divided by G, and D be tbe new remainder, the 
H, 0. P. of C and D is the same as the H. G. P. of B and 0, and is, 
therefore, the H. 0. P. required. ’ 

Now, divide 0 by D, and let there be no remainder. Then D is 
the H. 0. P. of C and Z* and is, therefore, the H. C. P. required. 

Cor. /. As the H. G. P. of any divisor and the corresponding 
dividend is_ the H. G. P. required, it is clear that, for the sake of con- 
venience, either of them may bo multiplied or divided by any mono- 
mial expression which is not a factor of the other. [See Note 8, Art, 100] 

Cor. 2. In dividing A by JB if we stop before the complete* 
quotient is obtained so that q is tbe partial quotient and O' tbe corres- 
ponding remainder, then the H. G. P. of B and C' just as the H. C. P. 
of B and G is the H. G. P. required. Hence, by Cor. 1, in dividing 0' 
by B (or if convenient, B b^ C' when O’ is not of higher degree than J3) 
we can multiply or divide either of them, if necessary, by any monomial 
expression which is not a factor of the other. 

The following examples will illustrate the process : 

Example 1. Pind the H. G. P. of 3*® -7®“ -18a: -8 and 2a:® -3®® 
-17® -12. 

The H. 'G. P, required is evidently the H. G. P. of 3®® -7®® -18® 
-8 and 3(2r®-3®®-l7®-12) [Gor, 1]. Lotus, therefore, multiply the 
2ad expression by 3 and divide the product by the 1st ; 

2®®-3®®-17®-12 
3 , 1 

3®®-7®®-18®-8\6®®- 9®® -51®- 36/2 
, 6®»-14®®-36®-16 \ 

5®®-15®-20 

Hence, the H. G. P. required is the H. 0. P. of 3®® -7®® -18® -8 
and 5®®-15®-20‘=5(a®-3®— 4), and is, therefore, the H. G. P. of 
3®* -7®® -18® -8 and®® -3® -4. [Gor. 1] 

We must proceed then as follows : 

5 )5®°-15®-20 

®®-3®-4\3®® - 7®* - 18® r 8/3® + 2 
3®® -9®® -12®' \ 

2 ®®- 6 ® -8 
2®®- 6g-8 

Hence, the H. G. P. required «=®®-3®-4. 

*Itie quotient obtained is said to bo complete when the remainder is o{ lower 
degree in the letter of reiorenee than the diTisor. ' 
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Example 2. Knd the H. 0. P. of 

22®® - 78®® - 16®® aod 2®® - 78®® - 44®. 

The let expr0Ssion=2®®(ll®*-39®®-8). 

The 2nd expression = 2®(®* - 39® - 22). 

Hence, by Note 7, Art. 100, the H. 0. P. required 

=(the H. C. P. of 2®® and 2®)x (the H. 0. P. of 
11®* - 39®® — 8 and ®* — 39® - 22) 

=2® X X, putting X for the H. 0. P. of the multinomials. 

Now, let us find X, as in the last example : 

®*-39®-22\ll®*- 39®®- 8/11 
1 11®* -429® -2421 
-3)- 39®® +429® +234 
13) 13®“ -143®- 78 
®»- ll®-6 
®®-ll®-6\®*-39® -22 /® 

/®*-ll®®- 6zl 
11 )11®® -33¥^ 

®*- 3®- 2 

®®-3®-2\®®-ll® -6 Ise+B 
I ®®- 3®®-2® l 
3®®-9®-6 
3®®-9®-6 

Thus, X= ®® - 3® - 2. 

Hence, the H. 0. P. required =2®(®®- 3® -2). 

T 

Examples. Find the H. 0. P. of 12®*a®+54®®a®+6®®a*-72®a® 
and 8®*a + ^®®a® + 160®*a® + 180®®a* + 72®®o® . 

The 1st expre8sion*=6®a®(2®®+9®®a+®a®-12a®). 

The 2nd expre8sion= 4®®a{2s* + 15®®a + 40®® a® + 45®a® + 18a*). 

Hence, if X denote the H. 0. P. of the multinomial factors of the 
given expressions, we must have the required H. 0. P.=(the H. C. P. 
of 6®a® and 4®®a) x X= 2®a x X. ' 

Now, to find X. ^ ‘ 

2®® + 9®®a + ®a® - 12a®\2®* + 15®®a + 40®®a® + 45®a® + 18a*/® 

J2®*+ 9®®a+ ®®a®— 12®a® 1 

3 a)6®®a + 39®®a® + 57®a® + 18a* 
2®®+13®®a +19®a®+ 6a® 

Hence, X is the H. 0. P. of 2®® + 9® ®a + ®a® - 12a® and 2®® + 13®®a 
+ 19 ®a®+ 6 a®, and asthey are both of the same degree we can divide 
either of them by the other. 
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2x'' ■fPr'a +xa^ - 12«*\2j:» + 13jc=a + 19ro= + 6o“/l 
/2 j='+ 9.c° aH- 

Sa)4a;'-fl + I Sra" + 1 ^ 

Si* + 9tfl + ^ 

‘2i=+9jn+9fl*\2x''+9x*a+ xa^-lZa°lx 
/2i=’ +9x°a+9jo’' \ 

2x + Sa 

fir + 3(i\2x® + 9 x 0 + 9a® /s + 3fl 

/ a.r®+3xo \ 

6 x 0 + 9o* 

C fo+9a ° 

Thus, JC'aGx+Sfl. 

Honco, tUo n. C. F. rcouirotl=*2Ta(2x+3o). 

Example 4. Find Iho 11. C. F. of 
4x‘ +nx» + 27x* + 17x + f> and 6 r* + 14 t* + 36x® + 14i + 10. 

Tho second osj)ro.ssion“2(3x*+7x®+18r“+7x+5), but 2 is not a 
factor of tho Ist expression, llcnco, tho H. C. F. required is tho 
n. C. F. of the Ist o-xprossion and 8 x*+ 7 x'' + 18x®+7i+6. 

4x‘+llx®+27x® + 17x+0 
3 

.3j‘+7x® + 18r®+7x + 0\l2x* + 33x®+81x*+61x+15/4 
/ 12r ♦ + 2Si* + 72x" + 23x + 20\ 

' Or®+ 9x-'+23x- 0 

' 3j*+7r“+18x®+7x+5 

5 

5r® +9x® +23T-.'i\l5x*'+35x“VgOx5 +35 x+25/3x 
]l5r*+27y®4 6 9x®-lGT \ 

8 x“ + 2rx'' + OOx + 25 

5 

40r ” + i05x- + 2I50X + 125/8 
40 x*+ 72x®+184x- 40 l 
■' 33)33x'-‘+ 6 Ca;+16 5 
ff“+ 2x+ 5 

.t®+2t+5\6x®+ 9x®+23x-5/6x“1 
)5x®+10i®+25x I 

-rp-T^S 

-x°- 2 x -6 

Thus, tho roquirod H. 0. F.»»»“+2r+5. 
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Example 6. !EHnd the H. 0. 1*. of 

4a;* — 16a;® + 108 and 6a!® — 14®® — 40®® + 36. 

The first espression=4(®*-4®®+27). 

The second expression = 2(3®® — 7®® — 20®® + 18). 

Hence, if X denote the H. G. S', of the multinomial factors of the 
given expressions, the H. C. F. required =2X. 

Let us then find X. 

®*-4®® + 27\3®®- 7®® -20®® +18/3® +12 

j 3®®-12g*+81g I 

12®*- 7®»-20®®-81®+ 18 
12®* -48®® +324 

41®®-20s“-81®-306 
®*-4®®+27 



41®® - 20®® - 81® - 306141®* - 164®® + 1107 lx 

)41®*- 20®®-81®®-306®l 
-9) -144®® +81®® +306® + 1107 
16®®- 9®“- 34®- 123 

Jl 

666®® - 369®® - 1394® - 5043/16 
656®® - 320®® - 1296® - 48961 
-49)- 49®®- 98®- 147 
®®+ 2®+ 3 

•®® + 2®+3\41®®- 20®=- 81® -306/41® -102 
/ 41®®+ 82®= +123® \ 

-102®= -204® -306 
-102®= -204® -806 

Hence, the H. 0. F. required = 2(®= + 2® +3). 

EXERCISE 83 

Find the H. 0. F. of : 

1. 2®=+5®-3 and 2®®+3®=-32®+16. 

2. 3®= +16® -12 and 3®® +4®= -28® +16. 

3. 2®= - 3a® - 20a= and 2®® + 3a®= - 45a =® - 100c®. 

4. 3®* + 7®® — 14®= — 24® and 6®* — 10®® - 24®= . 

5. 6a® - lla= - 3a + 2 and 3a® + 20a= + 23a - 10. 

6. ■6a®-2oa=6+32a5=-126® and'4a®+12o=6-7a6=-306®- 

7. 3®®+5®=+5®+2and 2®®+5®®+5®+3. 

8. 4®=-7®®y+7®2/=-3i/® and 3®®-7®=y+7®p=-4j/®. 

/ 9. 6®* + 7®® + 5®= + 2® and 4®® - 18®* - 8®* - 10®=. 

' 10. 3 ®*+ 10 ®® + 7®® + 4®+1 and 2®® + 3®=-7®-3. 
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j11. 4a;® +13®“ -8®— 3 and 3®* +13®® +9®® +9® +2. 

12. 12a®+lla®®+6a®®+®® and 21a®+17o®»+9fl®®+s®. 

13. 35a®+31a®®+13a®®+2®® and 66a®+54a®®+22a®®+3®®. 

14. 70®® - 9a®® + Ho®® + 6a® and 91®® - 25a®® + 20o®® + 4a® . 

/15. 75®® -35®® +24® +4 and 85®® -36®® +25® +6. 

16. 35®® -34®® + 3® +2 and 49®®— 49®®+5®+3. 

17. 4® ® + 2a®® + 14o®®* + 10a®®® + 24a*®® and 

6®* + 21aa® + 30a®®* + 24a®®®. 

18. 4o*+32a®+72a®+44a+8 and 6o*+54a®+138a®+78a+12. 

19. 2®*-19®®+21®-6and6®*+21®® + 3®-6. 

20. 12®* - 30®® + 126® +90 and 15®* - 25®® +14.5® - 75. 

21. 18®*+117®®+162®®+72®+9 and 12®* +68®® +72®® +108® +20. 

22. ®*-5®®+6®+12 and ®*-8®®-24®-32. 

23. ®* + 5®® + 3®® - 14® - 40 and ® * - 4®® + 45® + 75. 

24. 4®®-8®®o®+28®®o®-24®a*+24o® and * 

6®* + 24®®o - 12®®a® - 24®a* + 96a*. 

25. 9®*-18®®i/-13®»!/®-38®^®-12i>* and 

6®® + 4®*y + 5® ®j/® + 4®®y ® + Bj;® • 

/26. 2®®-ll®®-9 and 4ffi*+ll®*+81. 

' 27. 32o*+104a®-20o®-122o+30ond60a®+10o*'-45o®+45o®-50a. 

/ 28. ®® + 2®* - 5®* - 7® + 3 and 3®« - 3®* - 18® » +«® + 2® + 3. 

180. In some cases the H. C. F. may be found more easily 
by the application of the following principles : 

If A and B denote two eospressions having no monomial factors , and 
tf m, n, p, q be any fonr numerical quantities such that mq~np tsnot 
equal to zero, then the H. G. F. of A and B is the same as the 

H. G. F. of mA-^nB and pA-^qB, numerical common factors, if any, 
being left out. This may be proved as follows : 

Let JS denote the H. 0 F. oi A and B, and S' the H. 0. P. of 
mA+nB and pA + qB, after removal from them of any numerical 
common factors that may occur. 

Now, since every common factor of A and 5 is a factor of m4+®B 
and also of p.d+g5, therefore, is a common factor ofm4+«P^d 
pA+qB. Hence, H' is either equal to S or is an expression of higher 
dimensions than H. ••• "■ W 

Again, since q(mA + nB) - n(p A + gJ5) = (mq ~np]A, 
and m{pA+gB)-p(mA +nB)=(mq-np)B, 
it is clear that every common factor of mA-hnB and pA +gB is a factor 
of {mq-np)A, and also of (mq—np)B. Hence, as mq—np is only a 



m 


[OHAP. 


■ AL&EBHA MADE EAS7, 

f 

niimerical quantity, every common factor of those expressions other tlmn 
numerical must be a factor of A as well as oi B. Hence, S' is a 
common factor of A and B and therefore, cannot be of higher dimensions 
than S. 

Hence, by (a), H'—H, which proves the proposition. 

Cor. I. The H. 0. E. of A and B is the same as the H. C. E. of 
4+Bandil — B. Here to*= 1, ii=l, p=l and g= —1. ' 

Cor. 2. The H. G. E. of A and B is the same as the H. p. E. of 
A+B and B ; here m=l, n=±l, j>=0 and g=l. Similarly, it is the 
same as the H. C. F. of j 1±B and A. 

Example 1. Find the H 0. E. of 

a:*+®®-5a;®-3a!+2 and a:‘'‘-3s®+»®+3®-2. 

Let 4=®*+®®-5®®-3®+2, 

and B=®*-3®®+®®+3»-2. 

Then, j 1+B=2®*-2®® -4a:“=2®“(®"-®-2), 

and «i-B=4®®-6®®-6®+4= 2(2®® - 3®® - 3® + 2). 

Hence, by Oor. L the required H. G. E. is the H. G. E. of 
®®(®®-®-2) and 2®®-3®®-3®+2, and therefore, of ®®-®-2 and 
2®® -3®® -8® +2. 

Let j4'=®®-®-2, 

* and B'=2®®-3®®-3®+2. 

Then, A' +B'= 2®® - 2®® - = 2®(®® - ® - 2). 

Hence, the required H. G. E, ' 

=thoH. G.E.of4'and 4'+B’ [Cor. 2] 
=®®-®-2. 

Example 2. Find the H. G. E. of 

4®* + 11®® + 27®® + 17® + 5 and 3®* + 7®® + 18®® + 7® + 5. 

Let 4 =4®* +11®® +27®® +17® +5, 

and B=3®*+7®®+18®®+7®+5. 

Then, 4 - B = ®* + 4®® + 9®® + 10®= ®(®® + 4®® +9® + 10), 
and 34-4B=5®®+9®®+23®-5. 

Hence, the H. G. E. of ®®+4®®+9®+10 and 

5®® +9®® +23® -5 is the H. 0. E. required. 

Let 4'=®®+4®®+9®+10, 

and B'=5®®+9®®+23®-5. 

Then, 4' + 2B' = 11®® + 22®* + 65® = 11®(®® + 2® + 5), 
and 54' - B' = 11®® + 22® + 55 = 11(®® + 2® + 5). 

Hence, the H. G. E. required is the H. G. E. of »(®®+2®+5) and 
®® + 2® + 5, and is. therefore = ®® + 2® + 5. 
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Example 3. Find the H. C. F. of 

2®®-lla:“-9 and 4a:= + lla:*+81. [0. U. 1865] 

liofc 4=4a:®+lla:*+81, 

and 5=2®®-!!;!!®— 9. 


Then, A - 25= !!®* + 22*® +99 = !!(»* + 2®® + 9), 

and + 95 = 22®® + !1®* - 99®® = 1!® ®(2®® + ®® - 9). 


Hence, the required H. 0. F. is the same as the H. C. F. of 
®*+2®®+9 and ®®{2®* + ®®-9), and, therefore, of ®* + 2®®+9 and 
2®®+®®-9. 

Let il'=®* + 2®®+9, 

and 5'=2®®+®®-9. 

Then, yl'+5'=®*+2®*+8®®=®®(®® + 2®+3). 


}is 


the H. C. F, required. 


Hence, the H. G. F. of 

2®®+®=-9(=S') 
and ®® + 2® + 3( = O' say) 

Now, since 5'+30'=2®®+4®®+6® 

=2®(®®+2®+3) : 

the H.O. F.raqd.=the H. 0. F. of 0' and 5'+30' 
=®®+2®+3. 


EXERCISE 84 

Find the H. G. F. of : 

1. ®® -3*®-4® + !2 and ®®-7®®+!6®-!2. 

2. 2®® - !7® + !2 and 4s* - 2®® - 34a:® + 4!® - !2. 

3. 4®*+13s®+!9«+4 and 2®®+5s®+5s-4. 

4. 3®®— 5®®+7 and 6®*— 7®*— 5®®+!4®+7. 

5. 6®*-lls®+!6s®-22®+8 and 6s*-!!a:®-8®®+29®-8. 

6. 2®* + 19® ® + 20®® - 31® + 8 and 2®* + 7®® - 64»® + 62® - 16. 

7. 3®* -7®® -27®® -6® +2 and 3s* -13s® -40®® -9® +3. 

8. 5®* - 18®® - 7®® + 12® + 3 and 5®* - 23®» - 9®® + 16® + 4. 

9. 2®* - 5®® - 17®® - 2® + 2 and 6®® + 23s* + 34®® + 21®® - 2® - 2. 

10. 6»® + 9®* - 13®® - 4®® + 9® - 3 and 9® ® + 12®* - 18®® - 5®® + 12® - 4. 

11. ®®-»®+8 and ®®-®®+4. 

12. 3®® +139®® -44 and 39®' +139®* -16. 
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161. The H. C. F. of three or more expressions whose 
factors cannot be easily found. 

Let A, B, G stand for any three expressions of which the H. C. F. 
is to he found. 

Let G denote the H. 0. P. of A and B, and S that of G and G. 

Then G being the product of all the elementary common factors of 
A and B, every factor of G is a common factor of A and B. and therefore, 
every common factor of G and C is a common factor of A, B and 0. 

Hence, H also is a common factor of A, B and G. Therefore, the 
H. C. F. required is either H or an expression of ' higher dimensions 
than JET. ••• ••• (d) 

But, since every common factor of A and B is a factor of G, every 
common factor of A. B and C is a common factor of G and G. Hence, 
the H. G. F. required is a common factor of G and G, and therefore, 
cannot be of higher dimensions than H. 

Hence, by (d), the H. C. F. required =H. 

By a similar reasoning it follows that if 2> be a fourth expression, 
then the H. 0. F. of JET and D is the H. C. F. of A, B, G and D. 

Thus, we have the following rule : 

To find the H. G. F. of any number of expressions A, B, G, D, dc. 
first find the H. G. F. of A. and B, then the E. G. F. of this'result and G, 
and so on ; the result ohtdined last of all is the E. G. F. required. 

Example. Find the H. C. F. of 2a:t - 7a;® - 17a:® + 58a: - 24, 

3a:* + 14a;®— 11a:®— 70a:+24 and 5a:* + 9a:®-47a:®— 81a:+18. 

Let us first find the H. C. F. of the first two expressions. 

Put il=2a:*-7a:®-17a:®+58a:-24, 

and jB=3a:*+14x®-lLi:®-70a; + 24. 

Then, il + B=5a:* + 7a:® — 28a:®-12a: 

= a:(6a:® + 7a:® — 28a: — 12), 
and -34+2B=49a:®+29a:®-314a;+120. 

Hence, the H. 0. F. of A and B is the H. 0. F. of 5a:® + 7a:® - 28a: 
- 12 and 49a:® + 2gx® - 314a: + 120. 

Let .d'=5a:® + 7a:®-28a:-12, 

and B'=49j® + 29a:=-314a: + 120. 

Then, 104'+B'=99a:®+99a:®-594a: 

=99®(x®+®-6). 

Hence, the H. 0. F. of A and B is the same as the H. 0. F. of 
5x® + 7®®-28x-12(=4') ,1 

and .T:®+®-6(=0'say). J 
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Now, .4'— 20'=6j!® + 5a;®— 3Qa;=6a:(fl;“+®-6); 

The H. C. P. of A and S<=fche H. C. F. of C' and A-2G' 

= !B®+!B-6. 

Hence, the H. 0. P. required is the H. 0. P. of x’‘+a~6 and 
6a;* +9x®- 47a:® -81® +18, which can bo found as follows : 


.T® + ® - 616®* + 9®* — 47®® —81® + 18/6®® + 4® 

) 6z*+5®®-30®® \ 

4®® -17®“ -81®+ 18 
4®*+ 4®“— 24® 


-3) -21®“ -67® + 18 
7®“+i9®- 6/7 
7g®+ 7®-42l 
12) 12®+36 
®+ 3 

Thus, the required H. C. P.=®+3. 


;+3\®®+ ®-6/®-2 
) ®®+3® \ 


- 2®-6 
— 2®— 6 


EXERCISE . 85 

Find the H. G. P. of : 

1. 2®® + 7®®-6®-4,®®+8®®+ll®-20and2®® + 19®®+49®+20. 

2. 2®* + 3®* + 8®® + 16® - 10, 2®* - 5®* + 12®® - 26® + 10 

and 2®* -6®® +10®“ -20® +8. 

3. 2®* + 7®® -19®“ -14® +30, 2®*+6®®-16®®-10®+24 

' and 2®* + 5®* - 10®® + 5® - 12. 

4. 2®* - 4®® - 69®® - 2® - 36, 2®* - 6®® - 55®= - 3® - 28 

and 2®* + 18®* +41®= +9® + 20. 

5. 3a® + 28a®6+52a6=-486®, ai®+4o®6-28o6®+166® 

and 3a®+10o®6-44a6® + 246®. 

6. 6a®+5a®6-34a6®+166®. 6a®-37a®6+57o6®-206® 

and 3a®-8a®6-31o6®+606®. 

7. 3®* +11®® “32®® -44® +80, 3®*-®® -52®= +124® -80, 

3®* + 2®® - 20®= - 8® +32 and 3®* + 2®® - 83®= - 60® + 200. 

8. 6®= + 14®* -53®® -37®® +66® +24, 6®®-28®*+17®®+54®® 

• -39® -18, 6®= +8®* -79®® -36®“ +105® +36 

and 2®® -2®* -31®® +51®= +42® -72. 
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n. Harder L. C. M. 

^ 162. L. C. M. of two expressions whose factors are not 
obvious by inspection. 

Let A and B stand for two snob expressions, and suppose their 
H. 0. E. is found to be Jff. 

Divide A and B hy H and let the respective quotients be a and b. 
Then, we have A=aJ3\ 

B=bm 

. Hence, since a and b have no common factors, every common 
multiple of A and B must necessarily contain a x Hx h as a factor. 

Hence, the L. 0. M. required =aH’6. 

- But aHb — a{Hb ) = ^ x 5 

or, = (aE[)b 

A S 

Hence, the required L. 0. M. =g^x B, or x 

Thus, to find, the L. G. If. of any two expressions we have to divide 
one of them, by their H. G. F. and multiply the quotient by the other. 

Cor. If L denote the L. 0. M. of A and B, we have L x x B ; 

that is, the product of the L. G. M. and H. G. F. of any two expressions 
is equal to the product of these expressions. 

Note. If any two expressioTts have no common factor, their L, 0. M. is evidently 
equal to their product. 

, Example- Bind the L. 0. M. of 

6®® + 25®® + 16® + 7 and 6®* - 11®® - 8® - 5. 

6®® -11®® -8® -616®® +25®® +16®+ 7/1 
/ 6®®-ll®®- 8®- M 
12)36®® +24® +12 
3®®+ 2®+ 1 

3®®+2®+l\6®®-ll®®- 8® -6/2® -5 
/ to®+ 4®®+ 2® \ 

-15®®-10®-5 
-15®®-10®-5 

Thus, the H. 0. E. of the given expressions =3®®+ 2® +1. 
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Hence, the L. 0. M. required 

_6a;»-llz°-8a;-5 


W®+25a!=+16s+7) 


3x= + 2a:+l 
=■ (21 - 5X6a:* + 26a:= + lex + 7) 
=12x‘ +20x® -93x® - 66x - 3o. 


EXERCISE 86 

Knd the L. 0. M. of ; 

1. 3®®+2x®-llx+4and3x®+14x“+13x-8. 

2. 6x®+17x"+9x— 4 and 6x® — 7x® — 27x+8. 

3. 12x®--4x»-25x+12andl2x=-28x=‘+7x+lB. 

4. 9x®— 12x®— 15x+20 and 15x*+12x®— 25x— 20. 

5. 4x®-10x“-18x+45and6x®+8x=-27x-36. 

6. 4x^+4x® + 7x®+llx+4 and 6®'* + 7x®+4x®+5x+2. 

7. 8x* - 6x= - 8x= +9x - 6 and 16x* - 12xS + 20x“ - 9x + 6. 

8. 4x* + 8x® + 21s= + 18x + 27 and 3x* + 6x® + 17x® + 16x+ 24. 

9. If 7i be the Highest Gommon DiTisor and I, the Lowest 
Common Multiple of two quantities s and j/, and if h+l=x+y, prove 
that 71® + i® [jP. U. 1891] 

163. L. G. M. of three or more expressions whose factors 
are not obvious by inspection. 

Let A, B, G stand for three such expressions ; to find their L. G. M. 

Let L denote the L. C. M. of A and B, and M that of L and 0. 

Then evidently evei y common multiple of L and G is a common 
multiple of jI, J3. 0 : ••• ”• (1) 

also every common multiple of A, B, 0 is a common multiple 
ofC. . - - - ••• - (2) 

ITrom (1), ilf is a common multiple of A, B, G. Hence, either M 
or an expression of a lower degree than M is the L. C. M. of A, B, 0. 

But an expression of a lower degree than M cannot be the L. G. M. 
of A, B, G ; because from (2), the L. C. M. of A, B, G is a common 
multiple of L and C. 

’ Hence, the required L. G. M.= If. 

Thus, to find the L. G. M. of any number of expiessions A, B, G, D, 
do., we have first to find the L. G. Jlf. of A and B, then the L. G. M. of 
the result and G, and so on ; the last result this obtained is the 
L. G. M. required. 
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Example. Find the L. C. M. of 

6 ®®— llaj+S, 42!®— 4a: — 3 and 62 :® + 25a: — 9. 

6a:®-lla:+3\6a:®+Ma:- 9/1 3 a:-l \6x=-ll®+3/2a:-3 

j 62 :=-lla:+ 3l jSa:®- 2 a: \ 

12)36a:-12 - 9i+3 

' 3 a:- 1 - 93:+3 

Thus, fche H. 0. F. of 6 a:®— lla:+3 and 6r®+25a:— 9=3r-l. 

Hence, the L. G. M. of these expressions 

(6i® + 252: - 9) 

=(2a:-3X6a:®+25a:-9) 

=12a:® + 322:®-93a:+27. 

How, to find the L. C. M. of this expression and 4a:® — 4a; -3. 

4*® - 4a: - 3\ 12a:® + 32a:® -93a : + 27 (Sx +11 
h2a:®-12a:®- 9a: \ 

44a:®-84x+27 
44a;®-44a;-33 
-20) -40a;+6Q 
2a:- 3 

2a; - 3\4a:® - 4a; - 3/2a; + 1 
) 43;°-6x \ 

2a:-3 
2 a;— 3 

Thus,, the H. C. F. of the expressions considered =2x— 3. 

Hence, their L. 0. ^ (12z® + 32a;® — 93a;+27) 

= (2a:+l)(12a;® + 32a:® - 93a: + 27) 

= 24a:* + 76a:® - 154x® - 39a; + 27. 

EXERCISE 87 

Find the L. 0. M. of : 

1. 3a:®-10a:-8. 4x®-20a:+9 and 6a:®+a:-2. 

■2. 33:®-23a:-8, fe®-7a:-3 and 2a:®-lla:+12. » 

3. 6 a;® - 19a; + 10, 12a:® - 11a: + 2 and 8 a;® + 10a; - 3. 

4. 2 a:* + 4a:®+a:®+6a:-3, 4a;‘+8a;®-7a:®-6x+3 

and 8 a;* + 4a:® — 2a;® — 3a: — 3. 
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HARDER FRACTIONS 


164. In this Obapter we shall consider fractions of a harder 
type than those treated of in Chapter XVI. 


I. Reduction of Fractions 

165. A fraction is said to be reduced to its lowest terms, when 
its numerator and denominator have no common factor. In all cases 
where the numerator and the denominator can be factorised by inspect 
tion the reduction is effected by simply removing the common factors. 
Otherwise, divide both the numerator and the denominator by their 
highest common factor. 


Example !• Beduce to its lowest terms 

a^ + b^+a^-Babc 

+ c) + + fl) + c^(a +p) + 3abc 


The fraction = 


(a+b+cKO’^+b’^+e^-bo-ca-ab) 
(a+fc+cXbc+co + ob) 
a^ + b^+c^-bo-ca-ab _ 
bc+ca+ab 


Example 2. 


Simplify 


6{3!+y+z)‘ -(y+z)^ -lz+x)^-{x+v)^ 
3(2® + y + sX® + 2{/ + c)(a; + y + 2s) 


The fraction = 


3(2z+y+s)(®+2y+s)(®+y+2s) 
3(2* + y + z){x + 2y + zX* + y + 2z) 


= 1 . 


[Ex. 1, Art. 132] 


Example 3. Beduce to its lowest terms 

3*^ - 27og^ + 76o=* - 72a^ 
2*®+10a*'‘-4(i®»-48a“ ' 

The numerator*® 3(*“ — So*® + 26*°* — 24*®). 
The denominator = 2(*® + 5a*® — 2a®* - 24a*). 
Now, to find their H. 0. E. 

**+5a®®- 2a®®-24o® 
g® - 9ag® + 26a®* - 24a® 
14a* )14a*®-28a‘‘g , 

®- 2 * 


[0. U. 1889] 
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% - 2fl\s* - 9a® ® + 26a®® - 24a® /®®-7a®+12a® 

/ g®-2a®® 1 

- 7a®® + 26a®® - 24o® 

-7o®®+14a®® 

12a®® -24a® 

12a®®- 24a® 

Thus, the H. 0. I*. reqmred=®-2a. 

Hence, the required result 

_ 3(®® - 9a®® + 26a®® - 24a® ) + (® - 2a) 3(®® - 7a® + 12o®) 
2(®» + 5a®® -2a®® - 24a®)+ (® - 2o} 2{®® + 7a® +12o®)‘ 


Example 4. Reduce to its lowest terms. 

[O.TJ.1870] 

The H. 0. R of the numerator and the denominator of the given 
fraction can be found as follows : 


2®* - ®® - 9®® +13® - 5 [See Cor. 2, Art. 160] 

7®® -19a® +17® -5 
2!1! )^* -8 z®+10®®- 4® 

®®- 4®®+ 5® -2 

®®-4®®+6®-2\7®®-l9®®+17®- 5/7 
j 7®®-28®®+36g-14 l 
9)9®® -18®+ 9 
®®- 2 ®+ 1 

a® -2®+l\®® -4®® +6a-2/®"2 
/ ®®-2g®+ g \ 

— 2®®+4®'‘2 
-2®®+4g-2 

Thus, the H, 0. P. required ■= a®- 2® +1. 

Hence, the required result 

_ (2g*— a®— 9x®+l3®— — 2 t+ 1 ) 2s®+3®-5. 
(7®»-19a:®+l7®-5)-)-(a®-2®+l) ” 7®-5 


EXERCISE 88 


Reduce to the lowest terms : 
^ ®®+4g®+a -6 

®®+®-2 ■ 

3 a^+2a®6-2ah®+.W 
o‘*-5o®6 + 6a6*-46»’ 

^ 3®®+4 ®®y-7g«®+9.i»® 

‘ ^‘‘+a®f‘2/+8®y®-5!/®’ 


o ®®-7®+6 
®®+2a®-13®+10 

a!* + f25®-o®)g°+j !. 
®*+2aa®+a®®®“^* 

„ l+3®-®®-3g* 

l-®+2g®+®‘‘+3® 
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7. 

9. 


11 . 


13. 


14. 


15. 

16. 


17. 


18. 


19. 


20 . 


**-*®-*+l 

8. 

®*-2®®-®®-2*+l 

2*® + 3o*® + 6a®* - 21a® 

10. 

4*® - 12a*® + 19a®* — 16a“ 

9*®-7a“*-2a® 

12. 

9** + 6a*® - 6a®® — 2a® 

9** + 30*®+12®®-6®-45 


8®* + 28*® + 16*® - 4® - 48' 


6a® - 9a®b + a*b= + 3a®b® - a®b* 


4a'’-6a*i+3a^6^-o6* 


a!*+a;° + 2o 
®*-9a)-+30x-25' 
2g*+x^-3a;~+2a;+3 
3®* + a:® - 4®“ + 3® + 4 
2_a° -1 6tt’‘5+44ob° -42b® 
3a®+6a*6-24«6®-636® ‘ 


24®®+16a;*y-28a;®y®-24a;y -12x1/* 
45**}/ + SO*®!/® - 20®y* - lOj/®" 

(6 +c)®(5 — c) + (c + o)®(c— a)+ (fl+ b)®(o — b) 
(b + c)“(b - c) + (c + a)®{c - a)+ (a + b)®(ffl - b)’ 
(1-*®)(1 - }/®)(l - g°) - {yz + g)(g* + y)( xy + s) 

(g+}/-2g)®+(}/+*-2*)®-i-(g-h*-2}/) ® 

12(* + }/ - 2gX}/ + g)(® + g - 2*) 

(y - g)° + (g - *)® H- (* -v)- 

(*-}/)(*- g) +(}/ - g)l}/ - ff) + (g - »)(g - y) 

7*® - 2*®}/ - 63*1/® - 18ff* 

5®* - 8*®}/ - 43*®}/® +27*}/® -ISy* 


[P.U.1912] 


II. Addition and Subtraction of Fractions 

lfi6. We know + , gotiiatthesum 

a a a a 

of any number of fractions which have a common denominator is a . 
fraction whose denominator is the same and whose numerator is the 
sum of the numerators of the given fractions. 

Hence, to obtain the sum of any number of fractions which have 
not the same denominator we must first of all reduce them to equivalent 
fractions having a common denominator by the method of Art. 108, and 
then proceed as above. 

\ • 

Example 1. Simplify CM.M.1865] 

a- . 2a(®-tt) , (*-a)® ffl®+2o(®-a)+(s-o)® 
The expression =^y» + “ (a,-a)“ 

jg+(®-o)P ^ 


1^18 
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Example 2. 


32 


+16 

To simplify examples like this, we combine two suitable terms ; 
then the result thus obtained mth a third, and so on. 

mi 1 1 1 (a:+2)- (a:-2) 4 . 

' ®-2"^2= S5^rr-'=.^-=-4’ 

4 i_ . 4(!s=+4l-4(a;= -4)_ 32 

fc“-4 a:'+4 x*-16 .t*-16" 

32 . 32 32(®*+16)+32(a:*-16) 

!e'*-256 


Lastly, 


a;* -16 a;* +16' 


64a;* 

" a;** -256 * required result. 


Examples. Simplify ^-^25-CT+a+4V ‘ 

Instea^ of simplifying all the terms together, it is convenient to 
combine them by groups. 

Thus, the given expression 

1 _ 1 1 (o+2fc)-{a+&)_ b 

Now,wBhave^^^-^^2j^= (a + 6Xa+26) ■'(a+6Ka+26) ' 


and 


1 1 _ (a+4b)— (tt+3l>) ^ b 

a +36 a +46 (a+36)(o+46) {a+36)(a+46) 


(a + 6Xa + 26) “ (o + 3b\a + 46) 

6(o + 36)(a + 46) - 6(a + 6Xa +26) 

(a+ 6)fa+26Xa +36)(o +46) ’ 

of which the numerator=6(a"+7a6 + 126®)-6(a“ + 3a6 + 26®) 

= 6(4o6 + 106=) = 26=C2a + 56). 

T,- .1 n ,1 26={2a+66) 

Hence, the reqd. result 
\ 

Example 4. Simplify -g — - q H — ^ 

■’ a;“-3®+2 a;“-4a: + 3 a;“-6a;+6a 

[P. U. 1901] 

The first denominator=a;=-3a;+2=(a;-l){®-2). 

The second denominator =a;= — 4a; + 3 = (a: - 3)(a; - 1). 

The third denominator=a:® — 5a:+6=(a: — 2)(a; — 3). 

ThoL. G. M. of, the denominators=(a: — l)(a:— 2)(a: — 3). 
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Hence, the given expression 

_ ^3 . _®+2__ . j^l 

_ f® + 3)( ®~3)+('®+2)(®— 2)+(® + l)f ic — 1) 
{®-l)(®-2X®-3) 

_ ®‘-‘g + ®--4+ ®°-l 3®=:^14_ 

{®-l)(®-2)(®-3) °*(®-l)(®-2){®-3)* 


E.vample 5. Sitnphf}' 

g-y . xtJ. _ 1 g~g 

(a + ®)(ffl + y) (a + j/X<i + (a + ^)(a + ®)' 


[A. D. 1915] 


The L. C, M. of the denominators =(o+®)(o+ yXtt+ 2)- 

The given expression 

_ (a + 2 )(x - y) + (a+x)[v ■■ g) fa + i/Kg - ®) 
(a + ®){a + yXo + 2) ’ 

The numerator = a{(® - y ) + Q/ - ^) + fs - ®)t 

+ 4® ~ y) + *(y - 2) + 1/(« ~ ®) 

“0. [simplifying] 

. ■ . The given expression 

~ fa + ®j(a+y}(o+ 


Otltenvise : Since, 

1 1 (g+®)-fffi+ y)_ x-v 

a+y a+®” (o+®X®+yT (a+a;)(a+y)’ 

1 1 ^ (a+y)-(a+s) _ y-g 

a+g~ffl+y“ (a+yXo+g) io+yXff+^)’ 

, 1 1 _ (a+z}-(a+ie) ^ z-se 

a+® o+g (0+3X0+®) (a+g)(a+®) 

We hare the given expression 

_ 1 1 .j. 1 ^ 1 1 


:+r^_- 


a+y a+x a+z a+y a+x a+z 
a . 2o“ . 4o®i® 


= 0 . 


Examples. Simplify ~+-|=^=+^ 


Suoh expressions are easily simplified by adding and subtracting 

a suitable fraotion. Thus, adding and subtracting the given 

expression ^ ^ 

o j. ® . 20-’ . 4a®i>? a 

‘^a-b^ a+S ' a^+ii^ ^ o* - fc* ~ a - 6* 
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, T.T a , a a{a+b)+{a-b)a 2a 

a—b a+b a^—b~ a~-b 

. 2a® , 2a® 2a®(a® + 6®)+2a®(a®-fc®) 4:0* 

Again. 

4a* . 4a®6® _4a*+4a®&® 4a®(a®+fc®)_ 4a® 
a*-6*'^a*-fe*“ a*-6*_“ a*-fe* ~aF^- 

. The given expression 

4a® a 4a®— a(a+6) 3a® — afe a(3o— 6) 
a^-b^~a-h~ a^-b- ~ a®-6® ''(a®-b®)' 


Simplify : 

i + 

3a:-i/^3®+i/ ‘^9®®+v“ 
g • [g® + 1>®)® ' a i o 
a&(a-i)®"6“a“^- 
, 1 2 1 2 


EXERCISE 89 
6®® 


®-a 2®+a x+a 2x-a' 
_1. ® 1 , 3 

1 -®®' 

1 . 1 . 


2 . 

4. 

6 . 

8 . 


-1 


a-9a 


®-3a 2s+6a 2a:“+l8a® 

_1 1 _ , 1 _. 

®-l ®+l^®-2 s+2' 

® - * .+-4^+ 1 


a-x ®+3a a+x x-Ba 
a-o _ . b-o 


(a-6)(®-o) {b-a){,x-b) 


x^-3x+2 ®®-5®+6 ®®-8®+15’ 


10 J . 1. 2 

®®+6a®+4a" ®® + llo®+28a® ®® + 20o®+91a®' 

11 1 - I 2® - 1 

®®+3®+'2 ®®+4®+3 ®®+5®+6’ 


12 


2 ® 


1-®+®® l+®+a® 1+®“+®* 


13 1 - 1 . 2 ® _1 ^.2 . 6 ®_ . 

1+® + ®® 1-®+®®^!-®® + ®* ■ ®-2 ®® + 2®+4^®® + 8 


15. 


12a® 


2®®— 6a® + 9a® 2®®+6o®+9a® 4®*— 81a*’ 
-B 1 , L 1 1 

(® + aX® + 2a) ^ (® + 2aX® + 3a) ^ (® + 3a)(® + 4o)‘ 

a- b . b-o ■ c-d 

' (®+a)(®+6) (®+6)[®+c) (®+c)(®+£f)' 

1 , 2 . 1 3 


18. 


a®-3a+2 o®-5a+6 a®-4a+3* 
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(®+ip{^+^“(i+l)®+S+l~xi:2' [A. U. 1912] 

20 x—2 p. _ iQin 

(®-4)(a:-a) fe-SKas-i) {a;-5X®-3) [A. TJ. 1911] 

(y“-?--ysfir-(v^vi)'+s(^rf ts-c-wa 

2Q ?_ 4. - P 4- _ ® 

(a - bXa -c)^(b'-a}(b-c)^(c- o)(c - 6) 

91 i-- 4. 2_ , 1 

x^—5x+6 x^~'4x + 3 x~—3x+2 


AS 1 1 , bx I cx^ 

x-a^ ix-a)lx-b) {x-aXx-b)[x-c) 


^ 

(x-a)(x~b)[x- cXx -d) 


m. Complex and Continued Fractions 

167. Complex Fractions. A fi-aotion which contains a fraction 

in its numerator or in its denominator or in both, is called a complex 
fraction. t 

O’ X 

Then, ii. — , Ji are complex fractions, which are, therefore, 
Z Of 

z b 

merely divisions of fractions. 

We have already considered simplifications of such fractions in 
Art. 111. 

168. Continued Fractions. 

Fractions of the type 

!»+ ^ — are called continued fractions. 

6+ -V- 

To simplify such fractions, begin from the bottom and pioceed 
iiptoards step by step as in Arithmetic. 
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Example. 1. Simplify -1+ rr7~" 

2{o+i)— 

tt + b 

Since, 1 - — ~ ^ have, by simplifying from the 

bottom, the given expression 

a+6 

(a+/^"'~^'*'2o^ + 2flfc -(fl”+2 a6+F) 
'a a ^ 

_ 1 j. «*“ _-a®+Z)" + n“_ b" 

a-- b^ n* - b~ 


Example 2. Simplify 


1 +- 

1 +- 

1 +- 

(C 


[A. U. 1912] 


Proceeding from the bottom, the given expression 

L_= 1 

1+ -_■■ H-— ^ + l + a;+g 

1+® ^1+a: 1+x 


Example 3. Solve 


1 1 _ H-2 a; 

1 . 1+g l + 2a;+l- fa; 2+33: 
‘ l + 2a: 1 + 2® 

Sol™ L f- 

1 +— * 

1 -L * . 


By example 2 above, we have 

the left-hand sicl®'=g^|^= | > 

or, 3(2 +3®) =4(1 +2®), i.e., 6+9x=4+8®, 
or, 9® -8® =4 -6, [transposing] 

or, ®=-2. 
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EXERCISE 90 

Simplify ; 

_ ?.\l? _ _V\ 

\z y}\x zi\v XI 


1. 


[B. U. 1926] 


2 . 


4. 


5. 


a-b b-o c—a ^ 
a+b,b+o , o+a . „ 
a—b b—c c—a 

a ^b+c.. (, . h"-\-c--a~\ 

v__i _ ~<ihc /■ 

a b+c 


+~r + — 

x—a x—b x—c 

ax ^ 4.^_(^ + 6 + c)- 

x-a x-b x-c 

[0. U. 1921] 

1 . 1 . 2 


1 + 


l+a+ 


1-a 
b 


^'*'o-4-a: ^~a-^x ^’*' 0 ®-*-®® 

to. U. 18701 


7. 


9. 


+r^+' °- 

a-x b-x c-x 




x—a x—b x—c 




1 _ 1 _ 
b a 

^ +4+i 

a^^V^ab 


._1 1 +_1- 

2(a;-l) x--2^2[a;-3) 

_1 . _1 . 1 _ _ 

(a; - 2)(i - 1) (x- IX® - S)"*" (ff - 2X® - 3) 


®+2/ , ®®+»“ 
x-vxz_-v~ 


■JL 
x-v X 


10. _ 


P 


»+?/ x^+y^ 


13. a® + - 


6* 




15. 


a“+F" 
a—b 

a;®-23!;/+y® 
®+V _ / 

®+j/ 


11 . 


14, 


12 . 


&+- 


JB-- 


ff + 


/ 

m 


1 - 


1' 


aj+1 


m 


S — 


to “-1 


16. 


a!°faH-2) 


4®+8+' 


2®* -32 


®+ 2 + 


fa-2)te-2) 
x+2 • 
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Solve : 


19 . 1 + 


189. Fractions involving Cyclic Order. Certain fractions are 
easily simplified rvhen tlie cyclic order of letters is maintained. 

Example. Simplify 

Considering the denominator, we see that the factor n-c is not 
in cyclic order. 


Since, a~c= -(c-a), (a-6)(a-c)= ~(fl-h)[c-a). 

Hence, the fii-st fraction ^ ~ (a-&)(c- a) 

Similarly, the second fraction ■= 

and the third fraction = — , — 

(c-a)l6“c) 

TheL.O.M. ofthe denominators = (6 - cXc —a)[a-b). 

. The given expression 

[ be ca ab I 

(a - f»)(c - o) ^ (a - 6)(6 - c) (c - a)(b - c)J 

_ _ bc{b — c) +'ca(c - a) + abj a -b)_{ b- c)(o - tt)(o - b ) 
(6-c)(c-a){a-6) ^ (&-c)(c-a)(a-6) 

170. Important Results in Cyclic Order. The following results 
can be easily verified and are very useful in simplifying many harder 
examples in fractions involving cyclic order. 

(a-2>)(a -c)~^' {b- c)(6 -a)~ (c -a)(c -b)~^’ 

then {i) X+Y+Z—O (\\) aX'^bY-^cZ=Q\ 

.(iii) o®X+6®r+c=2^=l ; (iv) &cX+car+oP^=l : 

' (v) a^X+b^T+a^Z=a+b+c ; 

(vi) a*X +b*Y+c*Z=a^ +b^ +c^ + bo+ca+ab. 
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sxv.] 


Example 1. Simplify -i+r i: V 

^ (a-iJ(o-<5) (d-cXfi-o) (c-a)(c^^ 


The given expression = {tf®-5c)X+(6°-ca)r+{c®-oh)^ 

• [adopting above notations] 

= a=X+ b^Y+e^Z- (6cZ+ car+ ahZ) 

=1-1 [Resnlts (iii) and (iv)] 

=0. 


Example 2. Simplify 

po^+qffl°6e+ j a , , pc^+ gabc^+r e 

(a-b){a-c) (b-cXb-a) (e-a)(c-b) 

^ The given expression , 

= (pa® + ga®bc + ra )X + (pb® + gab ®c + rb)Y + (pc® + gabo^+rc)Z 

[adopting notations] 

^p(a‘X-i-b^Y+ c^Z)+gabc[aY+bY+cZ)+}iaX+ bY+cZ) 
=p(a + b + c) + gabc.O + r.0 =p(a + b + 0 ). 


Example 3. Show that 

1_ _ . I . . . _ J 

(i — m](i - 7i)(a: + y (m — n%m - iX® + m) ~ - w)(® + n) 

_1 

(a; + fX® + ™)(® + w) 

Putting a for a;+Z, b for a:+m and e for ®+»f. we have 
a-b=l—m, a-c—l—n, b~c=m-n, etc. 

. The given expression 

1 . 1__. - 

a(a - b)(a -c)b(b~ aXb - c) c(c - a)(c - b) 

1 r be eg ■ . ab 1 

abcL(a - b)(a - 0) ^'(b - aXb'- c) (c - a)(c - b)J 

==^^(bcX+caY+abZ) 

^_1_^ __1 

**abc (a:+Z)(a:+TOK®'i'w) 


[restoring values of a, b, c] 
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171. Fractional Identities : Miscellaneous Examples. 
Example 1. Show that 

X 

x~ + a~ X a:® a:® + 

Let us dmde x by .t® + a® : - 

a:® + u®\a; 

T 

_ar 

X 



Hencje, proceeding no further with the division, we have 

' _ !c _ 1 \ig‘/ 

x^^a~ X x"^ x~+a^ 

^ 1 g® ■ a* g® ■ a® 

X a:®^®® x’’ a:’(x® + a®)’ 


Example 2. 


Find the value of- 


a;+2ffl x+2b 
x-2a^ X-2F 


when x=^^j ■ 
a + b 


[0. U. 1865] 


The given expression 

(x + 2a , lx+2b ^\ , n 4a ib • . „ 

= (i-2afc^25 Hx-2b)-b[x-2a)\+2 

“ or- - 4a5} + 2 

=0 + 2. [',’ (a+6)a:=4(i6] 
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Examples. If U -J + show that 


1 . 1 ,. 1 

o' ^b’’ ^c’ "(a+fc+c)'' ' 


Since, 


or, 


W 
1 

a+6+c 

{a.+i+a){bc+ca+ab)=abc, 
{a+b-i‘c){bo+ca+ab)—abc=0, 
or, (6+c)(c+a)(o+6)«=0 , 

■ . Any one of these factors, say, 6+c=0. 
Hence, 6=— c. c)’= — c', or, 

1 __ 1 
b c 


' 1 

+ 6 ’ + 


Also, since b=~c, 
Hence, 

Similarly. 


1 _j_ 1 ^ 1 _6c+ca+flh . 
a b c abc 


6'^+c’=0. 
/• b' \ c) c’ 


7+h7+^7-„7-;7+;:i-,;7- 


(•+S¥^- 


^7 + » 7 + ~ 


6" 




Hence, the identity -is established. 

Example 4. Bednce to its simplest form 

x^~{v’-zY ■ y^-{x-zY , z°-(a;-7 /)° 

(a!+s)*-sr® 

We have, the Ist faction 


[0. U. 1866] 


_ (a;+t/-g)(z-7/+s) ^ x+y -z 
(a: + c + y )(a: + a - 2 /) ^ a: + 1 / + c 


Similarly, the 2nd ftaction=|j±|^^^|^=»-;|±-J 
and the 3rd fraction 

.Hence, thegivenexp. = (^tk^--.)=^ 

Example 5. If x+y+z^xyz, prove that 


Since. 


y+z ' z-\rx x+y ^ y +z z+x x+y _ 
l-yz^l-zx^l-xy’^l-yzl-zxl-xy 

x + y+z=xyz, we have 
y+z=xyz-x=x{yz-l). 


Hence, 


2f±£ =56f?rl)= -2. 

1-yz 1-yz 

Similarly, - y and -^= - r. 
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•• TheIoffc8kl0 = ^+,^ + :^ 
l~yz 1-zx 1-xy 

' ^=—x—y~z‘=—{x+v + z)=-xyz 

■={-*)•(-!/).( - 2 ) 

= ''/+2 , z+x ^ x+y . 
i~yz l~zx 1-xy' 

■Example Show that 

[0. U. 1867] 

We have 

. The given expression 




Example 7. If 2j=a+h+c, show that 

1 ■ 1 1__1_, ?L^£ 

s~a^ s-b^ s-c s sls-a)[s-b)ls-o) 


We Imve 


and 


1 1 _ 2s-tt-6 c ^ 

s-a^s-b (s—a){s-b)’^(s-a%s-b)' 

' A- _ 1 - S-is-G) __ c_. 

s-c s s(s-c) s{s~<i) 
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Hence, the given expression 

c ■ c 5(s~c) + (s-ff)U-fc) 

^ (s-a)(s-&) s[s~c) ■ s{s-a){s-b)[s-c) 

^s' —s[a + b+c)+ab 
°° ■ s{s-a)(s-b){s-e) 

"s(J^axf%(s-cy 2s^-s(a+i. + c)=2s=-2s^=0j 


Example 8. Sho^ that 


-c®)+^(b=‘ +e"‘-a‘)+^(c^+a"--b"-).^2(a+b+c). 

Putting 2s^ for a® + &®+c®, we have 

ffl® + 6='-fl* = (<i2+63+^2)_2c®=2(s®-c®). 
6®+c®-ffl®=(a“+6=+c*)-2a®=2(s^-a®). 
c= + a® - 6® = (a® + 6® + c®) - 26® = 2(s® ->,6®). , 

Hence, the given expression 

-*>(1 + +1)(<--»>)h- 2(^ + i)(.=-6-)t 

=2|i(2i®-6®-c®)+ J(2s®-c®-(i®)+3(2s®-o®-6®)} 


6+c, 


-sji.. 

=2{a+6+c). 


®+|.6= + 




Example 8. Show that 

a , a® , o* _ 1 /a+l_o®+l\ 

^ _ 1 2a 1 (g+l)®-(a®+l) 
a=-l 2’a®-l 2' tt®-l 

1 /a+1 a®+l\. 

ffl® 1 2tt® _ 1 (g®+l)®-(a*+l) 
a*-l 2 V-I 2’ a*-l 


'1 /a®+l a^+l\. 
'2"\a^-l a*-ll' 


a* 1 2a* 1 (a*+l)®-(a«±l) 

a®-l“2V-i“2 


1 /o*+l •g®+l\. 
"2‘\^*^“a®-l/ 
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Hence, the given expression 

1 f/a +1 a= + H . Ia- + 1 a*+l\ . /a*+l a®+l\l 
2 l\a-l \o*-l 

^ 1 fa +1 a ® +1 1 
2 la-l a®-!/' 


Example 10 . Show that 
a+'d 


- c) °^Xb - flX 6 - c) 


c+d 


=(?. 


Since, &-a=— (a— 6); 

and (c-aXc-fi)=[— (a-c)] X [-(i-c)]=(fl-cXft-c) ; 

.". The given expression 

, a+d ' . —{b+d) , , c+d 

~ ^\a - 6)(a - c) - h)(& - c - cX& - c) 

_ bdja +d){b-c)- acjb + d)(g - c) + abjc + dXg ~ b) 
f (o— hXtt—cXh — c) 

Now, the numerator=a6c{(6— c)— (a— c)+{ffl— &)} 

+d\hc[b - c) - ac{a - c) + ai!>(a - 
-d{bc{b-c)-ac[a-e)+ab[a- &)} 

= -c)+ 5“(c - a) +c*(a - &)f 
=d{a~ 6Xo -c)[b-c). 

Hence, the given expression =d. 


Example 11. Simplify 

^ . c- 

(a - b][a - c){x + a) ^{b—a)[b—c){x+by[c — a)[c — b){x+c) 
The given expression 

g" ; 1 c" 

(a - hXo - c)(a: + a) ^ (a - 6X& " ^ (® ~ cXb -c){x+ c) 

_ a^fjb -c)[x+ b)ix + c) - — cXa= + c)lx + a)+ c~la — b)[x + a)ix + b] 

(a - bXa -cXb - c}lx + a)[x + b)(x + c) 

Now, the numerator 

= a"(b — dj\x" + x{b + c) + toj + fe®(c - a){® ■ + a:(c + o) + caj 

+ c "(a — 6){® ~ + x(a + &) + oi*} 

=x^\a^[b - c)+ b®(c - a)+c°{a—b)\ 

+a:{a®(6® - c® J + bHc^ - o=) + c=(a® - b^)\ 

+abe\a{b-c)+Uc~a)+e{a-V}\ 

—o)+b°[e-a)+ c%a — &)} =® ®(a - 6)(a - a)[h -c). 

Heuce. the given expression 
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Example 12. Simplify 

c® 

(a-b)(a—c) (b~c)(b~aj^(^-a)(o — l;' [0. U. 1887J 

The given expression 

= — <L" . -b^ . c® 

(o - iXa - c) (6 - cXfl - « (fl -e)W^) 

((i-6)(a-c)(ft-c) 

Now, the numerafcor=a®(i-c)+i®(c-a)+c®(tt-i) 
•=(a-b){a-cXb-cJa+b+c) 

Hence, the given expi'ossion=a + J + c 

+ Alternative Method : 


Since, 


1 1 1 

(fl - b)(a - c) (a - bXb -c)~[a~ c)(b - c)' 

The given expression / 

.J ^ tt® ] , -i® . c® _ 

UO“W(i>-c) (o - cXh -c)j^(a~bKb~c) (a~c)[b-e) 


a^-b^ 


(a-bXb-c) (a-eXb~c) 

0-C 


a"+ ab + _ g®+ac+c° 

h-c b— c 


Example ]3. 


Tf 1 ^ 1^11 11 „ ,, , . 

a® -^b- ~bc~ca ~ab 

Ij. Ix-l-i-l- 1 n 
be ca ab^ ’ 

MHAMHM-m-O' 

[Formula XXIV, Art. 133] 

Now, as none of the terms of the left-hand expression is negative, 
this equation cannot hold unless each of those teims is zero 


or. 


Hence, 

h c 

' b=c. 


1-uo: 

c a 

c=a, 

and 

- - - =0 • 
g b 

g“b. 

Thus, 

(t=b=‘C. 



t This msthod is due to my friend and pupil Babu Bimala Chamn Sliomc, 
Head Assistant; Forest Snrvoye, Dohia Hon. 
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EXERCISE 91 


Prove that : 

1 . 


“ +-A- + c 


. 1 


ax+cc" bx+x^ cx+x^ x a+x b+x c+x 


[B. U. 1920] 


{x +7j){x+s)'^{y-ir z)( 3 / +x)'^ ( 2 + x)(z + y) 1 - 

3. |a+6+cj|^ j=l+(6+c)(c+aXfl+i)i ifG6c=l. 

4. 2 ^ ■ +ra'^ 1- -o' ^ — 5i“0. if iC'hca-t-fli/;=0. 

a -be b^~ca c -ab 

2 x+yz y+zx . z+xy „ ...... , 


6 . 


(y+xXz+x) (y-t-z)(y+x) (z+x)(z+y) 
X , _y_ , z 4a!i/z 


1 - a;" ^ 1 - 1 /“ ^ 1 - 2 ’“ ~ (1 -a:®)(l - " ^®)' 

\ 


— ay if a:-^J/-^-^=a;2/2. 


\ a: 2/ 2 i\y~z z-x x-y) ' 


a 1 ,1,1 1 1___ V L4.I 4.1 

• a^'^b^'^'o^ a^ + 6* -he® (o-p6-Pc)®’ “ a'^b'^c a+b-^-c 

q (ib-o)® ■ (c-g)® (g-f>)® -_q 

(0 - a)(o - i) ^ (a - 6)(6 - c) ^ (6 - c)(c - a) 

o « (b® - c®)® -I- (c= - a®)® -J- (a® - b®)® 1 (b + eXc + a)(a -1- b) 

a®(b-c)®-Pb®(c-ffl)®-fc®(a-b)®'" abc ’ 


11 . 


33 i o •? . * 7 

— 0-; — =x* — x~y +y* — o , .. • 
x~+y- ^ x-+y~ 


12 . - 0 ^ — ^o=a 3 *-^a:® 2 /®-^y*-^-; 3 —;:; 2 • 

x--y- r x--y- 

on x"yz ■i-xy~B + xyz~ _ 1 , 1 , 1 

lo • ” " 000 ' ■“ ' “l T* * 

x-y-z~ yz zx xy 

a;®r 2 ® ■ 'x^y^z , 

3ffi-6 L +. 1 1 1 

(ffl-lXa-2Xa-3) (a-2Xa-3)^(a-3Xa-l)^(fl-lXa-2J 

o„ 3a:=-14 !_1 ®-rl 4 . ® -2 ' 4 . a;-3. 

(a: -HXa; -h 2 Xa 3 -t- 3) “ (a: + 2Xa: -i- 3) (a:-f 3 Xa 3 +l) (a:-f-lXa:-t-2) 


17 . 


2a:* 
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18. 

19. 

20 . 
21. 
22 . 

23. 

24. 

25. 


r.=S+^+^e + r.: 


a:‘ ■ a!* ■ s" ■ a:®{a:®-a®) 






**+0®“®* ®® ‘ ®® ®®(!r®+a®) 
= ®® - as® + a®® - a® + ^-Zi. 


®+a 


®+a 


Emd the of ^ 


Showthet Si^+itl+yih-a 

*5“w 


6a6c 


* - , if ^_2(a 6+j)c+c a) 

(®-o)(®-5)(®-c) a+^+g' 


Babe 


0+2® &+ 2 a ! 0 + 2 ® 

0-2® i — 2®^c-2®^ ''(o-2®)C6-2®)(c-2®) 

Find the valne of 

®®-(ft + <;)g ®®-(c+o)® ®®-(ffl + 5)g _ 3atc 

(®-i){®-c)'*'(®-c)(®-a)^(®-o)(®^^’ ^ ® ab+be+ca’ 
Find the valne of 

• ro.u.1683) 

I^The given expression = 4c. J 


, o x*+3abx~-lQii-b^ ^.a-+2ab+b- 
Find the value of ^,4 a® -2ab+b^’ 


26. 

27. Find the value of 

28. ' 


when x"=ar + b". 


x~y°+3[2x--v^)ab-lSa'b" g®-&® 


y*+3abi/~+l8a''‘b- ''o®+6® 

when x’=a+b and y—a-b. 

, ,, , , x*^+abx"—2a^b- a-+ab+b' 

Find the value of xBy2+^j.-^^2y-)ab+2a-b- a--ab+b- 


29. 

30. 

31. 

32. 
1 - 


when ®=a+6 and t/=a— 6. 

Simplify ;g-^i+irzi+TO"i®^r 

„. ,., x’^-la-b)- .a--ix-b)- ,b'-(x-q)- 

(x+bf-a^ -^(o+W® -®= 

„. (a+2b)=-b%ia-b)--ib= [2a + 3b)--b\ 

(o + 6)“ -IP ■^(20 + b)=-9b- 

„ ®*-f®-l)= , ®=»-(®=-i)= 1 

Simplify c^+ip'-p +J3^+ D® - r - (®+lp 

■19 
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33. If 25 = a + i + c, show that 

1 _ g” + h°-c~ _ 2 (s-a)(5-6) 

' 2a6 ab 

nj O* Tf C ^ Ot , Ot b 

34. Simplify - 3 -^^^)= 

f 

35. Simplify ‘^{a +b-c)+ 1^(6 +c-a )+ + a - 6). 


206 ^“'“' w-2f,c' 

g+y /-2 ■ ..s .3\ . 


36. ' Simplify 5^(a:“ + i/=- 2 =)+|J^p=+a=-.i!=)+^{s“+a;*-r) 

37. Simplify ||^a" + 6*-c*)+|^(6®+c*-a®)+^(c»+a''-6«). 

no Ti 6®+c®-a“ ' a®+c®-fc® , a“ + 6®-c“ ,._ 

its simplest form, the value of (fc+c)a:+(c+a)y +(a+6)s. 

j 

39. If p«=^^ — 5°’'^ — r= ■ ? » find the value of p+Q+r+pgr. 

X C DC OL tZ? 0 

40. Show that 

41. Show that ,4.^+-^„+J^,+ 8®’ 1 16®». 


Simplify : 
42. 


i+£c‘^l+a:“‘^l+a:* l+P~l-aj l-is’-® 
1 . 1 


43. 


44. 


43. 


(a-6)(o-c) (6-o)(6-c) (c-aXc-h) 
a= . 6® . c“ 


(a-6Xa“c) {b-a){b-c) (c-aXc-h). 

®®+pz , p® + 2® . z^^rxy 

i + # _ >/-. -_\"r / 


[A. U. 1925] 


(a!-pX®-»j (p-»)(ff-®) {z-xAz-y) 


2a® - bo 


26® -CO 


2c“-a6 


(o - iXffl - c) (6 - c)(6 - aJ^(c - a)(c - b) 

Aft zy^-yz y®+ga! g®+!c;/ _ 

(x-yXx-z) [y + sXy - x)'*' (z - x)[z + y) 

47 1 ’ , 1 , 1 , — . 

x(x-yXx-z) y(y- xXy -z) z{z-x)[z-y) 

AO - 1 , 1 , 1 . 

(a - 6)(a - c)(iB - o) ^ (6 - o)(6 - c)(a: - 6) ^ (c-aXc-6X®“c) 

.Q o , h , c 

(o - 6)(a - c)(» - a) ^ {b-aXb-c)[x- b) ^ (0 - a)(c - 6)(a: - c) 

-n o® , b- , c® 

(a - bXa - c)C® - o) ^ (6 - oJ(6 - c)(a; - 6] (c - a)(c - 6)(® - 0 ) 


[0. U.1865] 
[C. U. 1872] 
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_ or +lia+k ^ b^+hb -^k . c®+Ac+A: 
[a-h)[a-o)(x-d) (b - aXb~cJx ~b) {c- ate- b)(,x- c)’ 


52. 


41 




53. Showttat 

a-{o - c) + fc®(c - a) + c®(a - 1) 


54. 


Show that 


a( ffl+h)(fl+o) . fc(h+a)(&+ c) , c(c+tt)(o+ 6) . i . 

{a-b)(a-c) ^ [b-a)[b-<^^ (c— a)(c-h)°*® ^ 


55. 


56. 


Prove that -r^ 


Ac 


a(a“ - 6“Xa- “ c“) - 0 ®) 


ao 


ab 


c(c* - 6®)(c® - a*) ~ abc 


Simplify 


beix~a)^ coix-bY . aKx-cY 
(a-b)(a-c) (b-c){b-a) ^(c-a)(c-6) 


MISCELLANEOUS EXERCISES V 
I 


] . Express the following as the difference of two squares : 

(i) (®+7X®+9)(®+ll)(a!+13) ; 

(ii) (a:+lX*+3)(a;+3X®+4)-15. 

2. Eactorise 7(2 + a;)®-(£c-y)®-(y+c)®. 

3. Simplify (a — 6)*(a + 6-2c)*+(6 — c)*(6 + c-2a)® 

• +{c-a)®(c + a-2&)“, when a + 6 + c=0. 

4. If x+y + 2=4a;y2, show t^hat 

» , V . _£ IGxyz 


5, If 2s = ti+i+c, show that 


b'+a^-a^V 4s( s~a)(i~b)(s- -c) 


(b'+c^-a^\ 

^"\ 2sr~/ 


1 >®C* 


6. Show that 


(&+c)(h^+c=-a^) ( e+atc^+a^-b^) 
2bo 2ca 

2aft 
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7. Find tbe value of 


rp_ 


pg 


(a - g)[a -r) (a- r)(a - p) (a -p){a- g) 

when =1(1 

a 3\p g rj 

8. Show that (a;“-j/“)®+(i/=- 2 -}“ + (r--j®)® is divisible by each 
of the expressions a:"- 1/®, i/“ — 2® and s~-x~. 


II 

1. If a: + 2 / + 2*=15. xy + yz+sx’='iQ, find the value of + 

- 3x1/2. 

2. Show that (a + b-2c)®+(6+c-2a)®+(c+a-2b)® 

= 3(a + h - 2c)(6 + c - 2aXc + a - 25). 

3. Show that (h— c)(h+c— 2a)®+(c-flXc+a -26)" 

+(fl- 6)Ca + b- 2c)= =9[a - b)[h - cXo - c). 

4. Simplifj ca{c — 6)(a - fc) ^ ai(a - cXh - c) 

5. Find the value of ^ when x=— ^ and j/= 

X x+1 a-b " fl+o 

6. Find the H. C. F. of a6+2a® — 36®— 46c— ac-c® and 9flc+2a® 
-5a6+4c®+86c-126=. 

7. Find the L. 0. M. of 6x®-llx®+6x-8 and 9x®-9i® + 5x-2. 

8. Eesolve into factors 

(a - 6)(6 + cXc + a) + (6 - cXc + o)(a + 6) + (c - aXa + i')(6 + c). 


Ill 


1, Expand (x+ ^ j in a series of descending jiowers of x. 

2. Show that (a+6+c)®— a® — 6®-c®=3(o+6)(6 + cXc + a). 

Hence, prove that 

(x + j/ + r)® - (y + s - x)® - (x + X - 1/)® - (x + 1/ - c)® = 24x2/2. 

8. Find the value of a®-6®+c®+3a6c, when (i='427S, 6=1'2345 
and c='8067. 

4 . Show that (x - a)®{6 - c) + (x - 6)®(c - o) + (x - c)®{a - 6) 

= (a-6Xo -cX6-c). 


5. 



Find the H. C. F. and E. C. M. of 
6x®— 25x® + 23x-6, 2x®— 7x+3and 6x®-7x+2. 


Find the H. G. F. of x®+llx-12 and x®+llx® + 54. 

+ b^ jc+a) c^(a+b) 
Simplify (c_a)(i,_a)+(a-6Xc-6)^(o-cX6-c) 


8. Show that a®(6® - c®) + 6®{c®- a®) +c®(a®- 6®) is exactly divi- 
sible by each of 6-c, c— a and o — 6. ■ ’ 
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IV 

1. If o+&=2, ab=l, find the value of a® + b*. 

2. Besolve 2(af+6®)—a6(a® + 6“)(2oJ—3fl® + 36®) into five factors. 

3. Find the value of a® + &®+c*-3a6c, when «=2658. 6=2664 
and c= 2678. 

4. If a:=“6+c—ffl, i/=c+a— 6 and r=a + 6-e, prove that ®® + v® 
+ 2® - 3*^2= 4(a® + 6® + c® - 3fl6c). 

5. Find the value of .when and 

6. Show that 8(a + 6 + c)® - fo + 6)® - (6 + c)® - (c + a)® 

=3(^+6+c)(o+26+c)(o+6+2c). 

7. Find the L. C. M. of 

a!®-3a:j/-10{/®, a®+2a:i/-35j/® and ®®-8®j/+16y® ; and 
resolve into simple factors the quotient when the L. G. M. of the 
above expressions is divided by their H. 0. F. 

8. Find, without direct substitution, the value of .j:“-18a:^+47®® 
-31a® +19® -60, when a =16. 

V 

1. If ®= and show that 

, Wi~c m—o 

®+y+2+ay2=0. 

O -r, a .C b .d lU L ®® I C* 

3. Find the value of when a=^ 

4. If a show that the value of ~ — 
the same for all values of a and c. 

5. Besolve the following into factors ; ' 

(i) 6o*+43a®6-66a®6®+43o6®+66* ; 

(ii) 12a* - 37a® + 45a® - 37a + 12 ; 

, (iii) a6a*+(ac+6®)a®+(2a6+ic)a®+(oc+6*)®+o6. 

6. Show that (®+i/)®-(y+2)®+{2-®)®=3(a+3/)(y+2X®“2)- 

7. Find the H. C. F. of ; 

(i) a® -(a+p)a® + (q+qp)a — eg and a®+oa® — 3a®a+o® , 

(ii) a®-i/®-2®-3aj/2 and a®-2ay+ff®-2a2+2y2+2®. 

8. Show that, if a rational and integral expression in a vanishes 
when ‘o’ is put for a, the expression contains a -a as a factor. 
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VI 

1. Show that 

(a®-o+l)(&-c)+(6®-6+lXc-fl)+(c=-c+l)(o-6) 

= (a= - a + 1)(6' -c^)+{b--b + l)(c® - a®) + (c® - c + l)(c® - fc=). 
ab , be 


2. Show that 


(® - a)(a: - 6) ^ (a: - 6)(a- - c) ^ (a; - c){i - d) 
when 

X 3 \a 


ca 


•0, 


-I- 


H- 

X '6\tt b cf 

3. Prove that a(fc-c)®+Z»{c-o)® + c(a-fe)®=0, when a + 6+c=0. 

4. Express (x® + i/®+£®+2a;//)®-2(a:+i/)®f® as the sum of two 
perfect squares. 


5. 


6 . 


Simplify r __ 

] X y+£ 1 




2+2 
y z 


.i_+i+i 

l/r sx XV 


+ (j-+(/ + £-)®. 


x~ 


Find the H. G. F. of 

• (i) a!®+(5m-3)a!®+3rn(2m-6)x-18?«® 

and ® “ + (wi - 3)x® - j»i(2ot + 3)x + 6?n® : 

(ii) lOx® - 54a:® + 87x - 45 and 5r ^ ~ 36x® + SVa*® - 90x + 54 . 

7. Find the H. 0. F. and L. C. M. of 

2a:*+x®-9i® + 8a:-2 and 2x^ -7x®+lla'®-8r + 2. 

8. Show, without actual division, that a:®®-^®® is divisible by 
y ; and that the remainder when it is divided hy x+y is - 2;/®®. 


VII 

1. Divide the continued product of 1 + x + 1 /, 1 - .r + 1 /, 1 + x - j/ and 

x+y-1 by 1^2xy-x*-y-. 

2. Simplify 

3. Prove that 2{(5 + c - 2o)® + (c + o - 25)* + (a + 5 - 2c)®} 

=}(6+c— 2o)® + (c+<i -26)® + (a +5-2c)®}®- 

4. Eeduce the following to their lowest terms : 


(i) 


5® 


a+b a+b ^ 


(ii) 


l-g+x® ■ 1 -X 

14-x+x®^l+x 
l~x+x® ■ 1+x' 
1 + x+x® 1-.X 
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5. Express 41a:®-60xj/+104p® in the form of (px+gy)" 

+4(ga:— pp)®, finding the numerical values of p and g. 

6. PJnd the H. G. P. and L. C. M. of 

6®«-17a:®+ll®-2 and 12a;®-4a:®-3i-+l. 

7. Show that m—n is a factor of 

(a + 6)(m® + n®) + am(n — 3m) + bn(m — 3»). 

Por what ^Ine of a is a!®+5jr+o divisible by at -3 ? 

^8. Show that the last digit in is 5, if n be any 

positive integer. [M. M. 1868] 


VIII 

1. Show that 

(a - bXm - d)(x -b)+(b- c)(x - 6)(a: - c) + (c - a)(a: - c)(i - a) 
=(ffl-5)(b-c)(a-c). 

2. Show that 4(ffl®+ai+d*)®-(a-6)®(o+26)®(2ff+5)® 

«=27a*h®(a+b)®. -[M.M.1S88] 

3. If 2s «= o + 6 + 0 , show that 16s(s - aX® “ W(s - o) 

=2a‘b^+2a^c‘‘+kb°c'—a* — b*-c*. [0. U. 1867] 


4. Eesolve into fSctors 

(a ® - 6®)® + (c® -d®)= - (fl + h)®(c - d)^ -(a- h)®(c+d)"-. 

[M. M. 1876] 

_ (v-z)(j/+z}^+(z-x)(s+x)'’+{!e-yXx+yy . 

Simplify (j, + zXy - 2 )s +(s + ®)(s - a;)® + (a; + y)[x - p)" 

[M. M. 1892 ; B. M. 1888] 

c „■ x’^-yz . y-+zx , g®+ a;y . rn xr 

®- U^^W^zf{y+z){y'^i)'^(z-x)[z+y) LO.U.lttbOJ 

7. Show that 2*" — 1 is divisible by 15, if n be a positive integer, 

[M. M. 1875] 

8. Pind the H, C. P. and L. C. M. of 

X* +2x^+1, x'‘+x*-x--l and x*-l. [0. U. 1869] 



CHAPTER XXVI 

SIMPLE EQUATIONS AND PROBLEMS 


I. Simple Equations 

172. We. have already explained the process of solving easy 
simple equations in Chapters V and XVII and shall now consider the 
subject more folly. 

173. Solution of equations facilitated by suitable - transposi- 
tion and combination of terms. 

The following are typical examples. 

Example 1. Solve 4(a:+l)®+'9({B+2)®=13(a;+3)“. 

Simplifying the sides, we have 

4(a:®+2a!+l)+9(!B®+4a:+4)=-13{a:® + 6®+9), ' 

or, 13ri;‘®+44a:+40=13fl;“+78!r+117, 

or, 18a:!®+44a:-13®®-78®=>117-40, [transposing] 

i.e., -34a;=77; .'. . 

/ 

Example 2. Solve (.a; - 2)® + (a; - 6)® + (a? - 10)® = 3(a! - 2)(a; - 6)(a: - 10). 
' Transposing, we have 

(a: - 2)® + (a: - 6)® + r® - 10)® - 3(a: - 2)(a; - 6)(a; - 10) = 0, 
or. - 2) + (a: - 6) + (a: - 10)K{(® - 6) - (® - 10)}® 

+K®-10)-(®-2)}®+K®-2)-(®-6)}»]=0, • - 
[factorising the left side by Art. 134] 
or, M3*-18)[(10-6)®+(-10+2)®+(-2+6)®}=0, 
or. ^3a;-18).96=0; .-. 3®-18=0, orj ®=6. 

174. Fractional Equations. 

, 7® -11 31®- 41 7®® -4 

Example 1. Solve — 2 l 

By transposition, we have 

7®®-4 31®-41 7j- 11 (31® -41)-(28g-44) _ 3(®+l) _®tl 
56®-47” 24^- 6 . 24 24 8 
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Multiplying both sides by 8(56a:-47). -we have 
8(7a!S-4)«=(rB+l)(56a:-47), 
or, 56a:=-32= 56T:“+9i-47, .. -32= 9x-47. 

Hoiico, 9.r= -32+47=15 : ®=V=’li 

Example 2 . Solve + 5 . 

®+l 3a!+2 » + l 

By transposition, we have 

16a:+4-i 23 _25-^x x-5t^\a^-2 

3ir+2 ar+l '-c+l * Sar+S ®+l’ 

Honco, (x - 5J)(!C + 1) = (jla: - 2)(3a: + 3), 

or, x-~ {4J)x - Os = ® ® - (5i)x - 4. 

Hence. (5i-4|^)i:=5J-4, 

or, ^1=14=1! ■. •'r=s X y = V“35. 

Examples. Solve 


Since, 


S 

*+3‘ 


.JLx 5. 

x+3 ®+3' 


wo have 


P + 


= .i-+_L.. 

a?+3 ®+3 


Hence, by transposition 


3_ 

’x-2 


J _ A „ .5 , 
®+3 x+3 ®— 6 


J5 • -i5 
(*-2)(®V3)“(i+3)(a:-6)' 

ilultiplying both sides by ®+3. and dividing by 15, 

i_= rl. 

x~2 x~G 
.r-6= -3(.'j;-2) , 

4x=12, or, j: = 3. 


wo have 

' Hence, 


Example 4. 
We have ' 

Hence, 

or, 


01 8 ^ 9 _ 7 

Solve 2a;-l'‘'3®-l a:+l 

8 ._9 4 J_. 

2i-i 3®-l ®+l »+l 

f. 8 — ^1=0. [bv transposition] 

I2x-1 x+l/. l3x-l s+lj 

- ^ + --J2 . _o 

(2x - l)(x + 1) ^ (Sx - IX® + 1) 

.1 

2® — I 3® — 1 


Hence, 


0 . 
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Multiplying both sides by {2a:-l)(3a:-l), we have 
{3x-l)+(2a;-l)=0. 

Therefore, 5x=2, or, x=§. 

Examples. Solve 

2o+x 2a + x a+b+x 

We hare . 

• Sflo+fl: 2a+a: a+b-hx fl + 6+a: a + 6+x 

Hence, by transposition, 

^^{ 26 +® ^^{a+6+®~2a+®}’ 

1 (fl c) l2b+x){a+b+x) fl + i>+®)( 2 a+x) 

Hence, : 

26+® 2a+x 

(a-c)(2a+®)=(6 — cX26+®) ; 

. ■ . a;}(a - c) - (h - e)\ = 2h(6 - c) - 2a(a - c), 
or, ir(a-6)'=2{i“-a®)-2c(h-a) 
=2(i-o)(i+a-c) 

= 2(a-6)(c*-a-b) ; 

.’. X'= 2 (c— 0 - 6 ). 


EXERCISE 92 
Solve the following equations : 

1. 3(«+l)®+4(a:+3}“=7(®+2}“.- ' 2. {x-a){x-b)^[x-a-h)-. 

3. (® - o)® + (® - 6)* + (® - c)® = 3(» - a)(®. - 6)(x - c). 

4 . {® + o)® + (® 4- 6)® + (® + c)® = (x - 2o)® + (,® - 26)® + (x - 2c)® . 
c 98®-73_14a:-9 13x-16 

21 3 " 15x-9 

„ 95X-169 19X-29 17®-47 „ 9l®-21, 24a:-93 13®+9 


35-7 23X-59 '• 

n7®-26 16®-77 13®+4 3t 

135 23®-il0 15 - 27 

6 ^ . n. . 1 +1 to = i. _ 1 21 .-> . 

13-2®^^^ 24 ^ 3 

2®+8^_ 13®-2 , ® _7® «+16 
9 17®-32'*' 3 “12^ 36 

41-36® 7-2®® 1+3® 2® -2^ 

105 141® -i) ■ 2l 6 


91 ®^ 21 24®-93 13® + 9 
' 56 "' 35 ® - 138 *" 8 
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12. 

14. 

15. 

16. 

17. 

18. 
19. 

^•21. 
I 28. 
A 24. 
^26. 
/28. 
30. 

I 32. 
34. 


w . 2 ^ — ]_ -to __ 2 ^ 4_ 6 

®— 1 x+7 ' 7(®— 1) ' 5{3®+4) 2®+3 .3®+4' 

3 6 7 ■ 2 

3®-6'‘7(4a:-7)'°'9(3®-5}'*‘4®-7 

n , 7 3 _2 

12(14® - 19) 9(13® - 14) 14® - 19 " 13® - 14 
_50_ - 

'3®-l'^12®-i 12®-!'*' 3®-r 

(1 »)®+I9fg a®+8 20f^-m)® ( H)®-9 
2®+5 ®+8 2®+6 2(®+8) 

<9{ -§)®-32 , 65®+4M 75®+511 , (4^)®-29 
4®+7 8®+29 “ 8®+29 4®+7 ' 


1.. - 9n 7_. 

®— 1 ® — 2 ®— *3 » * ■ 4®+l 4®+6 4®+8 

15 - 'a , 7 /_6 4 9_ ^ . 

3®+il ■'31+17 3®+S*^‘^ 5®+7 5®+]3 6®‘+13“5®+19 
8 12 5 9 

2r+i7''^+25“2r+25'’2j;+33' 

5 , 9 _6 , .13_ „..7.. 

3-4®^4®+18 4®+5 5-6®^6®+l9 6®+7 

-^4. 1 «_i_. ,?7 10 ~ I 1 ^ 18 

3-7®'*'^lS 12-7®' 2®-6^®+6 3®-5 

. Jo , 8 _. ,20 _ 12_^,_20 L . 

3®-4^4®+l ®+7 •' ’ 3®-8 4®-13 .®+9 

a+b ^ a b -'SI [ b" ^ a + b 

®— o'*®— o x~b •' * ax — b bx—a x+c 


m{ x+ a) n{x + b) 
x+b x+a 


= J» + 7J. 


•33. 

x+a ®+o ®+c 


2a-3f> 25 -3a ^ 5fa- fe) . J_ + _2_^._3._ A* . 

x-a+b~ x+cT—b^ x+a+b ’ x-Ga x+3a x-2a x-a 


175. Solution of fractional equations facilitated by the 
division of each denominator by its numerator. 

_ , ^ , ®+l , ®+2 22®+30. 

Example 1 . Solve —j+j ::2 n®^8 


We have 


(® - 1) + 2 . (® - 2)±i^ 2(1 1® -18) +66 

"~^r '*'"v-2 11® -18 


{i+~-i}+{i+i42}“2'"nl^28’ 


2 . _4_.^_66 

®— 1 ®— 2 11®— 18 
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Hence, by transposition, 

■2 m ^ ii i 
x—1 llx—18 11®— 18 x—2' 


or, 

Therefore, 


-14 -16 

(x - 1)(11® - 18) “ (11® - 18)(® - 2)‘ 

7 8 


®-l'°®-2’ 


or, 7®— 14=8®— 8; ®=-6. 


n Cl 1 4®"+7 , 6®"— 8®+ll 4®“+3®+6 

Example 2. Solve - 2 ^-+ 

We have 


(4® =-l)+8 2®(3®-l )-2(3®-l)+9 . 4g( ®+l)-(g+ l) + 7 
2®-l 3s-l ® + l 


2^rf+3?;a"i+r 

For the subsequent part of the solution the student is referred to 
example 4 worked out in Art. 174. <. 


Example 3. Solve 
We have 


7®-55 2®-17 6®-71 3®rl4 
®-8 ®-9 ®-12^®-5' 


7(®-8)+l 2(®-9)-hA 6(®-12)+l 3(®-5)+l 
®-8 x-9 ®— 12 ®— 5 


®-8 ®-9 ®-12 ®-5 


Hence, by transposition, e 

X 1 L, 

®-8 ®-5 ®-12 ®-9' 


3 3 

(® - 8)(® - 6) = (® - 1 2)(® - 9), 
or, ®=-13®+40=®°-21®+108 ; 

* 8®=68, or, ®=»81. 
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EXERCISE 93 


Solve the follo^mg equations : 
1 2a;-l , 3a:-4: , 5i-12 

O 251-40 7!B+9 6a:-l ^ 
5®-6 a:+2'‘’8a!+4 


r 5. 8 + ‘ 


3+— 
5+- 


m 

■25‘ 


6. 2+-r 


a:+2 - 

_1 2a;+7 

2 +® 




n 4a!-7 , 15g+ll 12®+! 
4®+5'^ 6i+7 "3a:+4‘ 


o %t7iia:+29 fe-lO „ 


4. 2+' 


2 +—' 


7 

'3' 


2+ -5 


[See Bx. 3 worked out m Art 168} 

7 15a!~7 4a;4-3 S®+1 
6®-4 ^4x-3’^2a;-l’ 

„ 4e® + 4®*+S®+1 2j:®+2a: + l 


'2?=+2a-+3 


®+l 


/lO. 

11 . 

/ 12 . 

/13. 

/14. 

15. 

/16. 

/17. 

/18. 

‘^19. 

I 

20 . 

I 

I 


12®^ +16®°+29.g- l, 4a!^-l-20®- l 
3®^+4®+8 ” ®+5 

?! i®ti 4.5!r:2^i»Sa.+ 2 

x-1 ®-2 ®-3 

®°+3 ®°— ®+l _ 2®^-4®4-1 
®-l"^, ®-2 ®-3 

2®°-3i+7 6z ° + 2®+ 21 ^ 3a°+8x+ 7 
2®-l 3®+l »+3 

3+2® 5+2® , 4®® -2 

l+2®“7+2®“'^ 7+16®+4®=’ 

2®-3 3®-20 _®-3 4®-19 
®-2'*^ ®-7 ®-4^ ®-5 

3®-8 . 4®-35_\ 2®-9 5®-34 
*-3”^ ®-9 ®-5, ®-7 

4®-41_ 2®-13 53;-41 
®-4 ^®-10 ®-6 ®— 8 
4 Z+21 -, 5®-69 3j- 5 ■ 6®-4'l . 
®+5^®-14”®-2 ®-7 

5 - 6® . 2® + 7 ^ 3j>:l^ , 4®+a. 

3®-!’*' ®+3 “ 3®-7' ®+5 

®®+3®+3 , ®=-15 ®°+7g+ll . ffi°-4g_-20.- . 
®+2 ®-4 ®+5 . .»-7 
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w 




21. 



‘ 2c + 11 _ 9x-9 ^ ix+13 _ 1 &b~47 _ 
x+5 '.3a;-4°" x+3 3a:-10’ 

a;— 2 a;-3^! r— 1 a; — 4 
®-3^a:-4’°a!— 9^0! — 5 


[C. TJ. I860] 
[G. U. 1887] 


176. Miscellaneous Examples. 

IT i_ < o i_ 3a6c , . (2a + b)b‘^x „ . bx 

Example 1. Solve =3ca!+-. 

By transposifiion, we have 


0 + &1 






b a° \ 
a (o+ 6 }*J 


=*( 


3c+i 


ab 


Therefore, 

Example 2 , Solve 


x= 


I ' ia+b)^ 

. 

0 + 6 , 

ag-+6a!+c ^ og+6 
px'^+qx+r px+g' 


}■ 


'We have 


x(flx+b)+c 0 !C +6 
x{px + q)+r px+q 


Hence, putting m for ax+b and n for px+q, we have 
mx+G _m ■ 
nX'Vr n 

mnx+cn=mnx+rm ; .■. cn=m, 

or, cipx +g)= Ko® + 6) ; . x[dp - or) = 6r - eg ; 

hr- eg 
cp-ar 


Examples. Solve (®-2o)®+{®-£6)*=>2(®-a-6)“. 


By transposition, we have 

(s-2a)®-(®-o-6}®=‘(®-o-6)®-(®-26)®. 

Butting Z ioT x-2a, Y lot x-2b, and 2 for x-a-b, 
we have ' -.Zr* = B®- T®, 

or, (X- XXX* + XX + X*) = (X - x){x* + xr+ r®). 

But, X-X=X- T, because each of them= 6 -a ; 

x*+xx+x®«x®+xr+r®. - 



NWI. 


'•i.vi'i.i: r.y^•A■nn^s wii 


Ilcnco. h\ transpO'.ilion, A'®- /^{y~ X‘ 

RoniovinR tho <*ommon factors A'- 3’. wlnVIt 

wo Imvi* A’ +3' 

; r.. (r-2fl)+{x-2M-’ -<r--n - '(■ 

Homco, ‘.]r‘=‘:i[a+b). atiii ■. 


K«,npic 4 . 


Sinco 


x+a _{x + h) + (a—h) 


x + h 


T+h 


J-* 


x-/< 


or. 


, flr+rt+c^(2r+/)+c)+(<i-/i)^ ti-i, 

2r + 6+c 2r-^/»+r 2x-^h+r' 

wo have 1+ f ” 1 *n' . , 

x + h I 2r"*-/)4-rJ 2x + ii'‘r (; 

ITcricc, transposing and di^ddinfi by n-/>, we 

1 2 a — b 

x + h 2r+b+c~ {.2T+b-^cY 
r-b a -b 

fT+ZiXir + fi+cJ (*2r+/»-*-rl® 

, c—b a-b 

’ ■ T + /j“ 2 r+/>f O'* 

2 r(c — <•) + r{n o - i" 

.rffl +/j-2i')‘'C®-flf> ; 

r"—ab 

2 “ ea — • • 

■ a+b~ 2 r 

h.vainple5. S-oho 3 - 4 . ".f 


Siiu'i', 

and 

wc liavo 


{■~ir-lY,x+'})'^{br-]}'x* •>' 
n 3r'-l 

• ^ ' m. • * 

-{ 

4r .y.'ir + U . ~ i. ' ' . 


Honco, transposing and dividing by ■*>, '•••' 5"»>’ 

j + ;i 


In-f r 

f.^cr 


Ilonoo 
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EXERCISE 

Solve the following equations ; 

2x 7x-3 
x+1 
32!+5 4a:+8 


I. 


=9. 


2 . 


94 


x+ia+ b 4x+a+2b .. 
a;+o+& x+ci~b 


3. 


5. 


JB + l 

a;+18 

x-2 

x+2a 


10 . 

11 . 

12 . 

13. 

15. 

16. 
17. 


2b— X 
_ 1 
a:" 

a+x 


3® +3 
27-3® 
■3®-19 
, ®-2a , 


10® + 1 
6 ® + 3 

= 2 . 

iab 


6®+8 2®+38 


= 1 . 


9. -d-ro-: 


2b+® ®®— 46® 
, _ 2 ® 

+ 3®+2 ®®+4®+3 


=0. 


2®+l ®+12' 

x — b x — a _ 2 (g- 6 ) 
x-a x-b x-{a+b) 

(® - a)(® - 6 ) _ (®-cX®- d) 
x—a—b x-c-d 
60+4® 


«■ 


+ax-i-x“^ a" ~ax+x°’°x{a*‘ + a^x-+x*)‘ 


a-x 


®®+5®+6 
3a 


14-’ 


®+3 


® ®-9 

®-2^®-7‘ 


. ®+l ■ ®— 8 
x-i^x—6 


1 . . 1 _ 

(®+a)®-6®'‘’(®+6)®-a®' 
8®®+5®+8 3®+5 


5®®+6®+12 
aHa-2b) 
b{a 


5®+6 
2abc 


6 )® 


-f^2cx- 


19. 


(a- 6 )®- 

(® - 23)® + (® - 27)® = 2(® - 25)® . 

4®-17 3f-22® 6L ®®\ ' 

■~9' ~''33“="^"®U"54)' 
g+19 ^( 2® + 33 \®^ 

®+10 12® +24/ 


®®-(o+6)® ‘*‘®=-(a-6)®‘ 
. 44 58®® +67®+ 7 

f 87®® +145® +11' 
a®6® 


2® + 3 
■3®+5‘ 


20 . 


/kj- ^\® _^ 2 a - 26 
\®+26/ ®+2a+26’ 

/ / g-o \®_ ®- 2 a -6 
\»+ 6 / ®+a+26 

177. A simple equation cannot have more than one root. If 
terms containing the unknown quantity be transferred to one side of 
the equation and those involving known quantities to the other side, 
every simple equation can ultimately be reduced to the form ax=b. 

Thus, to make the equation true, ® must be equal to ^ and to 
nothing el4e. 

Hence, a simple equation cannot have more than one root. 

Otherwise : Every simple equation is ultimately reducible to the 
form a® = 6 . Let this equation, if possible, have two different roots 
a and p. 

Thus, we must have aa =6 1 

and also , aP=b } 1 

Hence, by subtraction, a{a-j5)=0. 
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But this is impossible because a is not zero and by sunnosition 
a also 18 not zero. 

Thus, a simple equation cannot have more than one root. 

178. Two exceptions in the solution of a simple Equation. 

(1) If a simple equation reduces to the form 
0xa:=0, t.e., 0»=0. 

Evidently, the equation is identically true and has, therefore, any 
number of roots. 


Example. The equation 




gives, on transposition, 

or, ■ Oxai-O, or, 0«=0. 

The equation is, therefore, an identity and is true for every value 

of s. 


(2) The equation 

/ib+5\ x+i *-4 
\ 3 )“ 2 ~ 6 

leads on simplification and transposition to 

or, Oxx^l, or, 0'=1, which is absurd. 

This equation is, there.fare, absurd and has consequently no root. 

Generally, if a simple equation reduces to the form 0 x a:=h, where 
h is not zero, the equation is absurd and cannot, therefore, hwve any root. 


II. Problems leading to Simple Equations 

179. The general process of solving such problems has been 
explained in Chapter XVII.- We shall in the present section consider a 
few problems of a harder type than those treated of previously. 

The following examples will serve as further illustrations. 


Example 1* At what time between 1 o’clock and 2 o’clock is there 
exactly one minute-division between the hands of a clock ? 

Suppose it is x minutes past one when the hands are one minute- 
division apart from each other. 

Then, at the required instant the minute-hand is at a distance of 
® minute-divisions from the 12 o’clock mark ; and since the minute-hand 
moves twelve times as fast as the hour-hand, the hour-hand moves 

,4 the of a minute-division whilst the minute-hand moves over 
1—20 


over 
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X minute-divisions ; therefore, at the required instant the hour-hand is 
at a distance of ininute-divisions from the 12 o’clock mark. 

Hence, as the minute-hand is at the required instant one minute- 
division apart from the hour-hand, we must have 

The upper sign being taken when the minute-hand- is ahead of the 
hour-hand, and the lower when behind it, 

i4®=5±l=6, or, 4 ; 

or, 

Thus, the hands- are one minute-division apart at or 6^ 
minutes past one. 

Example 2. The distance from a place P,to another place Q is 
3^ miles. Two persons, A and B, start together from P to go to Q, 
the former by carriage which travels at the rata of 6 miles an hour, 
the latter walking at the rate of 3 miles an hour. If A remains at Q 
for 15 minutes, and then returns by the carriage to P, find where he 
will meet B. [0. U. 1882] 

Let X miles be the distance of the place of meeting from P. 

Then, during the time that B travels aj miles, A finishes the 
journey, remains at Q for 15 minutes, and then travels back(3|-a:)miles. 

How, the time in which A does all these 

= (f I • 

and the time in which S travels x miles = | hours ; 

. ^ , 1 . 3Jj2® ® 

6 4 6 3' 

or, 7+3+(7-2a;)=4a;, .’. 6a;=17 ; .’. 

Thus, A will meet P at a distance of 2^ miles from P. 

Example 3. A landlord lot his farm for £10 a year in money, and 
a corn-rent. When corn sold at 10s. a bushel, be received at the rate of 
10 shillings an acre for his land ; but when it sold at 13s. fid. a bushel, 
13 shillings an acre Of how many bushels did the corn-rent consist ? 

Let a!=the number of bushels the corn-rent consisted of. 

Then when com sold at 10s. a bushel, the annual income was 
£ 10 - 1 - 10 ® shillings or (200+ lOi) shillings ; hence, as the income in this 
case was in the rate of 10s. an acre, the number of acres must evidently 

be — jg — ’ or, 20+®. 



xxvij 


SIMPLE EQaATIOHS AND PEOElBMS 


307 


In the second ease (*.e.. when corn sold at 13s. 6d. a bushel) the 
annual income amounted to JB10+(13j)z shillings, or, shillings; 

but now the income was at the rate of 13s. an acre. Hence, the number 
of acres must also be equal to — ^ — ■ 

Hence, '20+®° ^^^ . 

26 ^ 

or, 520 + 26® =400 + 27® , ®=120. 

Thus, the corn-rent consisted of 120 bushels. 

Example 4. A hare is eighty of her own leaps before a greyhound , 
she takes three leaps for every two that he takes, but he covers as’ much 
ground in one leap as she does in two. How many leaps will the hare 
have taken before she is caught ? 

Let 3®=the number of leaps the hare takes. 

Then 2® = the number of leaps the greyhound takes in the same 

time. 

The distance of' the place where the hare is caught from the first 
position of the greyhound =00+3®) leaps of the hare and is nlcn 
=2® leaps of the greyhound. 

But, 1 leap of the greyhound being equal to 2 leaps of the hare, 
2® leaps of the greyhound =4® leaps of the hare, 

■. 80+3®=4®; ®=80. 

Hence, the number of leaps which the hare takes before she is 
caught = 3 X 80 = 240. 

Examples. A banker has two kinds of money, silver and- gold, 
and a pieces of silver or b pieces of gold, make up the same sum s. A 
person comes and wishes to be paid the sum s with c pieces of money ; 
how many of each must the banker give him ? 

Lot ®=tho number of silver pieces required ; 

then c-®= „ „ „ gold „ „ ’ . 

s ^ 

The value of one piece of silver = — 

s 

and that of one piece of gold 

Hence, since by Bupposifton ® pieces of silver and (c-®) pieces of 
gold are together equal in value to s, we must have 

s=®.|+(c-®).|-; 



308 


ALGEBBA MADE EASY 


[chap. 


or, 


and 



• • C 


a(c-6) _ &(a-c) 
a—b a—b 


required. 


Thus, pieces of silver and “ly- pieces of gold will be 


Example 6. AB is a railway 220 miles long, and three trains 
(P, Q, B) travel upon it at the rate of 25, 20 and 80 miles per hour 
respectively ; P and Q leave A at 7 A.M. and 8-15 A.M. respectively 
and B leaves B at lO-SO A.M. Whan and where will P be equidistant 
from Q and B ? 

A Q P R B 


Let P, Q, S, as in the figure, be the respective positions of the 
trains at the instant when P is equidistant from Q and Jk. 

Let this happen x hours after B has left B, i.e., x hours after 
10-30 A.M. 

Then, since P left A 3i hours before 10-30 A.M., it has evidently 
been travelling for (3i-f 1) hours up to the instant in question. 

Hence, clearly 4P=(3J+a!).25 miles, 

and i4Q*={2i-fa;).20 miles ; 

also PJB^SOx miles. 


Hence, FQ=AP-AQ 

= [(3^ + ®).25 - {2i -f a:).20} miles, 
and PB^’AB—AP—BB 

■= {220 - (34 -b a:).25 - 30 j:} miles. 

But PQ’^PB ; 

(3Ha!).25-(2Ha;).20 = 220-(34+®).25-S0x ; 
50(34+a!)-(2Hfl;).20= 220 - 30r ; 

60x=220,- 176 +45 = 90 : 

/. a:= 14 . 

Thus, P will he equally distant from Q and B at 14 hours after 
10-30 A.M., 4.C., at 12 A.M. 

Also, as P left .4 at 7 A.M., it's distance from A at that instant will 
be 5 X 25, or, 125 miles. 
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Example 7. Two passengers have together 5 owt. of luggage and 
are charged for the excess above the weight allowed 6s. 2d, and 9s. lOd. 
respectively ; but if the luggage had all belonged to one of them he 
would have been charged 19s. 2d. How much luggage is each passenger 
allowed to carry free of charge ? And how much luggage had each 
passenger ? [0. U. 1877] 

Let a: owt. => weight of luggage that each passenger is allowed to 
carry free of charge. 


Then, (5s. 2d.) + (9s, lOd .) = charge for (5 - 2a;) cwt., 


Also, 


Hence, 


■ ■ 1 cwt. 

19s. 2i.= charge for (5-x) cwt., 

^^d . = charge for 1 cwt. 

15x12 ^ 230 . 

5-2a: 5-®’ 

.'. 18(6-»)=23{5-2®), 
or, 28®=115 - 90 = 25 ; 




i,e., weight of luggage allowed cwt.^M’*^ x 28 lbs.=100 lbs. 


w 230 , 230 , 230 x 28j 

Now, charge for 1 

And since charge for excess luggage of the first passenger =■ 5s. 2d. 
>°62d., and charge for excess luggage of the second passenger °>9s. lOd. 
=118d. 

Weight of excess luggage of the first passenger 
=|§owt.=ff X 4x28 lbs. ■=1241hs. ; 
and weight of excess luggage of the second passenger 
cwt.=W’'4x28 lbs.=236 lbs. 

Hence, the whole luggage of the first passenger 
=(100+124) lbs.=224 lbs.; 
and the whole luggage of the second passenger 
=(100+ 236) lbs.=336 lbs. 


Example 8. A person buys some tea at 3 shillings a pound and 
some at 5 shillings a pound ; be wishes to mix them, so that by selling 
the mixture at 3s. 8d a pound, he may gain 10 per cent, on _each pound 
sold. Find how many pounds of the inferior tea ho must mix with each 
pound of the superior. 
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Suppose a lbs. of the inferior tea are mixed with each pound of the 
superior. 

The price of x lbs. of the inferior tea and one pound of the superior 

- (Sr + 5) shillings ; 

3x+5 

The average cost per pound = — shillings. 

I J. 

But by selling the mixture at 3ss. a pound, he gains 10 'per cent, on 
each pound, i.c., realises llO^., for every lOO^., or ^s. for every shilling. 


Hence, 


3ss.=iu of the cost per pound ; 


33=K;x 


11^3a+5 


10 a+1 


or. 


11 11' 3x+5. 
3'“l0 a + 1 ’ 


10(a+l)=3(3a+5) ; i .'. x=5. 


Thus, 5 pounds of the inferior tea must he mixed with each pound 
of the superior. 

^I^^attiplc 9. An ofiQcer can form his men into a hollow square 
5 deep, and also into n hollow square 6 deep, but the front in the latter 
formation contains 4 men fewer than in the former ; find the number of 
men. [0. TJ. 1837] 


[A number of men ate said to be arranged in a solid square when tbcy are 
arranged in parallel rows and the number of roTvs is equal to the number of men in 
each row._ The following diagram, in which Ci,&c. represent men, will 

give the student a correct notion of such arrangement. ' 


A. 

B, 

C 

. D, 

E. 

P. 

6 . 

H,- 

A, 

B, 

C 

3 Dn 

E. 

P, 

'Q, 

H. 

A. 

B, 

G 

, D,- 

E,- 

P. 

1 

G, 

H, 

■A4 

B, 

C 

u D.- 

Eb 

1 

Pb 

1 

G, 

H. 

A. 

B. 

c 

> I’'- 

E. 

1 

I' 

G, 

H, 

A„ 

B„ 

c 

i. !>.- 

E„- 

P. 

Gr 

H. 

A, 

B, 

0, D, 

E, 

Pt- 

G, 

H, 

A, 

B, 

C 

'B B, 

E, 

p. 

G, 

H, 


The diagram represents on arrangement in which there are 8 rows, each con- 
taining 8 men. This is a solid square. If the square C,Ii',F,C, bo removed from 
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inside, the remainder nill be a hollow square two deep, having '8 men in the front 
rank ; if, however,' the square be removed, the remainder will be a 

hollow square three deep, having the same 8 men in the front rank. 

Hence, the number of men in a hollow square two deep having a men in 
the front rank=a!''— (a— 4)’ ; in one three deep=E® — (a— 6)® ; and soon ; thus, 
the number of men in a hollow square n deep having <e men in the front row 
• =a:® — (aj— 2n)®.] 

Let a;=the number of men in the front row- of the first arrangement. 

Then, a:— 4 “the number of men in the front row of the second 
arrangement. 

Hence, the number of men in the first square 

=a:®-(fl:-10)“ ••• (1) 

and the number of men in the second square 
=(iB-4)«-K®-4)-12p. 

But the men that form the first square are exactly those that form 
the second ; 

.-. a:=-(a:~10)==(a!-4)«-{(®-4)-12}®, 

or, 20a:-100“24(ai-4)-144, 

4a;“144+g6-100=140. 

a:-=35. 

Hence, from (1), the total number of men 

=(35)® - (25)® =60 X 10=600. 

EXERCISE 05 

1. Find the time between 3 and 4 o'clock, when the two hands of 
a watch are coincident. 

2. At what time are the hands of a watch together between 5 and 

6 o'clock ? [0. U. 1886] 

3. Find the respective times between 7 and 8 o’clock, when the 
hour and minute hands of a watch are (i) exactly opposite to each other , 
(ii) at right angles to each other ; (iii) coincident. 

4. What is the first hour after 6 o’clock, at which the two hands 
of a watch are (i) directly opposite, and (li) at right angles to each other ? 

5. Two men set out at the same time to walk, one from A to B, 
and the other from B to A, a distance of a miles. The former walks at 
the rate of p miles and the latter at the rate of q miles an hour ; at 
what distance from A -will they meet ? 

6. Two persons walk at the rate of 5 and 6 miles an hour 
respectively. They set out to meet each other from two places 22 miles 
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apart. Having passed each other once, find ^ the place of their second 
meeting, supposing them to continue their journey between the two 
places. Also find the time when the second meeting takes place. 

7. A man rides one-third of the distance from A to B at the rate 
Tf u* per liour and tlie remainder at the rate of 2lf> miles per hour. 
If ho had travelled at a uniform rate of 3c miles per hour he could have 
ridden from ^ to B and back again in the same time. 

Prove that f = ^ + |- [C. U. 1889] 

8. A and B start to run a race. At the end of 5 minutes, when A 
has ran 900 yards and has outstripped B by 75 yards, he falls : but 
though ho loses ground by the accident, and for the rest of the course 
makes 20 yards a minute less than before, he comes in only half a minute 
behind B. How long did the race last ? 

9. A parson sets out to walk from a certain town ; but when ho has 
accomplished a quarter of his journey, he finds that if he continues at 
the same pace he will have gone only ^tlis of the whole distance when 
he ought to be at his destination. He, therefore, increases his speed by 
a mile an hour, and arrives just in time. Find the rate of walking. 

10. A tenant hired his farm for £80 a year in money and a 
corn-rent in rice. When rice sold at £1. 5s. a bushel, he paid at the rate 
of £1. ISs. an acre for his land ; when it sold at £1. 10s. a bushel, he 
paid at the rate of £2 an acre. Find the number of bushels of rice in the 
rent. 

11. A footman who contracted for £8 a year and a livery suit, was 
turned away at the end of 7 months and received only £2- 3s. 4d. and his 
livery. What was its value ? 

12. A bare, 50 of her leaps before a greyhound, takes 4 leaps to the 
greyhound’s 3 ; but 2 of the greyhound’s leaps are as much as 3 of the 
hare’s. How many leaps must the greyhound take to catch the bare 7 

13. A greyhound spying a hare at a distance of 60 of his own leaps 
from him, pursues her, making 4 leaps for every 5 leaps of the hare : but 
ho passes over as much ground in 3 leaps as the bare does in 4. How 
many leaps did each make during the whole course 7 

14. The St. John’s boat is ahead of the Oaius by a distance equi- 
valent to 30 strokes of the former. The Johnians pull 4 strokes to 3 
strokes of the Cains, but 2 of the latter are equivalent to 3 of the former. 
How many strokes must the Caius take to bump the St. Jobnls boat 7 

15. A and B find a purse with shillings in it. A takes out two 
shillings and one-sixth of what remains ; then B takes out three shillings 
and one-sixth of what remains ; and then they find that they have taken 
out equal shares. How many shillings were in the purse, and how 
many did each take 7 
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16 . A ship sails with a supply of biscuit for 60 days at a daily 
allowance of 1 pound a head ; after being at sea 20 days she encounters a 
storm in which 5 men are washed overboard and damage sustained, that 
will cause a delay of 24 days, and it is found that each man’s allowance 
must bo reduced to ■yths of a pound. Find the original number of the 
crew. 

17. If 19 lbs. of gold weigh 18 lbs. in water, and 10 lbs. of silver 
weiglf 9 lbs. in water, find the quantity of gold and silver in a mass of 
gold and silver weighing 106 lbs. in air and 99 lbs. in water. 

18. A person rows from Cambridge to Fly, a distance of 20 miles 
and back again in 10 hours, the stream flowing uniformly in the same 
direction all the time , and he finds that he can row 2 miles against 
the stream in the same time that he rows 3 miles with it. Find the 
time of his going and returning. 

19. A person passed ^th of his age in childhood, ^th in youth, 
-fth + 5 years in matrimony ; he bad then a son, whom he survived 
i years, and who reached only one-half the age of his father. Find the 
son's age when he died. 

20. There are two bars of metal, the first containing 14 os. of 
silver and 6 of tin, the second containing 8 of silver and 12 of tin. How 
much must be taken from each to form a bar of 20 oz. containing equal 
weights of silver and tin ? 

21. Divide £607. Is. 8d. into two sums, such that the simple 
interest of the greater sum for two years, at 3^ per cent, shall exceed 
that of the less for 2i years, at 3J- per cent, by £18. 16s. 

22. To remove four articles of furniture, I required for the 1st 
article two coolies, for the 2nd three, for the 3rd bur, and for the 4th five 
After giving the 1st set of men one group of pice and one pice more, to 
the 2nd set an equal group and four pice more, to the 3rd an equal 
group and five pice more and to the 4th an equal group and nine pice 
more, I found that each man of the 3rd and 4th sets bad received the 
same number of pice. How many pice were there in each group ; how 
many pice did each man receive, and how many pice did I distribute ? 

23. Fifteen current guineas should weigh 4 ounces ; but a parcel of 
light gold being weighed and counted, was found to contain 9 more 
guineas than was supposed from the weight ; and a part of the whole, 
exceeding tbe half by 10 guineas and a half, was found to be H oz. 
deficient in weight. What was the number of guineas in the parcel ? 

24. A silversmith received in payment for a certain weight of 
■wrought plate, the price of which was £10, the same weight of 
unwronght plate, and £3. 15s. besides. At another time he exchanged 
12 oz. of wrought plate of the same workmanship as before for 8 oz. 
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of unvrroughb (for ■which he allo-wed the same price as before), and 
£2. 16s. in money. What was the price of wrought plate per ounce, and 
the weight of the first sold ? 

26. Two passengers are charged for excess of luggage 2s. lOd. and 
7s. 6d. respectively ; had the luggage all belonged to one of them, he 
would have been charged for excess 14s. 6d. ; how much would they have 
been charged if none had been allowed free ? 

26. How many bundles of hay, at Es. 5 per thousand, must 

a ghaswalla mix -with 5600 bundles at Es. 6 per thousand, in order 
that he may gain 20 per cent, by selling the whole at 11 as. per 
hundred ? [G. U. 1875] 

27. A boy buys a certain number of oranges at 3 for 2d. and 

one-third of that number at 2 for Id. ; at what price must he sell them 
to get 20 per cent, profit ; if his profit be 5s. 4d., find the number 
bought. [0. U. 1885] 


28. Erom each of a number of foreign gold coins a person filed a 
fifth part, and had passed two-thirds of them, when the rest were seized 
as light coins except one, with which the man decamped, having lost 
upon the whole half as much as he had gained before. How many coins 
were there at first ? 

29. Find a number of three digits, each greater by unity than that 
which follows it, so that its excess above one-fourth of the number 
formed by inverting the digits shall be 36 times the sum of the digits. 


30. A number of troops being formed into a solid square, it was 
found there were 60 over ; but when formed into a column with 5 man 
more in front than before and 3 less in depth, there was just one man 
wanting to complete it. Find the number. 


/31. An officer can form the men of his regiment into a hollow 
square 10 deep. The number of men in the regiment is 2800. Find the 
number of men in the front of the hollow square. 

J' 32. A company of men is formed into a hollow square 4 deep and 
i)Mo into a hollow square 8 deep ; the front in the latter formation 
contains 19 men fewer than that in the former formation ; find the 
number of men. 

33. A detachment from an army was marching in regular column 
'^th 5 men more in depth than in front ; but upon the enemy coming in 
sight, the front was increased by 845 men ; and by this movement the 
detachment was drawn up in five lines. Find the number of men in the 
detachment. 



CHAPTER XXVII 

HARDER SIMULTANEOUS EQUATIONS AND PROBLEMS 

180. The process of solving easy simultaneous equations in two- 
variables has already been explained in Chapter XVIII. We propose 
now to consider the subject more fully. 


181. Method of Cross Multiplication. 

If Oia:+6ij/+ci2=0, and a 3 X+bsy+Csz= 0 , + to prove that 
^ _ V _ z 

hiCa—hflCi C'iOtz'^czCLx 

Multiplying the 1 st equation by C2, and the 2 nd by Ci, we have- 
aiC2® + bifi^V + CiC2a “ 0, 

and a2Cia:+h2Ciy+C2CiS=0. 

Hence, by subtraction, 

(cia 2 — eaai)x + (baCt — 6102 ) 2 / = 0 , 

.’. (citta— C 2 ai)x = (6102 — 6201 ) 2 / ; ^ 

•, ' ® U . (D* 

61O2 — 6aCi C1O2 — Catti 

Again, multiplying the Ist equation by aa, and the 2 nd by oi . 
we have ' > 

dxdBiB + bidsy + CiflS22 ■= 0, 

and a2Uia; + baaiy+csdiz = 0 . • 


Hence, by subtraction, 

laib2-asbx)y+{csai-cia's)z=0 ; 

. . (0162 — fl26i)2/=(ciOs — Ca®i)o I 

2/ _ g 

CiUa — C2U1 0162 — ^261 


( 2 ) 


t It is necessary to point out to the student the notation here used. The 
letter a, is hs different from a, as c is from d, or as any letter of the alphabet from 
any other; a similar remark applies to the pairs of loiters (b,, 5,) and («,, Sg) 
But it is very convenient as an aid to memory to use the same letter with different 
suffixes to denote corresponding co-efficients in different equations ; thus, whilst 

a, denotes the co-efficient of se in the 1st equation ; a, denotes the co-efficient of x 
in the 2nd equation ; and precisely a similar meaning is attached to the letters 2>, , 

b, and c,, Cg. Sometimes, however, letters with accents serve the same purpose; 
thus, if a, b, c denote the co-efficients of a, y, b in one equation the corresponding 
00 -efficients in a second equation are denoted by o', b', c' ; in a third equation by 
a", h"j e" ; and so on. 
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Hence, from (1) and (2), 


61C2 — 62C1 Cifl2"“e2fli Oiihz~"Oi^hx 


Note. This result can be easily remembered ; turning dovm the equations ant 
above the other, 


<i,s+b, 2 /+c,s = 0'l 
a,x+ fc, 3 /+c,r = 0J * 


tee find that 


(i) the qttantiiy under x= co-efficient of y tn the Jst equation xeo-effieienf of t 
■m the 2nd minus co-efficient ofy in the 2ndx co-efficient of 2 in the 1st ; 

(it) the quantity under y= co-efficient of z in the 1st equation X co-efficient of x 
in the 2nd minus eo-effieient of s in the 2nd x co-efficient of x in the 1st ; 

(in) the quantity under 2 = co-efficient of x in the 1st equationxco-efficieni of y 
in the 2nd minas co-efficient of x in the 2nd x co-efficient of y in the 1st. 


Cor. In the above equations, if we put z=l, we have 

X ‘‘I ^ 

iiC2~b2Ci ciCLs~cs<ii ctibe — Uebi 

which gives the solution of the equations % 

aiX + bxy+ct=0\ 
and aiX + bsy+Cs—O) 

Note. The above results should be thoroughly committed to memory, as ready 
applications of them will enable the student to solve ivith neatness not only simple 
equations involving two tmhioivn quantities, but also a certain class of equations 
involving three unknown quantities. The following examples are intended for 
illustration. 


Blxample 1- Solve 3!c-5y+9=01 
5a:-3j/-l=0l 

Here ai=3, bx = ~5, ci= 9; 

flt2“5, 62 “ — 3, C 2 “"“l- 

Hence, we must have 

(■^)( - 11 - ( - sTg “ 9 X 5 A - 1)^3 “ 3 . ( - 3) - 5:( ^)’ 

® V _ 1 _ If _ : 

^7“45+3'"-9+25’ 32 48 16 

®=^= 2 , and = 3. 

Thus, we have a! = 2, and y=3. 

Example 2. Solve -7a:+8i/= 9 (1)1 

5x-4i/=-3 - (2)J 

EVom (1), — 7®+8j/-9=01 

From (2), 5 ® - 4i/ + 3 = 0 j 

8x3-'F4)r-^“(-9)-5-3.(-7)“(-7)(-4)-6l^' 
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817 


or, 

24-36 


X 

or, 

-12' 



• • 

-12 


y. 1 — , 

-45 + 21 28^^ 

^_V 1_ • 

-24~-12’ 

=1, and y= 37 ^= 2 . 

Thns, we have *=1, and y=2. 

Example 3. Solve . 

, {x+’l){y — 3) + 7=(y+3){ie—l)+5 ‘ 

5a!-liy + 35 =0 

From (1), a!y+7j/-3a;— 14=®i^+3a!-i/ + 2, 

6a:-8|i+16=0; 

3x-4y+ 8=0 1 
=0/ 


( 1 ) 

(2) 


[C. U. 1888] 


also 5a!-llj/+35= 

•rr _ X V 1 

"enoe, ^ gg _ ^ ^ g - g x 5 - 35 x 3 “ 3.( - 11) - 6.( - 4)’ 

X V 1 

-140 + 88”40-1{)5”'^:^M+20’ 

X • y 1 
“• -62 -65~-13 

a!=4, and y=6. 


Hence, 


( 1 ) 

( 2 ) 

(3) 


Example 4. Solve 2»-3y+4«= 0 
7a;+2y-62= 0 
4®+3y+ z=37 
From (l) and (2), we have, 

X y z 

(-3)(-6)-2x4“4x7-(-6).2~2x2-7.(-3)‘ 


X y z 

2 “ 8 ~ 5’ 


X y z 
i0“40“26’ 

Now, lefi h denote the common value of these fractions which ia 
at present unknown. 


, X y z , 

Then, we have 2“g~“'5‘“*' 

/, a:«=2k, j/=8k, z^dh. 

Substituting these values of x, y, z in (3), we have 
i;(8 +24 +5)=37, 
or, 37&=37; fc=l. 

Hence, from U), *=2, i?=8, and s=6. 


U) 
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Example 5. Solve x+6y=5z 
7x+ z<=6y 
5®+6j/-42=24 

Erom ( 1 ), ® + 6 y — 5z=0 1 

Erom ( 2 ), 7®-6«/+ z=0 J 


fx-6y+ z= 


f 

fls y z ^ 

6 X 1 - 6 ).( -T) “ ( - 6).7 - 1 X 1 “ i.( - 6 ) - 7 X 6 ’ 


X y • z 
6-30 -35-1 -6-42’ 

. X y z . 

-24 - 36~-48’ 

. . ® ^ z [Multiplying eabb 
‘ ■ 2' 3 4 ■ ' fraction by - 12] 


Supposing each of these fractionS=&, we have 
x=2k, y=Sk, z=ik. 

Substituting these values of x, y, z in (3), we have 
fe(10+18-16)=24. 

or, 12ic=24 ; 7c =S, 

Hence, from (4), ® = 4, 2 / = 6 , and 2 = 8 . 

EXERCISE 96 ,• 

Solve the following equations : 


1. 2®+3y-8 

= 01 

^ 2. 3® -52/ +9 

= 

0 

3®-4y+5 

= 0 J 

. '5®+22/-16 


0 

3. 4® — 5y+8 

= 0 1 

4.-3® + 22/+2 

= 

•0 

2® — 3y + 6 

= 0 J 

’ . 5x-3y-5 


0 

5> 6® — 7p+12 

= 0 1 

1 6. 7x-8y 

= 

-14 

-7®+4j/+ll 

= 0 J 

I 5x-3y 

' = 

9 

7.-6®+5y+2 

= 0 1 

' j 8.-7x+5y+ll 


0 

13® -02/ 

=19 J 

1 8®-'52/ 

= 

19 

9. 4® — lly + 6 

= 0 1 

/lO. 8® -72/', 

= 

19 

9®-132^ 

=10 J 

/■ 10®-92/ 

1 j K. 14®-ll2/+18 

BS 

23 

11. -12® +172/ +16= 0 1 

= 

0 

9®-13y 

=11 J 

1 j 11®— 7y+ 1 


0 

13. 17® -7y 

=62 1 

1 1»/14. 9®+ 5y 


124 

3® 

=22/ . 

( 7® 

= 

32/ 


[From the Sad equation 
f =S=fc (suppose)] 



XXVIlJ 


HABDEK SIMULTANEOUS EQUATIONS 


15. 


15x + ly 
9x 


17. ^-3j/ 

jx-'ily+22 ' 

19.^3® -12i/+ 15 
8 ® - ly 

21. ^(®+j/) + K®-J/)=59 1 
5®-33y = 0 / 


=9461 
=43/ J 

= 01 
= 0 / 

= 01 
= 0 / 


16. 9® = 8j/ 1 

10®+ 233/ -287= 0 / 


18. 4®-7j/ 

10® -9// -102 

I 

20. ll®-10y+82 = 
14®- 9j/ 


: S) 


22 . 


4® + 5// 

• ^ ® 


40 


y 


23. j/(3+®)=®(7+3/) I 
• 4®+9 =52/-14 J 


iC 

®+i/ 


y-X 


+ 2!/=20 
= 2 
= 9 


25. (®+5)(i/ + 7)=(®+1)(3/-9)+112 1 
^■hlO =33/+1 .i 

^6. 4®-5j/+2a = 0 
2®-7j/+4z 
/®+ y+ ® = 


'OO 


if- 


28. 2®-7j/+llz= 0 1 
to-8i/+ 7z= 0 [■ 
>3®+47/+ 62=35 ) , 

/3ft x-2y+s = 0 
/ 9® — 8y + 3z = 0 

2s+3y+5z =36 

[C. U. 1887] 


'''^27. '^®+62/+ 83= 0 
3®+42/+ 63= 0 
^^^^^6y+163= 3 ] 

^ 29. 7®+3y- 83= 0 
5x—7y+ 83= 0 
^^^^j3>+5j/+ 73=64 

31. 2(4®+9j/) =7(2y+3) 

7{®+2j/) =8(j/+3) 

3®+4y+63 =38 


32. 4(®+2/) ' =3(23-1/) 

■5(®-2i/) =3(2 j/-33) 

6(® - 2) + 7(1/ - 3>'+ 8(3 - 4) ,= 67 

33 /^ 5 ® =2i/, 7i/= 53 1 
4&+5y +63=150/ 


34. 15®= lOi/ = 63 1 . 
7x+By+92=332 J 


35.'^ 4® -132/ +83 =0 
7®+ 61/— 93=0 
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182. Equations of the formfl-,Jc+ftt^+Ci 2 =di, OaX+dgy+CaZ 
— dat dsX'i' bgy-t' CaZ^ dz‘ 

Multiply the first equation by oa and the 2nd by Ci ; then by 
subtraction, we have 

( 01 C 2 — a2Ci)s+(6iC2— h2Ci)y=diC2— daCi. ••• (1) 

Similarly, multiplying the first equation by cg and the 3rd by Ci, 
we have 

(aiCs-aaOi)a:+(iiCa — 6aOi)y=diC8-dsCi- ■” (2) 

How, from (1) and (2), the values of x and y can be at once found 
by cross multiplication. Then substituting the values of x and y thus 
found in any of the given equations, the value of z will he obtained. 

Otherwise : Multiply the 1st equation by da and the 2nd by dx : 
then by subtraction, we have 

{axda-aadi)x + (bida-badx)y + (cxda-Cadx)z=0. ... (a) 

Similarly, multiplying the 1st equation by ds and the 3rd by di, 
we have 

(axdB — a3dx)x+(bids — b8di)!/+(cida-cadx)z=0. ... (p) 

Now, evidently (a) and ()3) together with any one of the given 
equations form a group which can be easily solved by the method 
illustrated in the last article. , 

Example 1. Solve 4a:-3y+2s‘=40 ••• (1) ") 
dx+9y-7z'=i7 - (2) \ 

92+,8y-32=97 ••• J{3) J 

Multiplying (1) by 7, and' (2) by 2, we have 
28a:-21y+14z=280 1 
and 10a: + 18y-14s= 94 / 

Hence, by addition, 38z-3y=374. ••• (4) 

Again, multiplying (1) by 3, and (3) by 2, wo have 
19a:- 9y+62=120 1 
and 18x+16y-6s=l9i J 

Hence, .by addition, 30r+7y*=314. (5) 

Now, from (4) and (5), we have 

38a: -3y- 374=0 1 
and 30a; +7y- 314=0 J 

Hence, * 

• * g y 1 

3 X 314 - 7.( - 374) “ ( - 374).30 - ( - 314).38 " 38 x 7 - 30.( - 3) 

g y 

942 + 2618 -11220+11932” 266 + 90’ 

X y 1^ 

3560~712~356’ 

Therefore, a:=10, and y=2. 
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Substituting these values of x and y in (1), we have 
40— 6+2a=40. whence s=3. 

Thus, we 'have *=10, j/=2, and z=3v. 


Example 1. Solve 2®- 4j^+ 9s=28 (1) )' 

7®+ 3y- 5z= 8 (2) 

9®+10y-lls= 4 (3) , 

Multiplying (1) by 3, and (2) by 4, we have 
6®-12y+27s=84 \ 
and 28® +12j/— 20^=12 / 

Hence, by addition, 34® +7^=96. 

Again, uaultiplying (2) by 10, and (3) by 3, we have 
70® +30y- 60^=30 1 
and 27® + 30y— 33z=12 / 


(4) 


Hence, by subtraction, 43®-17z=18. •• (6) 

Now, from (4) and (5), we have ^ 

34®+ 7z-96=0 \ 
and 43®-17z-18=0 J 

Hence, * 


® _ z 1 

7T^i8) - ( - 17).( - 96) " ( - 96).43 - ( - 18).84 “ 34.1- 17) -43 x f 


X s_ ^ _ 1 

-126-1632 - 4128 + 612“ -578 - 301’ 

® z 1 

-1758" -3516“ -679' 

m, , -1758 n , -3516 . 

Therefore, ® = “ 2 and z = — = 4. 


Substituting these values of ® and z in (2), we have 
14+3y-20=3. 
whence 3p=9, and if=3. 

Thus, we have ®=2. y=3,andz=4. 

Examples Solve 12®+ 9y- 7z=2 (1)' 

8®-26y+ 9z=l ••• (2) ■ 
23®+21y-15z=4 - (3) 

Multiplying (2) by 2, we have 

16®-62y+18z=2, 
also, 12®+ 9y- 7z=2. 

Hence, by subtraction, 4®-61i/+25z=0. 

1-21 


( 1 ) 

(4) 



322 


AliGBBBA MADE EASY 


[chap. 


Again, multiplying (1) by 2, we have 

2ix + 18y-liz = i, 
also, 23a:+21p— 15«=4:. 

Hence, by subtraction, x-By+z=0. 

Now, since we have ix — 61® + 252 = 0, 
and x—3y+z=0. 

Therefore, by cross multiplication, 

X V z 

-61 + 75 25 - 4 -12 + 61’ 

X y z ' X 

14 “21 49’ 2 ‘ 

Supposing each of these fractions = we have 
x=2k, y^31c, z=’Ik. 

Hence, from (1), h(24 + 27 - 49J = 2, 

or, 2&=2; fc=l. 

Therefore, a: =2, ®=3, and 2=7. 


V 

3 




EXERCISE 97 


Solve the following equations : 

1. 2s-3® + 5* = 11 

5x+2y - 72 =-12 

-ix+3y + 2 = 5 

3. x+ y - z “ 1 1 

,8x+3y - 62 = 1 1 

32-4x - y — 1 ) 

5. 2x+3y + 42 = 16 1 

3x+2® - 52 = 8 1 

5x-6!/ + 32 = 6 ) 

7. 8.X-7® - 52 = 1 ' 

-lx+5y + 62 = - 1 • 
12x-8y -II2 = 2 , 

9. 2x+4® + 52 = 49 ' 

3x+5y +'62 = 64 

4x+3® + 42 = 5p 

11- 12x+ 8y-ll2=- 3 ] 
llx-13®- 2= 2 [ 

8x+17®-122=- 2 J 


2. 3x+2y+ 62= 32 
2x + 5y+ 32= 31 
5x+3j/+ 22= 27 
4. 2x+3®+ 42= 29 
3x+2y+ 52= 32 ■ 

4x + 3y+ 22= 25 
6. 4x-3y+ 22= 8 1 

3x— 4®+ 52= 6 j- 

-6x+5®+ 72= - 1 J 
8. x + 5.y -42= 5 

3x-2y +22- 14 ■ 

-10x+8j/+2= 6 . 

[0. U. 1867] 

10. x+3y+ 5r= 10 ] 

3x + 5i/+ 72= 14 !■ 
'5x+7®+ 82= 15 J 
12. 5x-iy+ 02= 19 
7x+6y-122= 16 • 
-9x+8®+152= -13 . 
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13. ®- y- z= - 15 j 

1/+ x+2z= 40 [ 

42-5a;-6y=-150 J 
[C. U. 1836] 
15. 3x + 2y— 3 = 20 ] 
2»+3y+6s=70.1- 
X — y +03 = 41 ) 

17. 5x+2|/+ 3= 30 ' 

2x + 5|/ + 10r=129 


19. l + 5-i = 

X V e 

3 4.5 

+ - = 

X y z 

-i+5+6= 

X y z 
21. 5x+3j/= 65 
2v- 3= 11 
3x+43= 57 


23. ay + bx=c "j 
cx + az = b j- 
bz+cy^a ) 

25. 3i/+x- 2= 0 
3z-4y = x + 15 
2xt73 = 7 


14. 2(x-y)=33 -2 1 
V~3z=3y -1 [ 
x+33=4(l-y) } 


2x+3z 


16. 4(y-»)=53 - 22 1 
3r + 4x=6y+ 2 I 
3— 3y=14-10x ) 

18. ix+iy =12-^sl 
ly+iz-ix’^ 8 [ 

Jx+43 =10 J 

[C.'U.-186S] 

20. - -^ + -= 7f \ 
3x^2y^ 3 

5x 2y z ^ j > 

22. .|+i=| \ 

X y 2 
3 y 

1+1. i 

X* z 3 

24. Sx+4y-n= 0 ' 
5y-62 = -8 

73-8x-13= 0 


[0. U. 1877] 


[0. D. 1883] 


183. Miscellaneous E.\aniples. 

E.xample 1. Solve f f •=!. | +7 =1- f +7 =1- 

Adding together the given egnatioDS, we have 

o/a,6,c\ „ 3 

2 - + -+-|=3, or, r + r + r o* 

\x y z I X y z 2 

Subtracting the 2nd equation from (a), we have 
^ = } ; .-. x=2o. 


Similarly, we have y=26 and 3= 2c. 
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Example 2. Solve 





From (i), we have or, 

xy 

1 + 1=1 
y X 

(4) 

” (n). * » -g. or. 

1+1=1 . . 
s X 2 

(5) 

” (“0. ’■ » 

1+1 = 1. 
z^y 3 

(6) 

From (4), (5) and (6), by addition, we 

have 


2(- +- +— )=i+| + ^ = 

\x y s } 2 3 

11 

6 ’ 


■ 1 j. 1 4. 1 

• • x'^y'^z 12 

... 

•• (7) 

Subtracting (6) from (7), wo bave 



1 11 1 7 

♦ j; = .l,2 


X 12' 3 12 ’ 



Subtracting (5) from (7), we have 



1 11 1 5 . 



j/"l2"2 12- 

• • y= s • 


Subtracting (4) from (7), we have 



1 11 1 1 . 
s“12“-^ “12’ 

.-. r=-12. 


Example 3. Solve xyz = a{yz -zx- xy) 


= b{zx -xy- yz) = c(a:y -yz- zx). 


Since, xyz=a{yz-zx-xy), wo have 



- = — — - — . ••• (1) [Dividing both sides by a xaij/r] 

Of X y s 

Similarly, we have y ~ r ~ ^ ' 

r 

• (2) 

,1111- 
and - = 

C Z X ?/ 


(3) 

Adding together (2) and (3), we have 



_ 2 ^1 ^ _1 J>±c . 

X h G be ' 

- . -%c 

b+c 


Similarly, -y = c + a=-^- 

-2cffl 
■ ■ ^ c+o ' 


j 2 1,1 a+b 

and - r = ~ + iT = ~;nr : 
ZOO (XO 

. -2ab 

a+6 



and 
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Example 4. Solve ®+y+s =0 ' 

(b+c)a!+(e+a)i/+(a+b)s=‘0 
bcx+cay+abz =1 . 

Since, ib+c)xA-(c+a)y+{a+b)z=0 1 
and x+y+z=0 J 

Therefore, by oross multiplication, 

® y z 

(c+ffl)— (o+b) (tt+b)— (b+c) (b+c)“(o+o) 

X _ V _ s 
’ c—b a-G b—a 

Supposing each of these fractions >=2;, we have 
®=2:(c-b), y^Jcia-c), z=k{b~-a). 

Substituting these values of x, y, z in the third equation, we have 
2:{bc(c - b) + cfl(o - c) + ob(b - o)} = 1. 

But bc(c-b)+ca(a-c)+ab(b-ffi) 

= bc(c - b) + c®(c — b) - a(c ® — b®) 

, =(c-b)jbc+o®-a(c+b)} 

=(fi-b)[a-6%a-h). 

Thus. 2<c-b)(«-cXa,-b)=l;.*. 

Hence, ®=2:(c - : 

^“^{®~°)“{c-b)V-^’ 


EXERCISE 98 


Solve the following equations ; 
a 


1 . ^ 


®+£=l, 
a c 


• 2 . - + - 
X y 


=a. 


-+— =b, 
X z 


1 j. 1 

— t- - =c. 
y 2 


„ vs „ S® XU __ . axy^cibx+ay) 

*• v+z*®’ 2+® ’ ®+y bxy=ciax-by) 

5. 3®3/=4(®+v), 2ica=3(®+z), ,6y0“12(v+s). 

«. v+s=4, 0+®=6, ®+v=8. 

7. v+s-»=6, z+®-v=10, ®+v~s“ll- 


} 
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8. 


10 . 


11 . 


x-iy+z= -10 
y-iz+x— -15 
z—ix+y^ -35 


9. y+z-7x+lG=0 
z+a;-7j/+24:=0 
a;+j/-7z+40=0 . 


a^x+b^y =2aHa+b) 

5(2a + b)x + a{o + 2b)y = o® + a®5 + o6® + 6®, 


X + y+ z’=A\ ■ 12. 

ax + by+ cz=oi 
a^x + b^y+c^z =0J 


x+y+z =0 

ia + b)x + {a+c)y + {b + c)z‘=0 
abx+acy+bcz =1 


13. 


X + y + A=0 

^ + =0 
a 0 c 

-a + ^5+^ =1 


14. x-ay+a"z=a^ 
x-by + b‘z=b^ 
x-ey+o‘z =c® 


15. ax+by+cz =0 

(6+c)s+(c+a)j/+(a+6)z=0 

a‘x + + c®z = a®(6 - c) + 6®(c - a) + c® (a - fe) 

16. i'ind the condition that the three eqnationSi 
ai!B+6iy+Ci=0, aax+bsy+os=0, os®+6b!/+cs=0, 
may be consistent. 


17. Find the value of a so that the four equations, 

2x-3y+5z=18, 3®-y+4z=20, 4®+2y-Z'=5. 

(o+l)®+(a+2)y + (o+3jz=76, may bo consistent. 


18. Sw-2y= 2 
5® -7z=ll 
2» +3y=39 
4y +3z=41 , 


19. 9®-2z+«> =41 
7y-5z — t =12 
4y-3®+2w= 5 
Sy-iw+St = 7 
7z-5w =11 . 


20. x+y+z =ab + bc+ca 

^+^+- =3 

ab be ca 

{o-b)x+{a-b)y+{o-a)z=2abc-ab^-b‘c+ao‘-a‘c 


n. Problems producing Simple Equations with 
more than one Unknown Quantity 

184. In this section we shall consider a few problems of a harder 
type than those treated of in Chapter XYIII. 
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The foUowiDg examples will serve as illustrations. 

H^iuunple 1. A cask P contains 12 gallons of wine and 18 gallons 
of water, and another cask Q contains 9 gallons of wine and 3 gaUons of 
water. How many gallons must be drawn from each cask so as to 
produce by their mixture 7 gallons of wine and 7 gallons of water ? 

Out of 30 gallons of the mixture of wine and water in P, there are 
12 gallons of wine ; hence, IS or f ths of the mixture consist of wine, 
and .'. Iths of water. 

Hence, for every gallon drawn from P, there are taken, out Iths 
of a gallon of wine and |ths of a gallon of water. 

Similarly, for every gallon drawn from Q, there are taken out fths 
of a gallon of wine and |th of a gallon of water. 

Let jc<=the number of gallons to be drawn from P, 

and !/•= » »j> »» » D Q, 


Then, since x gallons from P contains gallons of wine and 
l-fE gallons of water, and y gallons from Q contain |j/ gallons of wine and 
iy gallons of water, in the new mixture there are gallons of 

wine and (gic+iy) gallons of water. 


Hence, by the oonditioi\s of the problem, 

( 1 )\ 

and |ar+itr=7. (2) J 

Multiplying (2] by 3, and subtracting (1) from the resulting 
equation, we have 

|a: = 14 : *=10. 

Hence, from (2), y=4(7-|xl0)=4. 

Thus, 10 gallons must be drawn from P, and 4 gallons from Q. 

Bzomple 2. The fore-wheel of a carriage makes 6 revolutions more 
than the hind-wbeel in going 120 yards ; if the circumference of the 
fore-wheel be increased by one-fourth of its present size, and the 
circumference of the hind-wheel by one-fifih of its present size, the six 
will be changed to four. Beguired the circumference of each wheel. 

Let X yards be the circumference of the fore-wheel, 
and yuan n » » hind-wheel. 


Then, the numbers of revolutions made by the wheels in going 
120 120 

120 yards are respectively ~ and 

When the circumference of the fore-wheel is increased by one- 
fourth, and that of the hind-wheel by one-filth, the oiroumferenoes 
respectively become 

I® -f ^ I and + g j b, or, ^ and ^ yards. 
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Therefore, the numbers of rovolnfcions maclo by bbe wboal.'s respec- 
tively will be 

120-5- ~ and 120-^^^* or. - and 
4 o a; 


Hence, from the conditions of the problem, 



..a 

.'B y 

Multiplying (1) by 5 and (2) by 6, wo liave 

^.^+ 30 , 

j 576_ 600^2j 
X y 

24 

by subtraction, — =6; 

Hence, from (1), ^=^-^-6=24 ; 

1/4 


y 

(D) 

(2) 


x—i. 


3/=5. 


Thus, the circumferences of the wheels are respectively 4 and 
5 yards. 

^ Ebcample 3. A pound of tea and three pounds of sugar cost sh 
shillings ; but if sugar were to rise 50 per cent., and tea 10 per cent., 
they would cost seven shillings. Find the price of tea and sugar. 

Let X sbiUings be the price of a ponnd of ten, and y shillings, the 
price of a pound of sugar ; then, we must haN-e 

a:-h3|/=6. ... ... ... (1) 

When the price of tea rises 10 per cent,, the price of a pound of tea 

becomes cp* to® shillings : and the price of sugar risiny 50 

per cfi?rf., the price of a pound of sugar becomes |i/+ or, ^hillings. 

Hence, '^x-i-B.^ ^7. ... ... ... (2) 


From (2), -V-®+9l/=14, 

and from (1), 3.'S-h9j/=18 : 

4x 
8 

0 

6-5 1 


or. 


=4; 


(3-V)®=4; 

a;=5. 


Hence, fi’om (1), y = - 


Thus, the price of a pound of tea = os., and that of a pound of 
sugar = is. =4d. 
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Example 4. A certain sum of money is to be divided among a 
certain number of men ; if there were 3 men less each man would have 
£150 more ; but if there were 6 men more, each man would have £120 
less. Eind the sum of money and the number of men. 

Let ic»ihe sum of money in pounds, 
and y^^the number of men. 

Therefore, each man gets £~ > if there were 3 men less, each 
would gat £^^ ’ and if there were 6 men more, each would get 


Hence, from the conditions of the problem. 



^-^=1+150, ... 

... 

(1) 

“ 

and 

... 

(2) 

From (1), 

150=4-^,- M 
\l/-3 !// 




3a: 

l/“-3j/’ 

a:=50(i/“-3y). 


From (2), 


a!=-20Cy®+6t/). 


Hence, 

60(i/® -3y)= 20(i/“ + 6i/), 



or 

, 30y==(150+120)i/=270y ; 

. y=9. 



!r= 20(81 + 54j= 20 X 135 «=2700. 
Thus, there are 9 men and a sum of £2700. 


Example 6 . A man has to travel a certain distance. When he 
Iras travelled 40 miles, he increases his speed 2 miles per hour. If he 
had travelled with bis increased speed during the whole of his journey, 
he would have arrived 40 minutes earlier ; but if he had continued 
at his original speed, be would have arrived 20 minutes later. How 
fai’ had be to travel ? 


Let a; = the number of miles the man bad to travel: and suppose 
bis original speed was y miles an hour. . 

Hence, the time actually taken toSomplete the journey 


f40 a; -40 
11 / 1 /+ 2 , 


hours 


JSfi+xy 
”1/(1/ + 2 ) 


hours. 


The time he would have taken if he had travelled at the increased 

•D * 

speed during the whole of his journey hours. 
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and the time he wotild have taken if he had travelled all the vray 

I 

at his original speed == ^ hours. 


Hence, from the conditions of the problem, 

X 2 

y+2^y{y+2) 3’ 


X ^ 80+xy 1 

y ’^y{y+^} 3 ‘ 


and 

Subtracting (1) from (2), 


or, 2x<=y{y-^% 


( 1 ) 

(2) 

(3) 


Also, from (2), 3a:(y + 2) = 3(80 + xy) + y[y + 2), / 

or, 6®-240=j/(l/ + 2). ... ... (4) 

Hence, from (3) and (4). 6® -240 =2®, 

or, 4a!=240 : ®=60. 

Thus, the man had to travel 60 miles. 


Example 6. If there were no accidents, it would take half as long 
to travel the distance from A to 5 by rail road as by coach ; but three 
hours being allowed for accidental stoppages by the former, the coach 
will travel the distance all but fifteen miles in the same time \ if the 
distance were two-thirds as great as it is, and the same time allowed for 
railway stoppages, the coach would take exactly the same- time. 
Bequired the distance. 

Let X miles be the distance from A to B. 


Suppose the coach travels at the rate of y miles an hour, then 
evidently, the rate of the train is 2y miles an hour. 


The time in which the train can travel the distance phis 3 hours 
=the time in which the coach travels only {x - 15) miles. 


Hence, 

2p y 

and 

^+3=H 

2y y 

From (2), 

® a 

■ ' 

Brom (1), 

a; + 62 / *= 2 ® — 30, 



... 

- (1) 

or, 

® 0 2 ® 

3y' 

... ( 2 ) 

or. 

®=9y. 

... (3) 

or. 

62 /*=®— 30. 

... (4) 


Hence, from (3) and (4), 6j/=9y — 30, whence y=10 ; 


_and ®=9xl0=90. 

Then, the required distance *=>90 miles. 
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Fs^ple 7. A boat goes up stream 30 miles and down stream 
44 miles in 10 hours ; it also goes up stream 40 miles and' down stream' - 
55 miles in 13 hours ; find the rate of the stream and of the boat. 

[0. U. 1880] 

Suppose the boat will travel ir miles per hour if there were no 
currant, and that the current flows at the rate of y miles per hour. 

Then, it is clear that with the carrent, the boat travels x+y milea 
per hour, and against the ament, x-y miles per hour. 

30 

Hence, the time taken to travel 30 miles up stream = hours, 

01— y 


and the time taken to travel 44 miles down stream •= 
and by the 1st condition of the problem, we must have 


aj- 

44 
X + V 


30 , 44 


=10. 


x—y x+y 
Similarly, by the 2nd condition, we have 
40 . 55 


hours 


( 1 ) 


- + 

x^y x-^y 


=13. 


( 2 > 


Multiplying (1) by 4, and (2) by 3, we have 

=40, 


120 176 , 

x-y'^x + y’ 


and 


120 ^.165 


x-y x+y 
Therefore, by subtraction. 


Hence, from (1), 


= 39. 


11 

x+y 

=1; 


®+y=ii. 

30 

=10-4= 

=6:.-. 

x-y=5. 

x-y 



®+y=ll 1 



x-y’= 5 J 



2a:=16 , 

®=8 

>• 

2p= 6; 

■. y=3 


Thus, we have 
and 


Thus, the rates of the stream and the boat are respectiTjely 3 miles 
and 8 miles per hour. 

Example 8. A challenged S to ride a bicycle race of 1040 yards. 
He first gave B, 120 yards' start, but lost by 5 seconds ; he then gave 
B, 5 seconds’ start, and won by 120 feet. How long does each take to 
ride the distance ? [0- U. 1881] 

Let the times which A and B take to ride the distance be 
X seconds and y seconds respectively. 
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Then, th^ times they take to travel one yard are respectively 

' Let PQ represent the given distance, and let Pi?, SQ on it respec- 
tively represent 120 yards and 120 feet (or, 40 yards). 


R S 

P Q 

In the first race B is at It, and i4 at P when they start, but B 
reaches Q, 5 seconds earlier than A ; therefore, the time taken by B to 
travel PQ=(a‘-5) seconds. 

Hence, .r-5=(1040-120)x 

( 1 ) 

In the second race B starts from P, 5 seconds earlier than A, but 
arrives at S when A arrives at Q ; therefore, the time taken by B to 
travel PS=(a; + 5) seconds. 

Hence. .o! + 5 = (1040 - 40) x 

^ =’(l”:^)y’=lv?/. •“ (2) 

Subtracting (1) from (2), we have 

Ai/=10 ; ^/■=130. 

Hence, from (1), ic=5+||-xl30 

=5+115=120. 

Thus, the times required by A and B to ride the distance are 
respectively 2 minutes, and 2 minutes 10 seconds. 


Example 9. 
so is the number. 


If the sum of the digits of a number is divisible by 9, 

[B. 0. S. 1923] 


If the number consists of one digit it must evidently be 9. Thus, 
the problem is true for a number of one digit. 


If the number consists of two digits, let .r and ?/ be the digits in 
tlie unit’s and ton's place respectively. 

' .*. The number =10p+!r. 


Now, 


9 9 


Hence, the number is divisible by 9 if ®+i/ is divisible by 9, i.e.. 
if the sum of the digits is divisible by 9. 

Proceeding similarly, the proof follows for a number with more 
digits. 
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EXERCISE 99 

1- There is a certain number consisting of 3 digits ^hich is equal 
to 25 times the sum of the digits, and if 198 be added to the number, the 
digits 'Will be reversed ; also the sum of the extreme digits exceeds the 
middle digit by unity ; find the number. 

2. A shop-keeper, on account of bad book-keeping knows neither 
the weight nor the prime cost of a certain article which he purchased. 
He only recollects that if he had sold the whole at 30s. per lb., he would 
have gained £5 by it, and if he had sold it at 22s. per lb., he would have 
lost £15 by it. What was the weight and prime cost of the article ? 

3. Two persons, A and B, played cards After a certain number 
of games, A had won half as much as he bad at first and found that if 
he had 15 shillings more, be would have had just three times as much as 
B. But B afterwards won 10 shillings back, and he had then twice as 
much as A. What had each at first ? 

4. A and B can do a piece of work together in 12 days, which B 
working for 15 days and G for 30 would together complete ; in 10 days 
they would finish it, working all three together ; in what time could 
they separately do it ? 

5. A has twice as many pennies as shillings ; B, who has 8d. 
more than A, has twice as many shillings as pennies ; together they 
have one more penny than they have shillings. How much has each ? ^ 

6. Two persons, A and B could finish a work in m days ; they 
worked together n days when A was called off, and B finished it in 
p days. In what time could each do it ? 

7. A, B, C compare their fortunes ; A says to B, ‘give me Hs. 700' 
of your money, and I shall have twice as much as you retain' ; B says 
to G, 'give me Bs. 1400, and I shall have thrice as much as you have 
remaining’ ; G says to A, ‘give me Bs. 420, and then I shall have five 
times as much as you retain’. How much has each ? 

8. A man walks 35 miles partly at the rate of 4 miles an hour, 
and partly at 5 ; if he had walked at 5 miles an hour when he walked 
at 4, and vice versa, he would have covered two miles more in the same- 
time. Find the time he was walking. 

9. A train travelled a certain distance at a uniform rate. Had 
the speed been 6 miles an hour more, the journey would have occupied 
4 hours less ; and had the speed been 6 miles an hour less, the journey 
would have occupied 6 hours more. Find the distance. 

10. Twe vessels contain mixtures of -wine and water in one there 
is three times as much wine as water, in the other five times as much 
water as "wine. Find how much must be drawn off from each to fill a 
third vessel which holds seven gallons, in order that its contents may 
be half wine and half water. 
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11. A number consists of 3 digits whose sum is 10. The middle 
digit is equal to the sum of the other two ; and the number will be 
increased by 99 if its digits be reversed. Find the number. 

12. A man has one pound’s worth of silver in half crowns, shillings 
and six-pences ; and ho has in all 20 coins. ‘If he changed the six-pences 
for pennies, and the shillings for six-pences, he would have 73 coins. 
How many coins of each kind has ho ? , 

13. A sum of money is divided equally among a certain number of 
persons ; if there had been four more, each would have received a shilling 
less than be did ; if there had been live fewer, each would have received 
two shillings more than he did ; find the number of persons and what 
■each received. 

14. There is a cistern, into which water is admitted by three cocks, 
two of which are exactly of the same dimensions. When they are all 
open, five-twelfths of tlie cistern in filled m four hours ; and if one of the 
■equal cocks is stopped, seven-nintbs of the cistern is filled in ten 
hours and forty minutes. In how many hours would each cock fill the 
■cistern '/ 

15. A parson exchanged 12 bushels of wheat for 8 bushels of barley. ' 
and £2. 16s. ; offering at the same time to sell a certain. quantity of 
wheat for an equal quantity of barley, and £3. 15s. in money, or for £10 
^n money. Required the prices of the wheat and barley per bushel. 

16. A wine-merchaut has two sorts of wine, one sort worth 
2 shillings a quart, and the other worth 3s. id. a quart ; from these be 
wants to make a mixture of 100 quarts worth 2s. id. a quart. How 
many quarts must he take from each sort ? 

17. The rent of a farm is paid in certain fixed numbers of quarters 
of wheat and b.irley ; whan wheat is at 55s. and barley at 33s. per 
■quarter, the portions of rent liy wheat and b^irley are equal to one 
another : but when wheat is at 63s. an.l barley at 41s. per quarter, the 
rent is increased by £7. What is the corn-rent ? 

18. A train 60 yards long passed another train 72 yards long which 
was travelling in the same direction on a parallel line of rails, in 
12 seconds. Had the slower tram been travelling half as fast again, it 
•would have been passed in 24 seconds. Find the rates at which the 
•trains were travelling. 

19. A farmer with 28 bushels of barley at 2s. id. a bushel, would 
mix rye at 3s. per bushel, and wheat 4s. per bushel, so that the whole 
mixture may consist of 100 bushels, and be worth 3s. 4£f. per bushel. 
How many bushels of rye, and how many of wheat must he mix with 
the barley ? 

20. A person has £27. 6s. in guineas and crown-pieces ; out of 
which he pays a debt of £14. 17s. ; and finds that he has exactly as many 
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guineas left as he has paid away crowns, and as many crowns as he has 
paid away guineas. How many of each had he at first and how many 
of each had he left ? 

_ 21 A waterman finds that ilie can row with the tide from A to B, 
a distance of 18 miles, in an hour and a half, and that to return from 
B to A against the same tide, though he rows back along the shore 
where the stream is only three-fifths as strong as in the middle, takes 
him just two hours and a quarter, Find the rate at which the tide runs 
in the middle where it is strangest. 

^2. A and B run a mile. First A gives Fa start of 44 yards, and 
beats him by 51 seconds ; at the second heat A gives B a start of 
1 minute 15 seconds, and is beaten by 88 yards. Find the times in 
which A and B can run a mile separately. 

23. A and B run a race round a two-mile course. In the first heat 
F reaches the winning post 2 minutes before A. In the second heat A 
increases his speed by 2 miles an hour, and F diminishes his by, the 
same quantity, and A then arrives at the winning post 2 minutes before 
B. Find at what rate each ran in the first heat. 

24. A railway train running from London to Cambridge meets on 

the way with an accident, which causes it to diminish its speed to^th 

of ^yhat it was before, and it is in consequence a hours late. If the 
accident had happened b miles nearer Cambridge, the train would have^ 
been c hours late. Find the rate of the train before the accident' 
occurred. 

25. A railway train after travelling for one hour, meets with an 
accident, which delays it one hour, after which it proceeds at three- 
fifths of its former rate, and .arrives at the terminus throe hours behind 
time ; had the accident occurred 50 miles further on, the train would 
have arrived 1 hour 20 minutes sooner. Bequired the length of the 
journey. 


20. If the difference between the sums of the odd and even digits 
of a number is zero or divisible by 11, the number is divisible by 11. 

[B. 0. S. 1923] 

27. If the sum of the digits of a number is divisible by 3, so is tbe 
number. 



CHAPTER XXVIII 
GRAPHS AND-THEIR APPLICATIONS 


185. We have explained in Chapters VII and XIX how algebraic 
expressions can be represented graphically by points and lines. 

We shall now give some' illustrations of the way in which graphs 
may be used to solve algebraic equations and problems. Graphical 
solutions are generally in the nature of approximation, but in many 
cases they are obtained more easily than the con'esponding exact 
solutions by algebraic processes explained previously. 


186. Graphical Solution of Equations. 

Example 1. Solve graphically 

2a:-7j/+12= 0 \ 

Sx+iy =32 J 

Let us draw the graphs of the two equations. 

We find that 

a:= - 6 1 j:= 1 1 are points on the graph of the 

y= 0 j’ y— 2/ 1st equation : 

wliilst x= 0 1 • !C=6l are points on the graph of the 

1 ^= 16 j’ y=7 / 2nd equation. 

Hence, taking the length of a sidd of a small square as the unit of 
length, the two graphs are as shown on the next page. 

Let P be the point where the two graphs intersect, P being 
common to the graphs, its co-ordinates will satisfy both the given 
equations. 

Now, the co-ordinates of P are found to be 8 and 4. 


Hence. 


a;=8 1 
2/=4 J 


is the required solution. 


Verification : Substituting ®=8 and i/=4 in the given equations, 
'we have 

2® - 7i/-H2=2 X 8- 7 X 4-H2=0, 
and 3®-b2i/-32=3 x 8+2 x 4 - 32=0; 

both the equations are satisfied when ®=8 and y-i. 
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rt « A n 1 1 • Y1 32 ~ 3x 

Example 2. Solve graphically — ^ ^ — 

All that we have to do is to draw the graphs of the espressions 

o V 12 S2 3aC 

— ^ — and - g - , and take the abscissa of the point common to the 
two graphs. 

2x+12 . 

The graph of the function ^ — is the same as the graph of 


y=- 


2®+12 . 


t.e., 2x-7y +12=0 ; and graph of the function 


32 — 3x 


is the 


' 32 — 3x . 

same as that of p= — 2 — , i,e.,3x+2ij = 32. 


Drawing the graphs of 2x-7p+12=0 and 3s+2i/ = 32 (see example 
1 above), we find that the abscissa of the common point, P, of'the 
graphs =8 ; 

. ‘ . x = 8 is the required solution. 


1—22 
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Example 3. Solve graphically x- 5 -Z. 


Let us draw the graphs of the expressions x ~p and 3. The abscissa 
of the point common to the two graphs is the ractuirad solution. 

Now, the graph of the expression a; ~ 5 is the same as the graph 
of y—x — 5 : and we find that 


!C = 
V = 


5} * =0} graph. 


Also, the graph of the expression 3 is the same _ as the gtaph of 
3, which is a straight lino parallel to x-axis at a distance of d units 
from the origin. 


■■■1 

IBBI 

IBI 

HI 

SBI 

IBI 

IBI 

IBI 

HI 

HI 

HB 

■ni 

IBBI 

IBI 

HI 

mi 

rai 

IBI 

IBI 

HI 

HI 

IBB 

iian 

IBBI 

IBI 

HI 

IBI 

IBI 

IBI 

IBI 

HI 

HI 

HB 

■UH 











■WU 

IBBI 

IBI 

HI 

IOC 

3E1I 

IBI 

IB! 

1^1 

HI 

KM 

HI 

IBB 

■■■1 

5S& 

■ ■■■ 
IBBI 

IBI 

IBI 

IBI 

■ ■■ 
IBI 

IB! 

WKdm 

SBI 

IBI 

■ ■1 
HI 

HB 

omi 

■BBI 

IBI 


Hn 

IB'S 

iSF 

»i 

IBI 

IBI 

HR 

ian 

IBBI 

IBI 

HI 

■ ■I 

IBI 

1^1 

IBI 

HI 

IBI 

HI 

■■■ 

HB 

■■Bi 

BBBI 

IBBI 

■■1 

IBI 

HI 

tmu 

4mm 

HI 

■ ■I 

IBI 

UHI 

IBI 

■■I 

IBI 

IBI 

IBB 

■■■11 

BBBI 

IBBI 

■■1 

m 

IV.{i 

m 








BBBI 

IBBI 

mr. 


IBI 

IBI 

IBI 

IBI 

IBI 

IBI 

IBB 

BBBI 

IBBI 

IIU 

H 

IBI 

IBI 

IBI 

IBI 

HI 

IBI 

IBB 

;Bi 

Bl 

Bl 

IBBI 

IBI 


SBI 

IBI 

IBI 

HI 

HI 

■Bl 

IBB 


Hence, taking the length of a side of a small square as the unit of 
length the two graphs are as shown in the figure. 

Let P be the point where the two graphs intersect. We find that 
the abscissa of P=8 ; 

x»8 is the required solution. 


Example A. S'iud the co-ordinates of the vertices of the triangle 
whose sides are given by the equations x- 22/ -f 12=0, +3=0 and 

-5j,_y_21=0, and calculate its area. 


We find that ®=0 

1 and ®= 

-12 1 are 

2/=6 . 

1 

Of 

whilst x= 0 1 

1 and »= 

- 3 \ . are 

y= -3 J 

1 2/= 

0/ 


points on the graph 
of s-2j/+12=0 ; 

points on the graph 
of ®+2/+3=0 ; 
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and *= 4 1 and a:=5 1 are points on the graph of 
l/=-l J y=4 1 5x-y-2l=0. 

Hence, taking the length of a side of a small square as the nnit of 
length, the straight lines PQ, QB and BP represent the graphs of the 
1st, 2nd and 3rd equations respectirely. 



We find from the diagram that the co-ordinates of the vertex 


x=G \ ■ 

of Q,X=~G 1 ; 

and of B, x= 3 1 

if=9r 

y= 3 1 

y=-6j 


Drawing lines parallel to the axes ( as shown in the diagram by 
dotted lines), we have 

■ APQ-B = the rect. ABDP- - ABDP 


=15x12- 


12x6 9x9 3x15 
2 2 *■ 2 


= 180 - 36 - V “ “81 
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Example 5. Eind graphically the co-ordinates of the vertices of 
the quadrilateral whose sides are a:+y-ip=0, a:— y-Pl0=0, »-)-i/+10=0 
and — 10— 0. Prove that the quadrilatei'al is a square and find its 
area. 



We find that »= 10 1 
y= 0/ 

and 

a:= 0 1 

V= 10 / 

are points on the graph 
of a:+y-10=0 ; 

®= 0 1 
. y= 10 1 

and 

II II 

1 

o o 

are points on the graph 
of a:— ^+10=0 ; 

x= 0 1 
j/=-10 J 

and 

a;=-10 1 
j/= Of 

are points on the graph 
of fl:+y-H0=0 ; 

<=3 

1 

II II 

CD 

and 

3 ° 

II II 

are points on the graph 
of x—y~10’=0. 


Hence, taking the side of a small square as the unit of Iragtti, 
the four graphs are represented by the straight lines PQ, Q-a, 
and SP. 

We notice that the co-ordinates of the vertices P, Q, B and S are 

1 ' and ,9 1 respectively. 

i/= 0 J i/=10J «= 0/ !/=-10J 
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It is obvious from the diagram that OP= OQ=OB = OS, each being 
10 units long and the diagonal PB is perp. to QS. 

Hence, it follows from geometry that the quadrilateral PQBS is a 
square. 

The area required 

PB^OQ . PBxOS 
~ 2 2 ^ 

20x10,20x10 nL .. , 

= — 2 — + — 2 — =200 units of area. 

EXERCISE 100 
Solve the following equations ; 

I. x+y=9,3x-2y = '(. 2. 4a: + 3p=13. 3a:+2y=ll. 

3. ^ ^ =4, 4a;-5i/=2. 4. v-x=2,Bx-2y=>5. 

5. 5a:-3j/=11.2i/-3a!+4=0. 6. 

2®+7 3fl:-7 o 4a;-3_6a:., 

I. — g— 8. — g- — y-^i. 

9. a:-12=-3. 10. 6a!-13=7. 

II. Eind the vertices of the triangle whose sides are given by 
-x+3y=lB, a:+7y = 22and y + 3® =26 and calculate its area. 

12. Show that the straight lines 4® - y = 16, 3® - 2j/ = 7 and x+y=9 
meet at a point ITind its co-ordinates. 

13. Find the vertices and the areas of the quadrilaterals whose 

3 ^ V 3? 'f' t/ 

sides are given by (i) .r+2/=3, g " 3 =li “I* ®-y+3=0 ; 

(ii) ®=1. 2/=5, ®=12 and y=10 ; (Hi) ®=0, j/=0, f + 5 | 

14. Find the vertices and the areas of the triangles whose sides are 

given by (i) ®=0, if=0, -g'-t- Q =1 : (ii) .11-2=0, y-l=0, ®+i/=6 , 

(iii) a'-2y-H8=0, r-t-y+2=0, 5®-y-14=0. 

In each of the following examples, show by solving tbe equations 
that they are satisfied by the same \'alue3 of x and y. 

Find these values and verify graphically : 

15. ®+y=2, ®=1, j/=l. 16. 7® + 5y=24. .ii+y=2, 2a:+y=9. 

17. 2»-it=7, ?^-»=2, ll®=9y. 
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187. Application of Graphs to Problems. 

Example 1. Given that the price of a seer of rice is three annas, 
show that a graph in the form of a straight line can be drawn such that 
if any point be taken on it, the abscissa of the point will represent the 
quantity of rice of which the price is represented by the ordinate. 

Determine from the graph (i) the price of 12 seers and (ii) the 
number of seers that can be had for 27 annas. 

In the figure below let the length of a side of a small square 
measured along OX represent one seer, and let an equal length measured 
along OY represent one anna. Then the meaning of the figures along 
OX and OY is clear. 


Since, the price of a seer is 3 annas, the price of 8 seers must be 

ii annas. Clearly, therefore, P 
is a point such that its abscissa • 
OM represents a quantity of 
rice of which the price is repre- 
sented by the ordinate PM. 

Join OP and produce it. 
Then this is the straight line 
every point on which will 
satisfy a condition similar to 
that satisfied byP. 

Q is the point (10, 30} ; conse- 
quently its abscissa represents 
a quantitj' of rice of which the 
price is represented by its 
ordinate. B is the point (3, 9) ; 
its abscissa, therefore, represents 
a quantity of rice of which the 
price is ’ represented by its 
ordinate. Similarly, this is true 
of every point on the line OP. 

Hence, OP is the required 
straight line. 

The graph enables us to 
determine readily the price of 
any given number of seers of 
I’icB. For instance, if the abs- 
cissa be taken tQ_ be 12, the 
ordinate is immediately found 
to be 36 ; thus, we know that 
the price of 12 seers of rice is , 
36 annas. Similarly, for any 
other abscissa the corresponding 
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The graph also enables ns to detarmine guiokly the number of 
seers of rice that can be had for any given price. For instance, if the 
ordinate is taken to be 27, the corresponding abscissa is immediately 
fonnd to bo 9, which shows that we can have 9 seers of rice for 27 annas. 

Note. Tlte hne OP %s called the graph of ilte price of rice, or more simply the 
price-graph of nee. 

Example 2. A person, named B, starting from a given place, 
travels at the rate of 5 miles an hour. Show that a graph in the form 
of a straight line can be drawn such that if any point be taken on it, 
the abscissa of the point will represent the number of miles that B 
travels in the time represented by the ordinate. 

Determine from the graph (i) the distance travelled in 3 hours 
24 minutes and (ii) the time to travel 13 miles. 

In the figure below let the length of a side of a small square 
measured along OX represent one mile, and let an equal length measured 
along OT represent 12 minutes. Then the meaning of the figures along 
OX and OY is clear. 


Since B travels 5 miles in one hour, he travels 10 miles in 2 houis. 
Clearly, therefore, P is a point such that its abscissa represents the 
number of miles that .the person travels in the time represented by its 
ordinate. 

Join OP and produce it. Then this is the straight line every point 
on which will satisfy a condition similar to that satisfied by P. 

Let Q be any point on the line. Its abscissa represents 6 miles 
and ordinate represents 1 hour 12 minutes ; but we' know that the 
person travels 6 miles in 
1 hour 12 minutes. 

Hence, Q satisfies the 
condition mentioned above. 

Let B be some other 
point on the lino. Its abs- 
cissa, represents 20 miles 
and ordinate represents 
4 hours ; but we htow that 
the person travels 20 miles 
in 4 hours. 

Hence, B also satisfies 
the proposed condition. 

Similarly for any other 
point on the line. 

Hence, OP is the re- 
quired straight line. 

The graph enables us 
to determine readily the 
time in •which S travels any given number of miles. For instance, 
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if the abscissa be taken Tvhieh represents 13 miles, the corresponding 
ordinate is immediately found to be that which represents 2 hcurs 
36 minutes ; thus, it is known that the time taken by the person to 
travel 13 miles is 2 hours 36 minutes. 

The graph also enables us to determine readily the number of 
miles that the person travels in any given time. Jor instance, if the 
ordinate be taken which represents 3 hours 24 minutes, the correspond- 
ing abscissa is immediately found to be that which represents 17 miles ; 
thus, it is known that in 3 hours and 24 minutes the person travels 
17 miles. 

Note. Tlie line OP ts called the graph of S’s motion, or the motion-graph 

ofB. 

Example 3. If one inch be equal in length to 2’5 centimetres, 
show that a straight line can bo drawn such that the abscissa of any 
point on the line will represent the number of inches that are equivalent 
to the number of centimetres represented by the ordinate. 

Determine from the graph fi) the number of centimetres in 
10 inches and (ii) the number of inches in 15 centimetres. 

In the figure let -the length of 
a side of a small square measured 
along OX represent one inch, and 
let an equal length measured along 
or represent one centimetre. 
Then the meaning of the figmres 
along OX and OY is clear. 

Since 1 inch=2’5 centimetres, 
wo have 8 inches =20 centimetres. 
Clearly, therefore, P is a point 
such that its abscissa represents 
the number of inches that are equi- 
valent to the number of centi- 
metres represented by its ordinate. 

Join OP and produce it. Then 
this is the straight line every point 
on which will satisfy a condition 
similar to that satisfied by P . 

Let Q bo any point on the 
line. Its abscissa represents 
12 inches, w'hilst its ordinate re- 
pL’Gsents 30 cenfciffietres ; but "vvo 
know that these two am 6qm- 
valent. Hence, Q satisfies the 
condition above mentioned. 

Let i? be some other point on 
the line. Its abscissa represents 
2 inches, whilst iti ordinate represents 5 centimetres ; but>we fcnoie 
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that these two are equivalent. Hence. B also satisfies the proposed 
condition. 

Similarly for anj* other point on the line. Hence, OP is the 
required straight line. 

The graph enables us to determine readily the number of centi- 
metres that are equivalent to any given number of inches. For instance, 
if the abscissa be taken which represents 10 inches, the corresponding 
ordinate is immediately found to be that which represents 25 centi- 
metres ; thus, it is known that 10 inches are equivalent to 25 centi- 
metres. 

The graph also enables us to determine readily the number of 
inches that are equivalent to any given number of centimetres : for 
instance, if the ordinate be taken which represents 15 centimetres the 
corresponding abscissa is immediately found to be that which represents 
6 inches ; thus, it is known that 15 centimetres are equivalent to 
6 inches. 

Note. The line OP catted the graph for canvertintf inches into centtmehes 
and vice versa, oi more briefly, the conversion graph for inches end centimetres. 

Example 4. A and B are two stations 30 miles apart. P starts 
from A and travels towards B at the rate of 5 miles an hour ; at the 
end of 2 hours he takes rest for one hour, and then resumes his journey 
at the rate of 3 miles an hour. Q leaves B, 2 hours 40 minutes after P 
leaves A, and travels towards A, without stoppage, at the rate of 4 miles 
an hour. When and where will the two travellers meet ? 

Let the length of a side of a small square measured horizontally 
represent one mile, and let an equal length measneed vertically 
represent 10 minutes. Then the meaning of the figures along the lines 
in the diagram on the next page is clear. 

(i) P starts from A, and travelling at the rate of 5 miles an horn’, 
completes 10 miles in 2 hours. Hence, if the point C he taken such that 
its co-ordinates respectively represent 10 miles and 2 hours, AO is the 
graph of P's motion for the first two hours. 

The graph for the 3rd hOm: must be such _ that the abscissa of any 
point on it may represent 10 miles, because P is supposed to bo at rest 
throughout this hour. Hence, CD drawn vertically to represent one 
hour, as in the diagram, will be the graph of P’s rest. 

After the 3rd hour, P travels at the _ rate of 3 miles an hour. 
Hence, if DM be taken to represent 6 miles and ME to represent 
2 hours, the straight line DE is the graph of P’s motion after the 
3rd hour. 

Thus, the broken line AODE is the complete graph of P’s motion. 

(ii) Q starts from B, 2 hours 40 minutes after P loaves A. Hence, 
if BF be measured vertically to represent 2 hours 40 minutes, BF may 
be regarded as the graph of Q’s rest at B. 
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When Q leaves B, he moves towards A at the rate of 4 miles an 
hour. Hence, if FN be taken to represent 8 miles and NG to represent 
2 hours, the straight line FG will be the graph of Q’s motion. 



(iii) Let the two graphs intersect at H, and draw HK perpendi- 
cular to AS. Produce FN to meet SK at V. 

Now it is clear that at the end of time SK, P will have gone a 
distance towards B, and Q will have gone a distance BK (f.e., FV) 
towards A. Hence, they will meet at this instant. Thus, the required 
time of meBting=that represented by SK= 5 hours 40 minutes after the 
commencement of P's motion. 

Also, the distance of the place of meeting from A = that represented 
by miles. 

Notel. As ET represents ShoJtrs it is clear that P and Q meet at the end of 
3 hours after Q starts from B. 
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Note. The hot teontal line through L meets the graphs at the points S andT. 
As Alt reptesenisi hours 10 minutes and ST represents lOi miles, it is clear that at 
the end of i hours 10 minutes from the commeficement of P’s motion, P and Q at cal 
a dtstfince of 10} miles from each oOter. 


EXERCISE 101 

1. ' If milk sells for 4 annas per seer, construct the price-graph of 
milk, giving the price of any quantity of milk up to 5 seers. Prom 'the 
graph read off the price of 3 seers and 5 chattaks of milk, and also the 
quantity of milk that can he had for 10 annas and 9 pies. 

2. IlJPazh mangoes be ■worth one rupee two annas a dozen, 
construct a price-graph for mangoes, giving the price of any number 
up to 30. Read off from the graph the price of 17 mangoes and also the 
number of mangoes that can be had for Re. 1. 12 as. 6 p. 

3. If a man walks at the rate of 4 miles an hour, construct a 
graph of his motion. Bead off from the graph the time in which he 
travels 13 miles, and also the number of miles he travels in 4^ hours. 

, 4. If one cubit be equal to I'S feet, construct a conversion-graph 

for cubits and feet. Bead off from the, graph the number of feet that 
are equivalent ^to 5^ cubits, and also the number of cubits that are 
equivalent to 6|r feet. 

5. A starts from a place and walks in a given direction at the rate 
of 3 miles an hour ; B starts from the same place one hour later and 
moves in the same direction at the rate of 5 miles an hour. Dra'w the 
motion-graphs of A and B, and find when and where B overtakes A. 

6. A and B are two stations 20 miles apart. P starts from A and 
travels towards B at the rate of 3 miles an hour ; whilst Q starting from 
B travels towards A at the rate of 2 miles an hour. Gonstinct the 
motion-graphs of P and Q, and find when and where they meet. 

7. Pifty_ articles of the same kind cost Bs. 3. 2 as. Construct a 
graph from which you can read off the cost of any number of articles 
up to 50. Hence, find the cost of 19 articles, and the number of articles 
that yon would get for Bs. 2. 7 as. 

8. Given that 1 kilogramme=2’2 lbs., construct a graph which 
will enable you to read off the number of kilogrammes that are equi- 
valent to any given number of lbs. up to 15 lbs. Bead off the number of 
kilogi'ammes in 11 lbs. 

9. A man travels for 3 hours at the rate of 2 miles an hour, at the 
end of which he takes rest for an hour and a half, and then starts to 
walk at the rate of two miles and a half per hour. Construct the graph 
of his motion. 

10. A man starts from a place B to walk towards G at the rate of 
4 miles an hour. After 3 hours be changes his mind and walks back 
towards B at the rate of 3 miles an hour. At the end of 2 hours again 
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suddenly changes his mind and begins to run towards G at the rate 
or 7 miles an hour. Draw a graph of his motion. 

11. .4, 5 and 0 are three sfations in order on the same road, the 
distance between A and B being 6 miles. Q starts from B at noon to 
walk towards G at the rate of 3 miles an hour, and at 1-30 P.M. P starts 
from A to run towards G at the rate of miles an hour. Draw graphs 
of their motion, and find when and where P will overtake Q. 

12. A man spends Es. 620 in 40 days. Draw a graph to give his 
expenditm’e in any number of days. Determine from the graph the 
amount spent in 28 days. 

13. At what time between 3 and 4 o'clock am the two hands of a 
watch together ? 

14. An income-tax of 5 pies per rupee is in force. Draw a graph to 
show the tax on all incomes from Es. 3000 to Es. 5000 and determine the 
income corresponding to a tax of Es. 85 and the tax corresponding to an 
income of Es. 4350. 

15. The following table shows the timings of two trains, one an 
express from Calcutta to Eanaghat, apd the other a local from Naihati 
to Calcutta. Find by graphical methods when and where the trains 
meet, assuming that all runs are at constant speeds and that the local 
train waits one minute at each station between Naihati and Calcutta. 


Distance from 




Oaloutta 




46 

Eanaghat 



24 

Naihati 

dep. 

16-24 

22 

Kakinara 

It 

16-29 

19 

Shamnagar 


16-36 

17 

Ichhapur 

>1 

16-42 

15 

Palta 

tt 

16-45 

14 

Barraokpur 

t* 

16-49 

13 

Tittagarh 

" 1 

16-53 

12 

Khardah 

tl 

16-57 

10 

Sodepur 

> 

II 

^ 17- 2 

9 

Agarpara 

>» 

17- 6 

8 

Belghurria 

II 

17-11 

5 

Dum-Dum 

• 1 

17-19 


Calcutta 

II 

17-31 


[B. 0. S. 1922] 
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188. Definition. The product of m factors each equal to a is 
represented by a™. [Art. 16.] 

Thus, the meaning of a*‘ is clear when m is a positive integer. 


189. The Index Law , and the truths necessarily following^ 
from it. 

To prove that a™ x «'• = «'"+", where m and« are any two positive 
integers. 


Since a’"=a,a.a. ■ ■ 

and a”’=a,a.a.a. 

a'^xa*={a,a.a. 

x(a.a.a.a. 
=a.a,<t.a.<i.a.<t. ■* 


to m factors 
••• to m factors 
•• to m factors) 

••• to M factors) 

• • • to (m + n) factors 


This result is called the Index Law. 

Cor. 1. o’" X o" X when m, n and p are positive integers. 

For, o”xa'‘=a'"‘‘'” 

Hence, a’" x a" x a” x o’ x ... = 0 ”+"+'^*+" 

Thus, the product of any number of powers of a given quantity is 
that poioer of the quantity whose index is equal to the sum of the indices 
of the factors. 

Cor, 2. (o”)"=o'"", when m and n are any two positive integers. 
For, (o")"=*=fl"xo*‘xo’*x... to w factors 

„^m+in+m+...(« n ttrm. j^y j j 

and .*. = 0 ”*. 

Cor. 3. when m and n are positive integers and m 

is greater than n. 

For, a™'® X o" = [because m - n is a 

= 0 ™, positive integer,] 

o’®-*" a" “O'""". 
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190. Assuming the formula a”*>ca"=a'”+” to he true for all 
Talues of m and /i, to find meanings for quantities with fractional 
or negative indices. 

** 

(i) To find the meaning of a < , wlien p and q are any two positive 
integers. 

Since = for all values of m and ?), putting ® for each of 


them, we have 


a‘‘ y.a" =a'‘ =o*. 


p r r £|i p V 

Similarly, a’xa’xa*=a'xn* = 0 '; and so on. 


Hence. a^xa^xa^x- 


to q factors 


CP 

= n»=a>’. 


Thus, a ’ is cqiial to the q''" root of a’’, and is. therefore, equivalent 
to^/a^ 

■i* i 

Cor. Hence, o-= Ja, a® = ^a, a* — \Ja ; and so on. 


Generally, 

I * 

Note. From the Index Latr U is aiso casii io sec iJitti a^ xa^ Xa'^ x- 


• to 


j, ^ p fcfTOP y je 

« factoTs=a =o 5 . Thus, a'> tnap as well be regarded as the 

p"‘ power of , i. c., equivalent to (t/o)*’. Thus, a ’ n:oT/ 6c interpreted either as 
the g-’' root of thev"' power of a, or as the if’' power of the 5"* root of a, 

(ii) To find the meaning of a°. 

Since, a”xo"=a''"''" is true for all values of vi and tt, putting wi=0, 
■we have n'’xo’'=a'’'*'"=a" ; 

a“=o"-J-a''=l. 

Thus, ar.y quaiiiity raised to ihe power zero is equivalent to 1. 

(iii) To find the meaning of n”", where n is aifs’ positive integer. 
Since, o"xa"=a'’'''’' is true for all values of m and 71, putting 

m= —n, we have 

a-"xa’'=a-"+"=a'’=l : 

.-. a-"=^„.and a"=^- 

Cor. Hence, ar-t-a" = a”*"" for all values of m and n. 


For, 


oT'-t-a ” = -^ =■ a" X a~" =a"‘". 
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Example 1. Find the value of 8*. 

8^*=(^/8r=2*=32. 

Example 2. Find the value of 4“^. 

1_1. 

(^/4)“ 2»~32 


Examples. Multiply together Vo®, o^. l/o"®and-rs‘ 

tv 

^ 3 il < i j S S » g 

The required product=o-‘ x a* x o'* x a® 

=fl- - =a-+®=n’. 


EXERCISE 102 

Express the follovring avoiding fractional or negative indices : 

I. at 2. a:"’. 3. . 4. a'®x3ffl"^. 

5. Swr^xm'^. 6. a:'^+3o"^. 7. 8. 

9 . 10 . 

Express the following avoiding radical signs and negative indices : 

II. {VxY. 12. (Vo)-®. 13. 14. (^p- 

15. 16. 

Eind the value of : 

17. 4'^. 18. 8^. 19. 9^. 

20. 16*. 21. 81'^. 22. 

23. (125)'^. 24. {4r)~t 25. 

*,w+2n«,8m-8n _ ^ 

26. Simplify - — tO- 10^4] 
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191. To prove that (am)n=a"'” is true for alt values of m 
and n. 

(i) Let n be a positive integer. Then, whatever may be the value 
of m. we have 

(a™)” = a™ X ffl"* X a“ X to factors 

I — •••.•.(0 n iems 

= a”"'. 

(ii) Let n he a positive fraction, equal to ^ ■ where p and q are 
positive integers. Then, we have 

(®“) = {®”) H [Ai-t. 190, (i)] 




= Vd 

inp 

_=a,”" 


[by(i)] 


[Art. 190, (i): 


— li* • 

(iii) Let n be any negative quantity, equal to -p, where j? is 
positive. Then, we have 

[Art. 190, (iii)] 

= ^ ' [by (i) and (ii)] ' 

[Art. 190, (iii)] 

Thus, the proposition is established. 

192. To prove that a"6"={a&)" for all values of n. 

' (i) Let n be a positive integer. Then, we have 

a"b’'={a,a.a to n factors) 

X (6.6.6 to n factors) 

=‘{ab.ab.db to n factors) 

=(a6)". 

(ii) Let TO be a positive fraction, equal to i where p and q are 

positive integers. Then, putting x for a"6", we have 
t e { 

x=a?h''\ x'‘=\p^hV 

={a?T y-{h^y [by(i)] 

=aFy.¥ [Art. 189] 

=(»&)'’ ; [by (i)] 

x^ [abf ■, i.e., a"6"=(a6)". 
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(iii) Let » be any negaUve quantity, equal to -p, where p is 
positive. Then, we have 


= a-'>b-’^ 


1 

o'y 

[Art. 190, (iii)] 

1 

{ab'r 

[by (i) and (ii)] 

=(o5)'’’ 

[Art. 190, (iii)] 

=(ofc)-. 



Thus, the proposition is established. 

Cor. 1. 

Cor. 2. a"6"c"=(o6)”c"=(o5c}" ; 

generally, dl'b”<^d'' ={flbcd-“)''. 

193* Applications of the results proved in the last two 
articles. 

a 

Example 1. Simplify (a^5^) . 

Example 2. Simplify Va5'®> 

and = x (5"®)^=a^5-^. ' 

Hence, the given expression 

=a‘*6^xa^67^ 

=o~*^x 5^*’ =a' *5”". 

Examples. Simplify ^ 

anfl 

.(.•)‘(6-)W-«V»oA. ■ 

1-23 
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Henca, the given expression 

=aVc-^-nV. 

EXERCISE 103 

2. 3. {ah-r-. 

5. 6. 

8. ^/i=*F*xVPF®: 

9. /s/®'“ 10. (8a:“-f-27a“#. 

11. (64««+27tt-»)'^. 12. ?/a^6-V*xt/£F®P?. 

18, a h*-c^-^^ a®^V^ 


Simplify : 
1. (a-^)^ 


I. (n®i^) 


-f 


7. 




14. ^/o6-»c''+(Va®6“c-®)-^ 




194. Miscellaneous Examples. 

Example 1. Divide ffl+6+c+3a^6^+3ff^&^ by a^+6^+c^. 

Let us proceed by arranging the dividend and the divisor according 
to descending powers of a : 

€^+{l^+c^) \ a+3o^6^+3tt^6^+(&+c) / a® + 0^(26'*' -c^) 


tt+ffl 




+(b^-bK^+o^) 


J{2b^-c^)+3ah^+[b+c) 

ai^-c^)+aK2bhbh^-c^) 

ci^ib^—b^c^ +c^)+(6+c) 
a^(6^ - b^c^ + c^) + (b + c) 

Thus, the required quotient=>a^+2a^6^-a^c^+6^-5’’c^+o“. 
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Nsto. Jn multtpUeaiion as veil as in division the arrangement of the expres- 
sions concerned according to ascending or descending, powers of some common letter 
should never be overlooked Such arrangements invariably give neatness to the 
required -operations, if not always indispensable. 


Examples. Divide a;+j/-+^^-3a:^y^r^by 

X t. 1 ’ 

Putting a for ® , b for y® and o for js”. wo have 
a: + - 3a;^l/'®'z^ 

I =a® + 6®+c®— 3a6c 


=(a+6+c)(a®+6®+c“-<*6-6c-co) 

= (ic^ + +''z®)(a? +v^+z^- x‘y^ - y^z^ - 
Hence, the required quotient 

= - j/^z * - zT-c^ 

“X^-x^iy^'+z^) + -j/^z^+z^).' 


Example 3. Divide 


n-1 n**l u n-1 n-S «-S 

—2 J.«a K.. .>3 _/,3 jpB +o' , 


a;® +u® a:® +o® by a:® —a® 


Let 

Then, 


m=x° and n>=o® 


=(x®"'”r 

2 


a; 2 xs 

«-l\2 


2 / «-l\2 «“1 n 

and ' »n*=(TO°) “(®° / =a:“ - 


n-l 


Similarly, n"=o^ and - 


Hence, 


a;® +a= 


+o® 


«-l n-2 n- 

» -a® a:® 


+a' 


»— 1 


_ m*+m°TO°.+w* Jm®+w°)°-w®n° 

7?i® -mn+n® m'-mn+ti^ 

^ (m® +u® +wm)(»?°_+n^jmn)„^3 + „3 
m^—mn+n-* 

n-l «-3 *-3 0-1 

+x' o.® +ff® 
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Example 4. !Eind the H. C. E. of 

ffl®+26®+(a+26)A/a6 and a'’^~b~+[a-b)Jab~ 

The Ist expression=ffl®+a,^/^+2ft>/a6+26“ 

= + a^b^+ 2a^6-* + 26® 

= a* (o^'+ 6^) + 26^(a^ + 6-) 

=(a46%-+265. 

The 2nd expression=a®+a^/a6~6 Vo6— 6® 

A J. 1 s, 

=a®+ffl*6® — a“6’ -6® 

3 3_ 3. 3. 

Hence, since «■ +26- and o-— 6- have no common factor, ’the 
H. C. P. required 

>=a-+6^*= Ja-i- ,Jb. 

Example 6. Simplify 

j n 2 1 

The numerator = a: + - » V 

=a;^(®^+y^-a;V^) ; 

and the denominator =(s^) +(y^) 

= (s^+y^){(®^) - (a:^)(j/^)'+ (y^) ^ 

= (»^ + ® + y ^). 

J* 


'X 4- 


Hence, the given expression=— f 

x^+y 

Example 6. Show that 

1 ■ .■ + =1 

1 + ®™-" + a™’' 1 + ®*"" + ®” 1 + a'-'* + «”■" 


The Ist term=;;;:^ 
the 2nd term 


X 


®-”(l+®™-"+®’"-'’) ®-’“+s-"+®'' 
X'” x~" 


®-"(l + »’*-"• +s"-«7 »-"+a-”+®- 


X 


X 


and the 3rd -^-p+g;~n+g.-« 
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Hfliioe, the given expression 


X 


jp-n t —-Til j —-*1“^“ — 

=L 


X 


a:‘“+a:‘"+®'' ‘ a:'"+a;"'’‘+x‘*’ ‘ x~‘’-k-x~’^+x~ 
x~”+x~”+x~’‘ 


x~”+x~'‘+x~’‘ 

' * a 

Example 7 . If a*' =i“, show that =a^ *■ ; and if a *=26, 
show that 6=2. 

a 

Since a'‘=b', a=h'‘. [extracting the 6th root 


of both sides] 


xj (a\^ a‘ a” -T--* 

If a =26, from the given relation, we have 

(26)‘={6r=(67; 26-6® 


6-2. 


Example 8, Iix^(a+ ^d^+i>^)^+(a- 

show that 0 !® + 36® - 2o =0. 

Patting m for a+ and »t for a - ,yo® + 6“, wo have 

a* = (m^ +n^T= (tJ)^ + (»^)’ + 3m + n^) 

=?n+n +3 (mf + n^) ’=m+n+ 3[mn)^.x. 

Bnt »»+7 i=2o, 

and (jn«)^ ={o® - (a® + 6®)[^=(- 6®)^= - 6 ; 

a* = 2a -36®, a*+36a-2o— 0, 

EXERCISE 104 

Multiply : 

1. a*+2a^+3a®+2®‘+l by ®^-2a‘’+l. 

2. o^+3aV+96^ by a^-8b^'. 

3. l+a6'^ + a®6'* by l-a6"®^+a®6'®. 

4. ®+2y^+33^ by x-Si/-+3s*. 

3. x~^+x~-!/~^+y~^ by x~^-x~^y~-+V~\ 
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6. o^-a^+l-a~^+a ^ by o^+l+o”^. 

7. a!^+y’+e'*~-y^z^—z^x‘‘'—x^p^ by x^+p^-i-z^. 

8. a“+36"-2c' by tf“-36“+2c*’. 

9. a“'+8a6+4fl^6^+2a®6^+326^+16ffl^6^ by 0^—26*“'. 

10 . af+a^x~^+x~^+a^x *+a^x~^':l-d^x~^ hj 

f L 4 -i if -I 

a^ + o^a: *-o*® 

Divide : 

11. x^-ix^-Sx-H-Gx-x^ by x^+2~4x^. 

12. 8+12a!'^+2iE'®+2a:''* by x~^-2x~^ + L 

13. ®j/"^+2a!^l/~^+3+2a;~^j/^+«*^3/ by x~^ +x~^y~^+p~^^ 

14. a^-a^6+a6^-2a^6®+6^ by a^~ab^+c^b~b^. 

16. 8i-''-8!i;“+5j:“”-3a!-®* by bx'-S®-*. 

16. 8a:^+j/~^-z+6a;^y'^2^ by 2a:^+y~^-z^, 

17, Show that «°+a® +®^a^ is divisible by ®^+o^+®^a^.. 


18. Multiply X® +c® 


19. Divide ®® -y® by ff® 


by ®® -a® 

y“ by ff“ +y®" \ 

20. Simplify 

21. Divide 2x~^+3x^~7x^+x-2x'^ by ®*-2s:~^- 

22. Find the square of x*~x^y~^+y^. 


[0, U. 18791 


^ an 

23. Divide ® ® -a ® 


by 


24. Find the square of 

26. Divide a®"^+a"^*+2 by 


26. Simplify 


a-b 




(h-b 



xseeJ 


ELEMEMXABY IiAWS OF INDIOES 


359 


27. Simplify 

®'’-3p® a!*+3a!V+9v^ 


I 4 L ^ i 
a^-ax“+a^x-x^ 


oo o: 15 ^..’ a‘- ax- + a-x - x- 

A8. Simplify -jr j jr ^ .. 

o“ - a®a:* + 3a% - 3a® “ + a^®® - ® “ 


29. Simplify 

30. Simplify 


a^ + b^—a~- — b~‘ (g-a~^)(5 — 5~^) , 
o®6“-a““fe"® ab+a'^b’^ 

x-y . x^+y^ 

a^+x^y^ ®^y^+®^W^ 


Simplify 

31. {fl+b+ c)(a“^ + 6“^ + c“^) — a"^6"^c"^(6 + c)(c + a)(a + b). 

bHa-’‘+b-‘) . l-ffl-^6 
“• i-®(l+a-ii) ^a{a5-^-a-^5) a6-^+l‘ 

83. ir^L^+JUi^L^-ah 

oa. ®!l _5!1. J!:_4._1_ 

3*« a:"-l“®"+l"a!"-l'^®"+l”^^®“ V a+ft’ 

** ** 1 n 1 

86. Sh(ywthat“— ^=(®+y)(®®+y®)(®*+{/*)"-(®“ +y“ )• 

w^y 

36. Write, down, without actual division, the value of 

l256 625/ U S*' } 


Simplify : 


[B. TJ. 1889] 


[B. U. 1891] 


OO. y— j-m TTm" l-JO* -losij 

39. [0.TJ. 19043 

40. If ®=a^— a~®, show that »®+3 *=b— 
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195. Exponential Equations : 

Definition : An equation, which contains theyariable, or variables, 
as indices (or exponents), is called an exponential equation. 

Thus, 3*=27, 81*=9*+*, etc. are called exponential equations ; like- 
wise, 3^''=9 and 8*. 16''=128 are a pair of simultaneous exponential 
equations. 

The method of solution of exponential equations is based on- the 
following axiom : 

If whatever a may be, then will x=*/». 

Thus, to solve an exponential equation, we have 

(i) to reduce both tlie metnbers of the equation to the same 

base, and then, 

(ii) to equate their exponents. 

The following examples -^ill illustrate the process ; 

Example 1. Solve 3.27*=9‘+*. 

The left-hand side=8.27*=3.(3®)*=3.3®'=3®‘^^ ; 
and the right-hand sido=9*+*=(3*)*+*=3®<‘^*)=3?*+®. 
the equation reduces to 3**+'-=3®*'*'® ; 

3®'+l=2!r-}-8 ; <b=7. 

+ 1 

Example 2. Solve the equation ’ 

We have a'*(a* -P &“*) = a~^.a‘ -I- =1+ (ab)*'. 

■l-h(a6)-*=l-P^.=l-f(ob)‘®. 

(a6)'*=(ab)“® ; x—1. 

Examples. Solve ••• (1) \ 

... ... (2) / 

!E!com the 1st equation, 

^t+v+i_j[T . - a!-l-i/-H=7. (3) 

Tkom the 2nd equation, 

^s,+8*+s^g.2o. 2y■^3a:-^5=20. - (i) 

From equations (3) and (4), wo have, x+y'—&=^0, 

and 3®-f2y-15=0. 

.' . by cross multiplication, 

X y 1 ® _ JL== _i 

-15-H2“-18-H5°'2-3’ -3 -3 

Hence, fl5*=3 and y="3. 
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EXERCISE 105 
Solve the following equations : 

1. 2*+’=.4'+®. 2. '(V3f+''=(W+® 3. {5/4)*‘+»=(ii!i/65)®*+^ 

4. 5. 2^-*=4a*-«,{a?£0). 

e. (f )" '■ 7. 2»*-'=.ffl'-==2*-s,2a^-\ 

■ 8. ^^^^- = 6®'-’. 9. a*-®(a®''+® + a^-*)=a-»(fl*+o*). 

10. 2"+^-2*-8=0. 11. 3'+®=3'-+“+f 

12. 4'+®=2®*+^+14. 13. ««'=»*' and !i:=2y. . 

14. 2*+\3'^==iand2®*+\3®“+®-^. 

15. ffl*+’-.o>'+®=a® and 

16. o*'®.a‘''''®=ffl®.a* and a*.a'’=a*. 

17. 18. 2*+‘'=2®“'-''= ^/8. 

19. 2".3‘'=18and2®*3''=36. 20. ®®*+»-2j^'and *"-*=1. 

21. «*+"" and *“= 

22. If a™" ={<!■")”, find >» in terms of «, [Pat. 1918.] 

23. If a* = 5, 5’ = c, c’ = a, prove that xyz^^ 1. 

24. If a^=m, a’'=n and a®=(m*'n*)', prove that xyz=l. 

CPat. 1919 & 1921.] 

25. Ifa:=3^+3 prove that 3®®— 9*-10=0 

26. If a® + 2 = 3^+ 3'^', prove that Sa® + 9o = 8. 

27. If xy’’~'^ = a, xy"''^ = b, xy'~'^ =c, show that = 1. 

[Pat. 1920.] 

28. Solve 2'+''+' aS'+'-'j 29. Solve =(Va)''+’“^ 

g8»+2 ^25*+*- . (?/5)’^'-® -(Vir' 

32l+2s+l;^g3r+» 

30. Solve a'^C^+p+sK 
ay-ix+y-^zY, 
and a'^C^ + iz + s)'- 
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ELEMENTARY SURDS 

196. Definition. Any root of any arithmetical nnmher which 
cannot be exactly fonnd is called a. surd or an irrational quantity. 
Thus, sj&, S/4: and S/5 are all surds. 

' Rote. Quantities which are not surds are called raiioital tfnantiiies. Settee, 
every root of an. arithmetical number is either raiional or irrational. Thus, 
V8» «i/25, and VI5 are rational quantities, whilst ^/2, V5 and \J9 are all 
irrational quantities. 

An algebraical expression also, such as is called a surd, 
although the value of x may be such that Jx is not in reality a surd. ' 
Por instance, if a:=4, aJx=J4:=2, and is, therefore, not really a surd. 

197. To express in the form of a surd the product of a 
rational quantity and a surd. 

Example 1. 5V3“(5*)^x3*-(6®x3)^ [Art. 192.] 

V 

Exampte 2. 3?/9 = (2»)^ x 9^ = {2" x 9)^ [Art. 190.] 

EXERCISE 106 

Express as a complete surd : 

1. 3V5. 2. 2^3. 3. 2V6. 4. 4t/5. 

5. aSjb. 6. x^i/y. 7. a* SJb^. 

198. A surd may sometimes be expressed as the product of 
a rational quantity and'a surd. 

Example 1. ^/ 32 - Vi^=(4“x&)^={4=>)^x2^ [Art. 192.] 
=4x2^«=4./2. 

^40= X 6)^=(2»)^x 6^ 

=2x6^=3V& 


Example 2. 


[Art. 192.] 
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EXERCISE 107 

Simplify : 

I. a/is. 2. 3. ym. 4. ym. 

5. ym. 6. ym2. i. ymib. s. y^. 

9. y^. 10. 11. ?/-192o®i*. 12. 

199. Similar Surds. Two or more surds are said to be similar 
or like when they can be so reduced as to have the same irrational factor. 
Thus, s/% and Jod are similar surds, for they are respectively equivalent 
to 3 s/5 and 4 s/5. The sum of any number of similar surds maybe 
found as follows : 

Example 1. Ji^+ s/27= s/9^“7s/3+3s/3=10s/3, 

Example2. t/^-?/i35+t/%=s/i25>rB- ^27x5+ VSxS 

“?/5®ir6- ?/Fir6+ S/2^=5V5- 3S/5+2V5=4«/& 

EXERCISE 108 

Simplify ; 

1. s/i2+s/76. 2. s/iS+s/^. 3. s/§0+s/ig). 

4. ym-ym. 6. yi^-yM. o. v8o+v3®. 

7. t/7^-t/2®. 8. 2s/§7-s/76+s/]S. 

9. 2s/305-3s/I§6+s/ 2§. 10. 4?/I§g-4?/§76+2?/§i 

II. 35/30+2?/^-4?/^. 12. 6?/^-2V::i6+4i/gStt. 

13. s/iBi® + <s/80®®+ ybxy^’ 

14. xy^a+vy-By‘a-sy-m^a. 

16. 2V3^+3V5i^-4ol/i6^. 

200. Surds of the same order. Surds are said to be of the 
same order or equiradical when they have all got the same loot-symbol. 

Thus, ys, . a/o® and (o+®)^ are all surds of the same {viz. the second) 
.order. 

A 'surd of the second order is often called a quadratic surd ; whilst 
one of the third order, such as, y4k or ya’‘, is caUed a cubic surd. 

^ Surds of different orders may be reduced to equivalent surds of the 
same order. 
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Example 1. Beduce and ^4 to surds of the same order. 

The given surds are respectively of the 2nd and 3rd orders ; and 
the L. 0. M. of 2 and 3 is 6. Hence, we can at once reduce them to 
surds of the 6th order, thus : 

76=5i=5^= ^5 ; 

Thus, the required surds are t/i^ and ®/i6. 

Example 2. Beduce ^3 and ^2 to surds of the same order. 

The L. G. M. of 6 and 8 is 24. 

Thus, we have ; 

and ®/2=2“=2^=®t^=^t/S- 
Thus, the required surds are and 
Example 3. Which is the greater %/Q or V20 ? 

We have ^9“ 9^=^?^ =^5/6561 ; 

and t/S)=2O^=2O*=^?/2F=^^/0ODO. 

Thus, the given surds are respectively equivalent to ^^656i and 
^v/§000, and as the latter is greater than the former, therefore 

EXERCISE 109 

Beduce.to surds of the same order : 

1. JZ and V2. '2. i/4 and Mot 3. i/2 and i/3. 

4. V3 and i/5. 5. i/4 and' i/6. , 

Which is the greater : 

6. V2ori/3? 7. i/3 or i/4 ? 8. i/6ori/10? 

Arrange'according to descending order of magnitude : 

9. ■ i/6, ^/2 and i/4. 10. i/3, i/IO and ‘i^. 

201. Multiplication and Division of Surds. 

Example 1. i/6xi/IO=6^xlO^=(6xlO)^=i/SO. 

Note. In this Sample the given surds are of the same order. 
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Example 2. 

=(5*)*x(8“]* [Art. 191.] 

={5»x8“)* [Art. 192.] 

=''?/l 25 x 64 =^?/S 0 OO. 

Note. In this example Hie given surds are of different orders. 


Example 3. ?/2xt/2=2^x2®=2^=2^>=^5^^=‘!5/^6. 

Note. In this example the given surds hate got the same guantity under the 
radical sign. They may as well be regarded as surds of different orders and treated 
libe those m the last example. 


Example 4. 4^/i8x ^/75=4.3^/2x5^/3=60^/2.^/3=60^/6. 

Note. In tins example the given surds have been reduced to simpler fonns 
before multiplication. 


Example 5. ^4-*-V6=4®-*-6^=4*+6* 
/ 4 ®\* 


[Art. 192.] 

[Cor. 1, Art. 192.] 


'^ 2 .. 

27 


Example 6. Express J6+Z ^/3 as a fraction with a rational deno- 
minator. 

w.. In n/ 8 „ ^/5x ^3 _ ij\b _ \/i5 

We have V5 • 3v3 3^3 g Jsx /S 3x3“ 9 


Note. Far Arithmetical ealculatums it IS alv/ays most convenient to reduce the 
quotient of one surd by another to the farm of a fraction with a rational denominator. 
Hence, even when the numerical value of a surd fraction ie not required it is usual to 
express tt in the above form. 


Simplify : 

1 . V 6 x ^yio. 
5. ^/§ox jm. 
9. ?/2x»/6. 
13. V3 x 8/3. 
16. 5^/8x2^/6. 


, EXERaSE 110 

2. .\/8 X i^Q, 3» ij^7 X 4, x .^6. 

6. ysx?^. 7. ?/65®xi/^p. 8. ?/2x^6.. 
10. V4x»/8. 11. ?/9xV§7. 12. S/2 x?/3. 

14. V2x®/2. 15. V4xV4. 

17. 8^|^x3^/^. 18. 4?/^x5?^. 
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19- 20. 8^/I6+4^/I5. 21. 

22. '■ 23. V8+y6. 

Given s/2==l‘414, ^/3=^732, ^/5»=2’236, find to 3 places of decimals 
the numerical valne of : 

24. ^/2+ s/6. 25. s/72+ JW. 

26. 27. lOs/iOS+s/ifi. 

203. Compound Surds. An expression consisting of two or 
more simple snrds connected by the sign + or - is called a compound 
surd. Thus, 5 s/2 and 4*/3 are simple surds, but 5s/2+4s/3 and 
5 s/2 -4 s/3 are eompound surds. 

Two or more compound surds are multiplied together in the same 
way as two car more compound algebraical expressions. 

fiixample 4. Multiply 3 »/a;+2s/3 by sjx— s/3. 

(3 s/® + 2 s/3)(s/® - s/3) = 3 s/». +2j3.Jx-S Jx. s/3 -2 J3. J3 

=3x+2j3x-3<j3x-6=3x- s/3»-6. 

Example 2. Multiply 7«/2+ «/3 by 7^2- s/3. 

(7s/2+ s/3)(7s/2- s/8)=(7s/2)*-(s/3)= 

=49.2 — 3 = 93— 3 =95. 

Example 3. Find the square of s/3a+®+ >j3a-‘X. 

(^/3a+®+ •JSa—x)" 

*={ s/SoT®)" + ( <^3(1 — *)“ "I" 2 \/3o+®. \/3o — ® 
=(3a+®)+(3fl— ®l+2s/9a"— ®“ 

= 6o + 2 s/9a“— ®®. 

EXERCISE 111 

Multiply : 

1. s/a+'s/^'by s/a6. 2. »/ff+ s/6 by s/a- s/*. 

3. 3s/o-5by 2s/a. 4. 4s/a;+3s(v by 4s/®-3s/ff. 

5. 2s/®^+4by3s/®^5-6. 6. 3 75-4 s/2 by 2 s/5+3 A 

7. 72 + 273 + 77 by 72 + 273 - 77 . 

8. 3— 75 + 78 by 3- 75 - 78. 

9. s/ll+ 78 ~n/ 3 by s/BE— 78+ \/3. 

10. V4+ 79 + 728 by 72 + 73 . 
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Find the square of : 

11. 12. 2^/8+5V6. 13. 2V6+3^/7. 

14. 15. 2V«^^^:p+6^/«s-y=. 

303. Rationalisation. If two surds be such that their product 
is rational, each of them is said to be rationalised when multiplied by 
the other. Thus, 2 n/5 and »/3 + ij2 are rationalised when respectively 
multiplied by ,J5 and 

for 2.y5x ^5=10, 

and U3+ ^/2KV3- ^/2)=3-2=l. 

Two binomial quadratic surds which differ only in the 'sign which 
connects their terms are said to be conjugate or complementary to 
each other. Thus, ^/3+^/2 and 2J5~J7 are respectively conjugate 
(or complementary) to J3- J2 and 2x/5+ ijl. 

Evidently, therefore, every binomial quadratic surd is rationalised 
when multiplied by the complementary surd. 

Hence, a fraction with a binomial quadratic surd for its denomina- 
tor can be easily reduced to an equivalent fraction with a rational 
denominator. ^ 

Kvamp iff 1. Given <y/2»l’4M, find to three places of decimals the 
value of 

1-J- J2 (1-1- V2X3-I-272) _3■^3^/2+2^/2+4 
, 3-2V2“(3-2V2X3-f2>/2)“ 9-8 

«= 7 + 5 V2 = 7 -I- 5 X 1-414 = 7 -1- 7-070 = 14-070. 


Example 2. Rationalise the denominator of 


The given expression 


(~^T+a®+^7r-®®)[<7r+»®^ 

(l■^a:®)-l•(l-a;®)-2^/l-a:* 
(l-l-a:»)-{l-®®) 

2-2^/^^ 1- 
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Example 3. Simplify 

The denominator=5\/3-2x2^/3— 4\/2+5^/2= ^/3+ ^/2. 

Hence, the given fraction 

3+^/6 _ (3+^/6X^3-^/2) 

“Vs+Va Q3+;5^(73^^ 

_ii/3+3v^^/2-2V3_ /o 

Q _0 ' VU- 


Example 4. Simplify 
The 1st term 

*/§_— — o /q_ /R 

^3(1+ ^2)" ^/2+l■■C^+l)(^/2-l) 

The 2ncl term 

4^/3 2^/6 2;^6(J8-1 ) 

" s/2{,,/3+l)" V3+1“(V3+1)( V3-1) 


,2(3a/ 2^6)^3^2- ye. 

•<5 \ 


The 3rd term 


— ^/6 _ y6( y3~ y2) _ q /o _ O /q 

, 72+ y3~cy3'+'72l(y3- y2)"^ 

Hence, the given expression 

=(2^/3- y6)-(3y2- y6)+(3 y2-2y3)=o. 


EXERCISE 112 

Reduce to an equivalent fraction with a rational denominator : 

, 5^3+ y? „ 3y2+2y3 „ 4+3y2 4 3yo+_y3 

4'y3+2y7 372- 2 ys' *• 3-2y2 'ys-vs' 

_ ya+a;+ ija-x „ ya:®+I" y®®-! „ 1 

i+ya+yB' 


Given y2=l'414, 
decimals the value of : 


8 . 


72+1 

72-1 

3 

75- 72 


y3=r732, y5=2’236, find to three places of 


9. 

12 . 


— T i-. ' 

2- 73 

3+ys 

3- 75 


10 . 


13. 


8-57 2 

3-272 

75+ 73 
1+;^“ 


11 . 
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Simplify : 

-i* 

ifi »y2( ^y s + 1)(2 ~ ij B) 

• U/2-1X3V3-6)(2+ 'ijzy 

18. (3+2^/2)-® + (3-2^/2)-^ 
19 a-Jx^ 


■tIL JO 

JS)+;/sjb+ V46- - s ^- ,/gb’ 

17 ^ 

73+75=^' 


ftrt 7a;°+l+ 7g^-l . + 

7a;® + l~ V®*-1 7a:®+l+ \/®®-l 

Bationalise the denominator of : 


21 . 


1 

S/3+V2‘ 


1 

TWITS' 


20i. The square root of a rational quantity cannot be partly 
rational and partly a quadratic surd. 

If possible, let s/n=a+ Jm, 

Then, squaring both sides, we must have 

n’=a~+m+2aijin, 

, , n—a^—m 

WllGIlCOi 2 ^ ' • 

Thus, a surd is equal to a, rational quantity, which is impossible. 


205. If a+is/6=<x+»/3», where a and a: are rational, and ^/5 
and hly are irrational, then will a-x and &=y, 

or, if a be not equal to x, let a=a:4-;» ; 
then, we have x+m+ Jb=x+ ^jy, 
m+ Jb= Jy. 

Thus, tjv is partly rational and partly a quadratic surd, which is 
impossible by the last article. 

Therefore, a=x, and consequently »/b^ ^Jy, or, i=y. 

Note. It sliould la distinctly borne in mnd that the rcsulla proved above are 
true only when tjb and >Jy are resUy irrational. For instance, from the 
relation 5+ ^/9=3+ ^/K, uie cannot conclude that 5 = 3 and 9 = 25. 

1—24 
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208. To find the square root of a+^b, where >Jb is a surd. 

. Lot >Ja+ ^b= */x+ s/y. 

Then, squaring both sidos, wo ha%'^e a+ \Jb=x+y + ^J xy. 

Hence, by the last article, 

a<=x+y_\ _ . ,, 

and Jb = ^Jxy] 

Hence, a^-b={x-¥y)"-A^xy~{x~y)--, 

■Ja^ -b = x-y- 

Thus, we have x+y—a 1 

and x~y= Ja^-b J 

Hence, by addition and subtraction, 

2a;=a+ Ja^-b, and 2y=a- Ja^-b ; 

fl?=4(<z+ -Ja^-b), a,ad y=i(a- Ja^-b). 

Thus, Ja-¥ Jb= ^a^-b)+ \ja'‘‘'~-b% 

Note. From the vabtes of x and y found above it is clear that unless ./o'* -6 
IS 1 ational the square root obtained is by far more complicated than the original 
cxpressio7i. Thus, the process given above is of no great practical value except lohtn 
o'* — 6 is o perfect square. 

Cor. E^om (Ij, wo have a - ^/b,- x+y-2 ^/x^^= ( V® - ^2/) “ : 

. • .Jo> ijh“ \/x~~ .Jy, 

Thus, if Ja+ijb^ijx+rjy, then will >Ja-^b=iJx-tJy. 

Example 1. Find the square root of 7 + 2 JW. 

Lot .j7 + 2i,jW’= .Jx+ ,Jy. 

Then, squaring both sides, 7+2^/l0=®+y+2 >/®y. 

Hence, x+y= 71 

and ®y=10 j 

Those relations are evidently satisfied by the numbers 5 and 2. 
Hence, the required root = Vo + V2. 

Example 2. Find the square root of 19-8 V3. 

Let V19-8V3= V®~ Vy. 

Then, 19-8 V3=®+y-2 V^. 
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Hence, a:+y=19 ... ' (1)1 

and . 2 = 8 ^/3, or, oiy = 48, .. (2) / 

Now, (1) and (2) are obviously satisfied by the mimbers 16 and 3. 
Hence, the required root= JlQ- J3=i- J3. 

Example 3. Find the square root of 16 — 6^/7. 

Hot Vl6 - 5 s/7= ^/a: - Jy. 

Then, IG-SJI^x+y-QJxy. 

Therefore, x+j/=16 \ 

and 2s/xii=3aJ71 

Hence, (x-y)‘=(x+ y)- - 4xy = (16)“ - (5 >J7)‘ 

=256-176 =81; ' 

x-y<=9. 

Thus, we have a!+i/ = 16 1 

and x~y=2 J 
Hence. x^--^ and i/=t. 

Thus, the required root= 

Example 4. Find the square root of ^/37 + ^/l5, 

y§?+ ^/iS=3^/3+ ^/3.^/6= ^/3(3+ ^/5). 
Hence, ^/ is/27 + J SlTTS. 

Now, proceeding as in the last example, we find that 
s/3^r^= ^/I+ 

Therefore, J J27 + Jlb = ^/5 + ^/|). 


Example 5. 


Find the valuo of 

l + g 1- ic ^ 

l+«yi+a: I- Jl-x 


when 


... . . . .f . »J3 2+ \/3 4+2^/3_ 

We have 1+®=! + -^=— 2 — = — 

, J3 2- J3 4-273 
and 1-®=!-*^- =— 2''-= — j^= 



Hence, the given expression 

J(2+73) . i(2-7S) 2+73.2-73 

“i+^(73+i) i-i(73-i)“3+ 73’^3- 73 
(2+ 73)(3 - 73)+(2 - 73)(3 + 73) 
(3+jW^^3j^ 
(6+73-3)+r6-73-3) 6 , 

“ 9-3 “6 
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Example 6. Find the valae of 

®+ Vl+aj® 2\V 6 V fl/ 

_2fl^/I+P 2oVi+F(®- vr+®^) 

®+^/i+a:“ a;*-(l+a;“l 


[chap. 


“ - 2 a»A/l+»“+ 2 fl(l+a 5 ®). 

Uow.smo. '“KVf-yf)’ 

■■■ 

Hence, the required value 

--S!«.|(f-|)+2a.|(f + 1 + 2 ) 


EXERCISE 

Find the square root of : 


113 


1 . 

5. 

9. 

13. 

17. 

20 . 


4-2V3. 
14-6^/5. 
41+12 ^/6. 
47+4^/33. 

Simplify 


2 . 

6 . 

10 . 

14. 

18. 


7 +4 s/3. 3. 

28+10V3. 7. 
37 - 20 s/3. 11. 
4 -s/7. 15. 

s/27+ s/2l. 19. 


11 -6 s/2. 

21 -8 s/5. 
31+4 s/ 2I. 
6- s/35. 

5 s/ 6 +s/i 20 . 


4. 

8 . 

12 . 

16. 


2+ s/3 


>::+■ 


2- s/3 


21. Find the value of 


22. Find the value of 


s/2+ s/2+ s/3 V2“ s/2— s/3 

1+a; , 1+® 


l+s/l+® 1+s/l — ® 
s/a+a;+ Ja—x ' 


■I when 
2a5 


8+2s/l5. 
17+12 s/2. 

73 - 12 s/^. 

s/i 8 -s/l 6 . 


2 


/ ■ ■ ■■ 7 = — > when ® — 7,2 . 1 ■ 

va + a:“»/a— a: ® 



XXK.] 


ELEMENTABY SEEDS 


873 


Find ihe square rooti of : 

23. o®+2a;7S5^. 24. 2a-\-2jd^'-b^. 

25. a+!E+ ,y/2aa:+®*'. 26. 2a;-l+2^/a!®-®-6. 

27. a!+j/+z+2.yira+i/r. 

207. Equations iiivolving Surds. 

Example 1. Solve .y^+B = Jx +2. 

Squaring both sides, we have a;+12=®+4+4^/^B. 

Hence, 4»/a=8, 

or, V®=2 ; ®*=4. 

Example 2. Solve 2(®+2)=l+ s/4a:“+9«+14. [0. U. 1877.] 

By transposition, wo have 2a:+3=» ,y4x‘-+9x+14. 

Squaring both sides, 4x®+12®+9=4a:®+9a:+14, 

or, 3a!=5 ; ®=f. 


Examples. Solve Va+6+ 

By transposition, V«+6 = ll- -Jx-b. 

Squaring both sides, a + 6 = 121 - 22 Jx - b + (« - 6) j 
. 22 Jx-b = 110, [by transposition] 

or, ^/a-5*»5 ; .'. *-5=26; ®=>30. 

Example 4, Solve v/s“+ll®+20- s/®*+6x-l = 3. 

[0. U. Entr. Paper, 1881.] 

By transposition, v'a:’’+lla: + 20 = 3 + >Jx*-\-5x-l. 

Squaring both sides, a;* + 11® + 20 =• 9 + (®® + 6® - 1) + 6 V®“+5®-l, 
or, 6®+12=6 V®®+5a:-l, 

or, *+2= Jx*-^bx-l ; 

.'. ®®+4®+4=®*+5®— 1, whence ®'b5. 

Example 5. Solve =■ 1 + 

Since S®— l=(iy3® + l)( V3®~1) ; 


3®-l 

V3®+1 


^/3»-l. 
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Hence, from the given equation, we Iiave -1 = 1+ 

2 


or, («y3a:-l)(l-4)=l. 


or 


. VSa;-! -, 

■ 2 


or. 


[by transposition] 
J3i-1 = 2, 


or, ^/3i = 3; .3a:=9 ; j:=3. 

Example 6. Solve ^Ja+x + %fa—x = b. 

Since {\/a+x+ - a:)® 

=(fl+®)+(a — scj+S^fl^ — a:®{®/fl + a; + — a:} 

= 2(2 + 3j,/n“ —nT-b, 


therefore, cubing both sides of the equation, we have 



Example ?• 


Solve 


g-S j ic— 26 _ 4a:-5 

Vg+1-3 a/»^ + 5 'jii^l + 2 


_ a:-8 fe - Sir >/g+ 1 + 31 

>/£+1-3 (»+1)-9 


^/ g + 1 + 3 i 


,3 (g — 26)(iy g — 1 — 5) 
A/g-l + 5 (®-l)-25 


Jx-1~5 


--5 (4g -5)(^/4g-l-2) 

V4a;-l + 2 (4g-l)-4 


Hence, fi’om the given equation, we have 

(v'g+i + 3)+(v'^-6)= ^/4g“-i-2^ 
or, \/» + l+ n/®-1 = 

(g + 1) + (® - 1) + 2 V®* -1 = 4® - 1, 
or, 2 ^/g“-l-=2g- 1, 
or, 4(®"-H=4ir“-4!r+l, 
or,- 4fl:e=5:' g^l. 
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Example 8. Solve ^/2a:“+9+ ^2®°-9=9+3 77, 

We have, for all values of a, (2a;®+9J-(2a:®-9)=18, andhenoa, 
this relation is also true for the particular value which a. has in the. 
given equation. 

Therefore, the required value of a will also satisfy the equation 
(2^->j)-(2a2-9 ) 18 

72a^+9+ 72a® ^ 9 + 377’ ' 

or, 7 ^^+9 - 7 ^‘^-9 “ ® ® 

Adding together the given equation and this, we have 
2 72a^+9=18, or, 72a®+9=9; 

2a® +9=81 : a®=36; a=6. 

EXERCISE 114 


Solve the following equations : 


1. 

7a+7=l+ 7®- 

2. 

V3a:+16'= ^/3a^•f2■ 

3. 

7®+9‘=i+ 7®. 

4. 

\/3a!+4* 

5. 

7^+10'= 76a+2' 

6. 

7®— 16+ 7®=8. 

7. 

72a+9+ 72a=9. 

8. 

7®+ii~ 7®=i. 

9. 

V8®+33'"3^2 -^2®- 

10. 

®+ 72o®+®®=a. 

11. 

a+<i+ 72aa+a®=5. ' 

12. 

7®-4+3= 7®+ii. 

13. 

7®— 6=6- 7®+7. 

14. 

7®+9— 7®+2=l. 

15. 

73®+l- 73®-ll=2. 

16. 

76®+6+ 75®-14=10. 

17. 

77®+4+ 77a-12=8" 

18. 

7®®-8a+5- 7®®“®+l=l* 

;9.. 

®-l 4.7®-!, 

7® + l 2 

20. 

o®-l . 7aa— 1. 

7ca+l 2 




[0. TJ. Bntr. Paper, 1885.] 

21. 

7oa+5 c 

: 22. 


23. 

74a+®~ 7®+®.=27® 

-2a. 
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26. 

28. 


*y®+o+ 27. 
tjx— */l— s'”!* 29. 


«y«+2 “ 7a!+40' 

^/®+ iJQ — 


80. Vl-a:+ ./l~a:+ 1 ^/ 1 +®= Vl+a- 


31. ^ Va+a:+ ^ >/o4-a:= g V®- 

32. 5/® + 8 = ^Vx“ + 64® +36. 

33. (l+s)^+(l-s)^=2i [0. U. Bnfcr. Paper, 1885.] 

84. (a+x)^+(a -®)^=3(a® 



HR ^~^7 ■ g-19 4® -124 

-^*+2-7 ^1-3-4“* V4®^-ll' 

' 2®-49 . 18X+22 _ 81+191 

V2I+15-8 -v/18®+31 + 3 2V2£+5i-5' 

38. ®>= Vo®+®.y5^4.a;* — a. 39. 'y®®+9+ i^®®— 9=4+ is/S4. 
40. ^/3^^+T6-^/^p■^6=8-4^/2. 


CHAPTER XXXI 

EVOLUTION : SQUARE AND CUBE ROOTS 

208. Evolution. The process of finding the roots of quantities 
is oalled Evolution. 

Thus, evolution is the inverse of Involution. [Art. 127] 

209. The ordinary method of finding the square root of a 
compound algebraical expression. Prom our previous knowleage or 
formulsB the following results are obvious ; 

{a+h)°=a®+( 2 o+h)& ; 
(o+6+c)*=a®+(2a+i!))6+(2o+2b+c)c ; 
(a+6+c+d)»=o’'+(2o+h)h+(2o+2h+c)c+(2o+26+2c+d)d!; 
and BO on. 
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Clearly, therefore, we must have 

(aaj® + hx+o)^= a®®* + (2or® + ha;)hx + (2o®® + 2&x + c)c, and this latter 
when arranged according to the descending powers of x, 

^ = a®®* + 2a6®® + (&® + 2ac)x® + 26cx + c® . 

Now, if it is proposed to find the square root of the ahove expres- 
sion, let ns see what means we hare of discovering successively the 
several terms of the root. 

The first term of the root, viz., ox®, is evidently the square root of 
the first term of the given expression which is o®®* ; 

if we subtract o®®* from the given expression, the remainder is 
•{(2ax®-f-6x)hx-(-(2ax®+26®+c)c], in which the term containing the high- 
est power of a, =2flx®xix, i.e., = twice the first term of the root tnfo 
the second term ; this enables us to get the second term after having 
obtained the first ; 

if now from the above remainder we subtract (2ax® + hB)6x, the 
second remainder is (2ax® + 26® +c)c, in which the term containing the 
highest power of ®, =2ff®®xc, i.e., “twice the first term of the root 
into the third ; this shows bow to get the third term after having 
obtained the first and second. 

Thus, we are furnished with a clue for successively discovering the 
terms of the expression ax° + bx+c when its square is given. 

The operation may be performed as follows : 

a®®* + 2a6®® + (6® -1- 2ao)®* + 26c® + c® /a®® + bx+c 

g®®* \ 

2a®® + bx \2a6®® + (a® + 2ac)x" + 26c® +c® 

/ 2o6j* + 6®®° 

2o®® +26®+cl2ac®® + 26c®-t-c® 

} 2acx‘ -h^bcx+c^ 

(1) Find the square root of a®®*, the first term of the proposed 
expression, and set it down as the first term of the required root ; 

(2) subtract a®®* from the given expression, and bring down the 
remainder 2o6®®-h(6®+2oc)®®+26c®+c® ; 

(3) set down 2a®®, f.e., twice the first term of the root, on the left 
'of the above remainder as the first term of a divisor ; 

(4) divide the first term of the remainder by 2a®® and set down 
the quotient, 6®, as the second term of the root and also as the second 
term of the divisor ; 

(5) multiply the divisor thus obtained by the second term of the 
root and subtract the product from the first remainder ; 
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^(6) bring down the second ’ remainder 2acx"+2bcx-TC~ and put 
2®®“+2ia; {i.e., twice the sum of the two terms of the root already 
obtained) on the left of this remainder for the first two terms of a 
divisor ; 

(7) divide the first tenn of the new remainder by the^first term 
of the new divisor and set down the quotient, c, as the third term of 
the root and also as the third term of the divisor ; 

(8) multiply the complete divisor thus obtained by the third term 
of tlje root and subtract the product from the second remainder. 

After this nothing remains, and we obtain ax~ + bx-i-c for the 
required root. 


Note. The expression considered above stands arranged according to descending 
powers of X. Similorly, erei y expression of which the square lool is sought must le 
arranged according to descending or ascending order of thepoicers of the same Utter. 


Example 1. Extract the square root of 

a:® + - 2a;* + ISa:® - 8® + 1. 

+ Sat* - 2a:* + 16a:® - 8® + 1 /x* + 4.r - 1 
a:® I 

2r® +Ir\fe*~2r'®'+16ir= -8®+ 1 
/ at* +16i;® 

2r® + 8a:-l\ -2a:® -Sr+l 

I -2a:® -8a-+3 

Thus, the required root'=a;®+4a:-l. 


Example 2. Exti-act the square root of 

X* + 2(2/ + s)®* + (3y ® + 2j/r + 3z-}x- + 2{y® +y"z + yz- + a®)r 

+2/*+2i/®r®+s*. [C. U.18S8] 

The given expression=x*+2{iy+^)a-® + (3y® + 2ys+32®)x® 

+2(y 

which stands arranged according to descending powers of x : so we can 
at once proceed thus : 

+ 2(y+z){y-+z-)x+(‘ir+z")- {x--r{y+x)x 
x^+2{y+z)x^ + (2ir + 2tjz+3z~}x- \ 

X* 


2a;" +(?/ + 2)» \2(t/+2)®®.+f3y®+2ys+33®Jx® 

/ 2(i/+2)x® + ( v®+2?/z+ z-]x^ ^ 

2® ® + 2 ( 2 / + z]x\2{y~ + s‘-).7!* 4-2(y + ® + 2 ®)x + (v " + 2 “)“ 
+ (y® + g®l/ 2(y® + 2®)®® + 2(g +2l(»® + z~)x+ (y® +£ ~)- 

Thus, the required root=®®+xy+.'rr+y® + s®. 
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Example 3. Find the square root of ^ + 4a;“ + ^ ^ — 2r® - 

[0. U. 1889] 

Arrange the expression according to descending powers of x and 
Uicn proceed thus ' ^ 

4 


a ® - 2n;\ - Sr® -f 4a:" 

I - 2a;® + 4a:® 

3 1 3 3^9 

ga;® 4aa‘ o® 
3 ~ 3 9 

Thus, the required root=^ — f ' 


Example 4. Extract the square root of + 

The expression when arranged according to descending powers of .v 
stands thus : 


4p* V~ 



for note the indices of the powers of x in the successive terms are 
respectively 4, 2, 0, -2 and —4, which numbers evidently are in 
descending order of magnitude. Hence, we proceed as follows : 


,,,7* + ^+ 3 +^ i .+ 
4y y ® 

X* 


iv*l a" 

X* 2 %j- 


+ 1 + K 

a 






+3 


?-;+i 


^:+2+?s)2+^^+i^: 

«•’ X~ I X X 

s+M+iv- 

x~ 2ii“ 

Thus, the required root =^j+l+-pj- 



380 


ALGEBRA MADE EAST 


rOHjp. 


Example 5. IDxInracfi the square root of 

a:^ - 2a” ® a; ^ + 2tt^a:® + a” ®aJ^ - 2a®a;s + a®. [C. U . 1880] 

Let us proceed by arranging the expression according to descending 
powers of x, thus ; 

-fl jL< -Ay a ' t 1 4. A a/ _a 1 a a 

a ®a:® -2o “x^ +a;®-2o®s^+2a®a:“+a®j o ^x^-x^-a^ 

-a ij 
a ^a;® 


_a 3. A\ 
2a ®a:®— a:®j- 


^ _A u a 
2a ®a:® +a:® 
XI a 
— 2a ® +a;’ 


2a"®a:® - 21 ® - a® ) - 2a®a:^+ 2a^a:® + 

/ XX X 4. a 

— 2a®a:® + 2a®a;® + a® 

-a X 4 - 4 

Thus, the required root=a ®a;® -a;® -o^. 


EXERCISE 115 
Eind the square root of : 

1. 4a:®2®+12a;ya+9y®. 2. ®*-4a;®+10i®-12®+9. 

3. a:" -2a:* +2®®+ a:®- 2a! +1. 4. 4®*-12a:« + 25®®-24a:+16. 

6. 4s*+8oa:»+4o®®® + 16&*.'B®+16ab®®+166*. [O-U.18Y0] 

G- 9®* - 2®®y + - 2xy® + 9j^*. [0. U. 1874] 

7 _ q-.8 1, ■■ ,1, ,1 ■ 

7 . ® 2 ® +-^- 2 +^g 

9. ®*+ 4-2+4®-®®+^- 
®- 4 

a® a. 46= ,,46 
4p- 6+^“^+a 

13. 4®*-8®®2^=+4®2/®+ff®. 


15 . + 

®= V ® 

17. ®®-2®’^+3®-2®^+l. 


8 . — |~-^-^“+ 49 ®*+ 9 . 

10 . ‘^“+^ 2 + ^*+^- 2 - 0 ®. 

X a i X 

19 ?»:_§? 4. 101 _i5. 4.^“ 

®= 5®’*' 25 15a'*'9a®' 

■14 49®= , v= 42® 6)/. 7 

ifi 0.^ _20® . _9jr_15v . J®;. 
16. 25^ ^+1^ 2®^49y= 


18. ®^— 4®^-i-2®+4®^+a;^. 

19. a=®‘=+2a®"^ + a"=®=+3-t-2a"^®. 

20 . x^+xjr^~2x^y'*-2x\^+2x^y^+y. 


5 9 - 


21 9?° 5 1 179®=V ._ 4®^y- 4®v=. 

21. ^ 0® y + 3 T 25 

22. a®”‘-4o"’+"+4a=". 

23. Oa®” -h 6®®"+^ + 25c®”-* - 30a”o"-® + o*"+® - 10a®*^‘c"-®. 
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210. Extraction of square roots by the application of the 
formula o®±2o6+6®=(c±b)“. 

^ Example 1. Find the square root of 4-4e+26+c°-6c+ j- 

[0. U. 1876] 

The given expression, arranged according to descending powers of b. 
-b(c— 2)+(c®-4c + 4) 

.{I 

Therefore, the required root= -c+2. 

Example 2. Extract the square root of 

The given expression 

'=(®‘‘’+|a)"-^(®“+ia+2) + 12 
-(®"-+Jg)“-4(®“+i)+4=(x“-2 + i)“. 

Therefore, the required root=a!“-2+j5- 


Example 3. Extract the square root of 

,a* + h*-2a®6“ a-b 


[C. U. 1886? 


The given expression 

(a® +8“)® . Aah (a® + 6®)®+4a6(a®-ft*) 

of which the nunierator={(fl®-h®)®+4a“6®}+4o6{o®-6“) 
= (o® — 1>®)® + 4oh(a® -b^)+ ia^b* 
=Ko"-&')+2a6p: 


the given expression 
Therefore, the reqffired root 


(o®+2a6— i®)® 

a®+2ab-h® 
■~^h® ■ 
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Example 4. Extract the square root of (a6 + ac+6c)® -4fl6c(a+&). 

[C. U. 18831 

Tlie given expression , 

= \b{a + c) + aej " — 4alfc[a + c) 

= b-(a + c)‘“ + a°c~ - 2abc{a + c) 

= jf)(a + c) - ac\" = (ab -ac+ be)". 

/ 

Therefore, the required voot—ab-ac + bc. 

Example 5. Extract the square root of 

a*+b^+e^ + d*-^a- +c-^b- + d") + 2a“c= + 

Arranging the given expression according to descending powers 
of a, we have 

ffl* - 2aW +d"-c-)+\b^+c*+d*- 2onb- + d^) + %"d^, 

and the expression within the braces arranged according to descending 
powers of b, 

=b*-2bHo^-d")-i-{.c*+d*-2o-d-) 

Hence, the given expression 

= ffl* - 2a''(&“ -c" + d")+ib--c"-+ d"-)^ 

={a=-{b--c"+dn\- 

={a"~b"+c’‘-d")^ 

Therefore, the required root = a® — + c® - rf“. 

Example B. Eind the square root of 

4{(o® - b")cd - ab{c" -<Z®)}® +{(a® - &®)(c® - d") - 4fl&cd}®. 

The given e:^pression 

= 4{(a= - 6®)=c=d® + 2abcd{a= - &®)(c= - rf®) + fl®f>®(c= - d®)}® 

I +{(a® - 6®)®(c® - d®)® -8(i&cd(a® - &®)(c® - d®) +16(i®6®c”d®} 

={4(a= - b-)"e^d- + 4a=&=(c= - d®)®} - |(fl® - &=)=(c® -d=)® 

+16a®f»®c®d®l 

=(a® -6®r{(c® -d®)® +4c®d®{+4a=&®Kc= -d=)®+4c®d®} 

={(a® - &®)® +4a®6®}Kc® -d®)® +4c®d®} 

=(a* + 2a®6= + &*)(c^ +2o®d= +d*) 

=(a= + &®)®(c®+d®)®. ^ 

Therefore, the required root=(o®+6®)(c®+d®). 
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EXERCISE 116 


Find the square root of : 

1. 25E®y'’-40a!j/+16. 2. 49a®a:*-42a6''r®+96*. 


3. 49fl«i®+126fl’6’+81a®f)“. 

- 25a®6®^c* 5a6c= 

^ ~r +'9-~3~- 

7. a“ + i®+c‘‘‘-2ai) + 2afl — 26r. 


4. ‘ 

6- a‘“ + 6® + c®+2o&+2ac+2&c. 

5. 4a® + i®+9c®+66c-12ac-4a&. 


9. a*+4:b* + 9o*+4a’‘b^-6aV—12b“c°. 

10. 4a* + 9i* + 25c* - 12a®5= + 20a®c® - 305®c“. 


11. 

®® +‘^-5®+^- 

ab 2ax 
3'^ 3 ' 

12. 


13. 

®*+/, + 2(®®+i 

'■h 

14. 


15. 

1/® a:" \ 9 ® , 

|^/2+2i. 

16. 

9®®, a® „® 2a, Q 

a" y®** a 3x 

17. 

»'+ji+4(»+;) 

+6. 

18. 



19. a® + 6®+c°+fl!®-2a(5-c+<?)-2fc(c-rf)-2cd'. 

20. (a - b)* -2(a-+ 6=)(a - 5)® + 2(a* + 5*). 

21. o* + 6* + c* + d* - 2a®(5® + - 25®(c® - d®) + 2c“(a= - d®). 

22. o*+2a®-a+J^. 

23. 2a®(6 + c)® + 25®(c + a) ® + 2c®(a + 6)® + 4a6c(a + 5 + c). 


211. The ordinary method of finding the cube root of a 
compound algebraical expression. 

Evidently, we have (ax^ + bx+ c)® 

= (ox® + 6®)® + 3(aa:® + bx)^c + 3(a!i:® + 5a:)c® 4- c® 

= a®®® + 3(a^x*Xbx)+3{ax^Xbx)^ + (5®)® 

+ 3(o®® + 5®)®c + 3(a®® + 5 ®)r® + c® . 

Hence, if we are asked to find the cube root, of the above expression 
we see that we have the following means of discovering successively the 
several terms of the root : 

The first term of the root, vis , a®®, is evidently the cube root of 
the first term of the given expression, which is a®®®. 
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H we subtract G®a;° from the given expression the term containing 
the highest power of x in the remainder is S{a“x*){bx), i.e., equal to three 
times the square of the first term of the root into the second term ; the 
second term is, therefore, discovered. 

If from the above remainder we now subtract {3(o®a:*)+3(aa;®)(6j;) 
+ [bxyi{bx), the second remainder is 3(«a;" + 6i)'c+8(aa;® + 6a:)c'+c* ; 
the term containing the highest power of x in this remainder is 3a®a:‘c, 
i.e., equal to three times the square of tire first term of the root into 
the third. 

Hence, the third term is discovered. 

If from the second remainder we now subtract 53(fla;®+ia:)' 
■h3[ax~+bx)e+c"}c, nothing is left and we obtain the required root 
^ax^ + bx-hc. 

Let us illustrate the process by an example. 

4 

Example. Find the cube root of 

x^~6x’]/+ 24x*j/‘ - + 961®!/* - 96a:y ® + 64j/“. 

The given expression stands arranged according to descending 
powers of x ; wo need not, therefore, change the order of the terms. 

The second term of the root, vis., -2xy as shewn on the next page, 
is obtained by dividing -6a:®y by 3a:* {i.e., three times the square of the 
first term). 

Then, the divisor, 3x* -6a:®y+4a:®y®, is formed as shewn on the 
next page. 

The product of this divisor by (—2x7/), viz., — 6x®p + 12 x^ 1 /® -8x®i/®, 
is now subtracted from the expression which stands above it and the 
remainder is put down below the line. 

Now, take three times the square of the part of the root already 
obtained and put down the result, 3x* — 12x°y+12x"ir, as part of a 
divisor. 

The third term of tho root, viz., iy", is obtained by dividing 12x y , 
the first term of the remainder, by 3x*, the first term of tho divisor. 

The complete divisor is then formed ns shewn on the next page, 
and the product of this divisor by the third teim of the root is sub- 
tracted from the expression which stands above it. 

As no remainder is now left, we find the required root 
^x‘—2xy+iy°. 
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EXERCISE 117 

Find the cube root of : 

1. a:®+27a:°+243a:+729. 2. 27a:®-216a:®+5762:-512. 

3. 64a“-144o=6+103fl6®-27i”. 

4. 33«*-36a:+a:“-G32:‘*+8-9x''+66a:=. 

5. 8®® + 12®= - 30®* - 35®= +45®= + 27® - 27. 

6. 1 - 9®= + 33®* - 63®« + 66®® - 36®^® + 8®' =. 

7. c® - 63c®®® + 8®® - 9c®® + G6c=®* - 36c®® + 33c*®=. 


CHAPTER XXXn 
RATIO AND PROPORTION 
Ratio 

312. Definitions. The rafoo of one quantity to another of the 
same kind is defined to be the abstract number (integral or fractional) 
which expresses what multiple, part or parts, the former is of the latter. 
Thus, 

since 2 hours is a portion of time which is three times as large as 
40 minutes, the ratio -of 2 hours to 40 minutes =3 ; 

since a length of 9 inches is a fourth part of 3 feet, the ratio of 
9 inches to 3 feet= J ; 

since the sum of £1. 4s. is obtained by dividing 18s. into 3 equal 
parts and taking 4 of those parts, the ratio of £1. 4s. to 18s. ; 

and so on. 

Hence, it is clear that the ratio of one concrete quantity to another 
(of the same kind) is a fraction, of which the numerator and deno- 
minator are respectively the measures of those quantities {referred to one 
and tlie same unit) ; and the ratio of one abstract quantity to another is 
a fraction, of .which the numerator and denominator are respectively the 
quantities themselves. 

The ratio of any number a to any other number b is usually 

expressed by the notation a :b; thus, a : b is the same as ^ • The 

quantities a and b are respectively called the antecedent and the 
consequent (or the first term and the second term) of the ratio a:b. 

A ratio is called a ratio of greater inequality, of less inequality or 
ot equality, according as it is greater than, less than or eqtial to 1. 
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Note. Since a latio is only a fr^iott, (here is no difficulty m seeing that the 
: . ^dlue of a ratio remains unaltered if its terms be multiplied or divided by the same 
mtmber , Thus, the ratios 8 : 4| 6 : 8, IS : 20 and Sk : in are egual to one another. 
Hence, also two or more ratios can be easily compared mfh one another ; for instance, 
the ratios 2 ; 3, 4 : 5 and 7 : 10 being respectively eguivalent to 20 : 30| 24 : 30 and 
21 : 30, we see at once that the second of them ts the greatest and the first the least. 

S13. A ratio of less inequality is increased and a ratio of 
greater inequality is diminished, by adding the same number to 
both its terms. 


Let ^ be any given ratio, and let be the new ratio formed 
by adding x to both its terms. 

mi a+a? a _ xlb—a) 

b+x ~i~W+x)' 

and, therefore, it is positive or negative according as a is less or greater 
than b. 


Hence, i{a<b, |±| > g ; and if a > 6, fg < f ; 
which proves the proposition. 

Note Similarly, tt can be proved that a ratio of less inequality is diminished 
and a ratio of greater inequality is increased by subtracting from both its terms any 
number whim is less than each of those terms. This is left as an exercise for the 
student. 


214:. Gomposition__ of Bafios. The ratio of the product of 
the antecedents of any number of ratios to the product of their 'conse- 
• quants is called the ratio compounded of the given ratios, 

Thus, the ratio compounded of the three ratios. 

8:4, 8:9, ' 2x:3y 

is 3 X 8 X 2® : 4 X 9 X or, 4» : 9j/. 

When the ratio a : h is compounded, with itself the resulting ratio 
a" : 6® is called the duplicate ratio oia: b. Similarly, o® : 6® is called 

the triplicate ratio of o : 5 ; : b^ is called the sub-duplicate ratio 

of a :b; and is called the sub-triplicate ratip of o : 6. 


215. Approximate values of Ratios. If x is very small 
compared -with a, to show that the ratio (o+»)® : a®, is' approximately 
the same as < 1 + 2 ® : a. ■ • ’ 


, (a+®)®_a®+2a®+»®_i , 2® , a® 

We have = 1 +-5: 

' 2*5 

and approximately =1+—' 

Of \ 

ci’nne %{ which= - X - ) is Very small compared with ^.and- smaller 

d \ Cb Ct I ^ ® . 

still than 1 . 
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Thus, approximately we have 


(g+z)* 


j 2z^ g+23 ! 
a a 


( 1 } 


Cor. !B!rom (1), we have Houce. if z is very 

small compared with a, we have 

Ja+x : ^/o=a+iz:g. 


Bote. By a similar mide of reasoning U can be shewn that when x is very 
small compared with a, (a+z)* : «*=o+3z r a ; (o'+x)* : a*=a+4x : a; 

a^=a+Js : a ; and so on. 


216. Incommensurable Quantities. If two quantities be such 
that their ratio cannot be exactly expressed by the ratio of two integers, 
they are said to be incommensurable quantities. Thus, and 2 are 
incommensurable quantities, since no two integers can be found whose 
ratio is exactly equal to <^3 : 2. 

Although the ratio of two incommensurable quantities cannot be 
exactly expressed by the ratio of two Integers, we can always find two 
integers however, whose ratio differs from such a ratio by as small a 
quantity as wo please. 

For instance, = •g6e02 

M f ^ 86602 , ^ 86663 . 

and therefore, > iqqqqq and < jqqqoo’ . 

thus, VS : 2 differs from either 86602 : 100000 or 86603 : 100000 by even 
less than a hnndred*ihousandth part of unity. A further approximation 
might evidently be arrived at by calculating the value of VS to more 
places of decimals. 

Note. Any number tohich cannot be exactly expressed as the satio of two whole 
nutnbers is also sometimes called incomminsurablc. From this point of vieto every 
stird is an incommensurable quantity, 

EXAMPLES 


Example 1* 7wo numbers are in the ratio of 2 to 3, and if 9 be 
added to each they are in the ratio of 3 to 4. Find the numbers. 

Since the numbers are in the ratio of 2 to 3, evidently we can 
represent them by 2z and 3x respectively. 

Hence, by the second condition, we have 
2z+9 ^ 

3z+9“4' 

Hence, 8®+36*=9z+27, whence z=9. 

Therefore, the numbers are 18 and 27. 
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Example 2. What is the ratio of x to y, if 
10® -1-% ; 5 ? 


We have 


9 

5 5x+2tf' 


10- r +3 


5*? +2 


Hence, 


46 ' 5 + 18 =* 50 -^+ 15 ; 

y y 


y 0 


Example 8- Which is the greater (® and y being positive) 
®®+p*:a®+p®, or, ®®+ 2 /®:®+y? 

®®+v® _ gy®+g®ff-2®°y® _ xy{x-yY , 

® ®“+y® x+y {«®+»*)(!»+y) (®“+i/*)(i+y) 

which evidently is a positive quantity, since (s-y)® is positive whether 
X is greater or less than y. 

Hence, ®*+y® ; > «®+y® ; *+y. 

Example 4 . Two armies number 11000 and 7000 men respectively ; 
before they fight, each is reinforced by 1000 men : in favoM of which 
army is the increase ? [0. TT. 1879] 

The new strength of the Ist army ; its original strength 
= 12000 : 11000 = 12 : 11 , 

whilst, the new strength of the 2nd army : its original strength 
=8000 : 7000 = 8 : 7. 


Now, since 12 : 11 = 84 : 77, 
and 8: 7 = 88:77; 
it is clear that 8 : 7 > 12 : 11. 

Thus, compared with original strength, the new strength of the 
second army is greater than that of the first. 

Hence, the increase is in favour of the second army. 


EXERCISE 118 

Which is the greater : 

1. 4:5or7:8? 2. 7:10orll:14? 3. 9:5orl3:8? 

4. 22: 27 or 32: 46? 6. 28 : 39 or 49 : 65 ? 
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Pind the ratio compounded of ; 

6. tt : 6 : c and c\d. 1. 3 : 5, 7 : 9 and 15 : 28. 

8. a+x : a-ffi, : (a+x)^ and (a® — a:®)® : o*— a;*. 

9. 16 : 6, the triplicate ratio of 5 : 4 and the - sub-duplicate ratio 
of 9 : 4. 


10. 25 : 18, the suh-duplicata ratio of 81 ; 49, the triplicate ratio of 
2 : 3 and the duplicate ratio of 7 : 5. 

11. If 2a!+5j/ : 3a!-h5j/=9 : 10, finda: : y. 

12. If a : i/=8 : 4, find the value of 5a:+9?; : 16x+5y. 

13. Two numbers are in the ratio of 7 : 8, and their sum is 135. 
Pind the numbers. 

14. Pind two numbers which are in the ratio of 5 : 3 and whose 
difference is 34. 

15. Two numbers are in the ratio of 4:5, and if 7 be added to 
each, the sums are in the ratio of 5 : 6. Pind the numbers. 

16. Two numbers are in the ratio of 7 : 9, and if 10 be subtracted 
from each, the remainders are in the ratio of 8 : 11. Pind the numbers. 

17. Por what value of x will the ratio 23-}-» : 19+a be equal to 2 ? 

18. What number must be added to each term of the ratio 25 : 37 
that it may b^ecome equal to 5 : 6 ? 

19. What number must be added to each term of the ratio 29 : 38 
that it may become equal to 4 : 7 ? 

20. What quantity must be added to each of the terms of the ratio 
a : b that it may become equal to c : <2 ? 

21. Show that if a > a:, the ratio a®-*® : fl®+aj® is greatertban 
the ratio a~x : a+x, 

22. Show that the ratio : a+& is less than the ratio 

a^~b~ : a-b. 


Pind approximately the values of : 

23. (226)® : (225)®. 24. V(3546) : ^(3542). 

I 

25. A, B, G are three school boys getting monthly allowances of 
Ss. 15, Bs. 20 and Bs. 25 respectively ; out of these amounts they respec- 
tively spend Bs. 8|, Bs. Hi and Bs. I5|^ per month. Which of them 
is the most frugal ? . . 
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Proportion 

217. Definitions. Pour quantities are said to be proportionals 
when the ratio of the first to the second is equal to the ratio of the 
ttird to the fourth. Thus, a, b, o, d are proportionals, ifo: 6=o:d. 
This IS often expressed as a : 5 : : c : d and is read ‘a is to h as c is to d’. 

» 

The terms a and d are called the extremes and the terms & and c, 
the means. The term d is also called the fourth proportional to 
a, b, 0 . 

Three or ruore quantities are said to be in continued proportion 
when the first is to the second as the second is to the third, as the 
third is to the fourth ; ‘and so on. Thus, a, b, c, d are in cgntinued 
proportion, when a\b=b : c=c:d. 

If three quantities, a, b, c are in continued proportion (a: by- b‘ c), 
then b is called the mean proportional between a and c, and o is called 
the third proportional to a and b. 

218. If a: b :: c ; d, then will ad= be. 

Since •5 = §, 

b d 

multiplying both sides by bd, we have ad=&c. 

Thus, if four quantities a^e proportionals, the product of the 
extremes is equal to the product of the means. 

[ConTetsel;, if (i(2=2ic, then a : t : . c : (2. This is obTions by dividing both 
sides of the equality by t(i.] 

Cor. If a :b b : c, then ac’=b‘ ; i-e., if three quantities are in 
continued proportion, the product of the extremes is equal to the square 
of the mean. 

Note. From the result above establishecl we can at once find a third prc^ortwnal 
to, or a mean proporhonal between two given qtumMies as well as a fourth proper- 
Uonal to three given quantities. 


EXERCISE 119 
Pind a third proportional to : 

1. 9,6. 2. 8,12. 3. 6,15. 4. 16,24. 

Pind a fourth proportional to : 

5. 6,8,15. 6. 14,24,35. 7. ‘OOW, r4 -02. 

Pind a mean proportional between : 

8. 4,9. 9. 7,28. 


10. 6,54. 
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219. It a: b::bic, then a : c : : a* : 6®, 

o „ 6 a a . 


Jor, 


b 


b. 

» — I 

c 


7 X — = V X r 1 or, 
b c b b ' 


a _q^ 
c “6*' 


Thus, if three quantities are in continued proportion^ the first is to 
the third in the duplicate ratio of the first is to th& second. 

Note. Similarly, if a ib=h : e=c : d, il can be easily proved that a : d=a ^ : i* 
which isdeft as an exercise for the student. 


220. It ii:b::c:d, then bia::d:c. 
i’or. 


b d’ •• ^ fc ^■**3' 


, b d 
whence, — 
a c 


Thus, if four quantities be proportionals, they are also proportionals 
when taken inversely. 


This operation is called Invertendo. 


a 

or, - = 


d 


221. It a: b ::c : d, then atcn b: d. 
a ^c. . a .^b _ 0 ^ 

Thus, if four quantities he proportionals, they are proportionals 
when taken alternately. 

This operation is called Alternando. 


222. Ita:b::c:d, then a+b :b:: 

f = 5’ 


c+d : d. 

a-i-b c+3 

S d" 


Thus, when four quantities are proportionals, the first together with 
the second is to the second as the third together with the fourth is to the 
fourth. 

This operation is called Componendo. 


223. 

i’or. 


lta:b::c:d, then a-bzb'. c-d ; 


a 

b 


c ■ 
d' 


h ^ 3 


or. 


d. 

a—b _ c-d _ 
b d 


Thus, when four quantities are proportionals, the excess of the first 
over the second is to the second as the excess of the third over the fourth 
is to the fourth. 

This operation is called Dividendo. 
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Cor. lfa:b::c:d, then a:a-b::c:c-d. 

a-b_c-d. . . b 


For, 

Henoa, 


"r- 


b V ffl „ 
a—b b c—d 


d 

^ x5, 


inversely, 


or, 


a-b c-d 
a ^ c 
a—b c—d 


Thus, when four quantities are ^proportionals, the first is to the 
excess of the first over the second as the third is to the excess of the third 
over the fourth. 

This ‘operation is called ConTertendo. 


234. Ita:b::c: d, then a+b :a-b:: c+d : c- d. 

a-irb _ c+d- 
b 


From Art. 222, 
IVom Art. 228, 


d 

a—b _c—d 
b d" 


( 1 ) 

( 2 ) 


Hence, dividing (1) by (2), 

fl, — o c — tt 


Thus, when four quantities are proportionals, the sum of the first 
and second is to their difference as the sum of the third and fourth is to 
their difference. 

This rasnlt is often spohen of as Componendo and Dividendo. 

Note. The result proved in this article is of great use in solving a certain class 
of equations. This will be illustrated in some of the following examples. 

Example 1. Solve 

Va+*“ 

By componendo and dividendo, we have 
2ija-x h-1 


„ a+x /6+l\a 5*+26+l 

= 6^+1 

Again, applying componendo and dividendo, 
2o 2(6’’+!) ' 

2®“ 46 

a(6®+l)=2a6; 


or, 


a _ 

X 


6®+l . 
■ 2b ’ 


6®+l 


Example 2. Solve 

1+6® l+2a®+a®®* 


We have 


/l+6®_l + 
Vl-6® 1- 


1+^ . 
ax ’ 


1-6® l-2a®+a®® 



39i 


ALGEBBA MADE EASY 


[CH4P. 


Hence, by componendo and dividendo, 

1 1+a-x- . 
bx 2ax 

b{l+a~x-)^2a, or, a"x~=^-l ; 



Example 3. Find the value of when 


’ From the given relation, we have 
X Sb 


or.A ® _ 2a 

2b~a+b 


2a a+b 

Hence, by componendo and dividendo. 


a;+2a a+3b 
x-2a b-a ' 
Hence, the given expreesion 


and 


a;+26 _ 3a + h 
x-2b a-b 


[A. IJ. 1892] 


^ -(g+3h) j 3g+b _ 2(fl-h) ._n 

a—b a-b a-b 

Note. For a different solution of (his example see Art. 171, Ex, 2. 


Example 4. If (fl+i+c+d)(a-5-c+d) 

=(a-h+c— d}(a+&— c-d), show that a : b 1 1 c : d. 
From the given relation, we have 

a+b+c+d ^ a-b+c-d 
a+b-c-d a-b-c+d' 

Hence, by componendo and dividendo, 
a+b _ a-b ■ 
c+d c-d’ 

a^~ c-^ [Alternando] ; 

whence by a second application of componendo and dividendo, 

rt _ c 
b~ d' 


Example 5. If a:= show that 

a:® — 3m®® + 3® - m = 0. 

From the given relation, by componendo and dividendo, we have 

®+l l/m+1 • , m-H (®+l)® ®®+3®®+3®+l . 

’ ■* J77-1 (®“1)®“®®-3®® + 3b-1 
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(76 have 


Hence, by a second application of componendo and diridendo, 
OT a!°+ 3 a ! . 

1 'dx^+l' 


wi(3a!" + l)=ffi®+3ar, 
whence, ®®-3??i»® + 3a!-«i=0. 


1 

x 

I 

i; 


EXERCISE 120 
Solve the following equations : 


1 . 


4. 16 


7. 


9. 


11 . 


x±y 
x-y 

2®+3i/=36 

a+® 

X 

[0. T J. 1886.] 
'^36®_+_l_+ «/36a:_n 
V 3 te+l- 73 fe • 


/a-a; \8 o+a 

U+aj a-a 


2 . 


5. 


\/ 54 - jj5~x 
V6- JS-x 


‘5. 


3a; -Sy 
3x+5y 
ix-9y 
2a:+ ^/4a5“-l^ 
2a:- 74®= -l' 


-5v . 1 
+5y 4 [ 
-9w=19j 


4. 6. 


5j-7y _ 1 ' 
5x+7y 7 
3®-6y=18 

1- 7l-a; _i 

1 + 7 i~® ^ 


8 . 


10 . 


1 +®+®= 62 1 +® 

1-®+®= 631-®' 


g+g4- Ja^-x^ 
a+x- ® 


+ {a - (a° - a®)^}^ 


= 6 . 


Prove that a:b : : a : d — 

12. If (a+36+2c+6dXa— 36— 2c+6d) 

= (a — 36 + 2c - 6d)(a + 36 - 2c - 6d). 

13. If (2g+6+4c+2d)(2fl-6-4e+2d)’ 

= {2a - 6 + 4c - 2d)(2tt + 6 - 4c - 2d). 


225. An Important Theorem. If f “ f “ J 

p 6 "+gd^+7" | ’ quantities 

whatever. 

Supposing each of the given ratios=i', we have a=bjc, c=dk, e=fk. 
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Hence, pa''=p(bkY=pb\Ji” 'I 

gc''‘=q{dkY=qd’',h'' [ pa''+qD''+re”={pb'‘ + qd''+rf‘)k‘; 

re"=rOTk)"=rA*:" J 


whence, i,^.r=‘P^^±Sl£±l£. ; ■ j.^/ Pf^'‘+ . S ^+l€f 

pb^+qd’+rf \pi“+gd“+r/“| _ 

which proves the proposition. 
Cor . Asa particular case, if p. q, r, n ha each equal to 1, we have 

«aob of the given ratios= ~4— y 

0+a+f 

Similarly, giving different sets of values to p, q, r, n several parti- 
cular cases may be at once deduced. 


Note. H'Viai is proved above for three equal ratios is obviously true for any 
number of equal ratios, the same reasoning being applicable to all eases. It is alvsays 
a very good exercise for the student hojceoer to worh out independently every fresh 
example of this class applying Ihe mode of demonstration illustrated above, Bence, 
an exercise is added below with a recommendation lo Wie student f?jat he should fini 
the result in each ease toithout using ihe formula established in this article. 


If 


1 . 


S. 


a 

S 


0 

d 


EXERCISE 121 

' y < prove that each of these ratios is equal to : 


a-c-l-c 


2 . 


a + 3c— 5e 


b-d+f b+3d-5f 


la"+c~+e-\^ 
\b=+d=+f^l ' 


5a — 7c— 15c 
5i)-7d-13/ 


4. 


fi / a’*- 2 c° -h 3 c»p~ 
\ 6 ®- 2 A-t- 3 /“/ 


7. 


fro-j-ic-Pnie . 
kb+ld+mf 
[0. TJ. 1875.] 

Vo=»+c»H?. 


K 'U c 

I. ** J 


W+d^+f 
[C. U. 1882] 

I ~ ft ' these ratios is equal to : 


8 . 


10. 




+c~^+e 




tr- 


+d~^+f~^+h 

// 3 g-=*- 7 c-=»- 8 e-'-’-H 5 g^ 
V 135-®-7d-=-8/-“+15h-=/ 


, */ a*-2o*-f 3c*-4g* 

• V 6*-2d*-P3/*-4ii*' 


226. Miscellaneous Examples. 


Example 1- 

m : 71 
Wa have 


If a: ; p ; : w® : n~, and 

■ "Jp^+x^ : Jp^—y^, theniJ" : xy : : x+y : x-y. 

X • 

y “ n^'^p^-y'^ ’ 

x(p^~y^)=y{p~+x^), [Art. 218] 
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or, p%x-y)^!Bu{x+v)\ 

218, Converse] 

■ i.e., : ay : : a+y : x-y. 

Example 2. If a : & : : c : <2, show that 

ina+iK : mb+nd : : (a®+c®)^ : (6®+<2®)“. 

Since, 


[0. D. 1860] 


a 
b " 


0 . 
d ‘ 


ma no 
mb nd' 


and, therefore, each of 

mb+iui 


Again, since 


a 

b 


a~ 

P‘ 


c- 

"d^' 


and, therefore, each of them«= g 3 ^^. - 


[Art. 226] 


[Art. 226] 


Thus, we have 
, and 


Mtffl+7ic ma a 
mb + nd mb~ b 


a~+c a- 


Hence, from (1) and (2), * 


inafiK _ ia _ +c ) .^g^g |.q jjg ployed. 

vib+nd 


( 1 ) 

( 2 > 


Examples. If (6_c)(6+c-2a)“(c-c)(^^-26)~(a-6)(o+6-2c)’ 
. find the value of a +y+e. [0. U. 1889] 

Let each of the given ratios 

Then, x=k{b-o)(jb+o-2a)^k{[b^-c^)-2a(b-c)}, 

y^lc{c-a]{f}+a- 2b) = i{(c® - a®) - 26(c - o)K 
2 ==lc{a- b)ia +b—2o)= -b")- 2c(a- 6)}. 

Hence, a + y + « = fc[{(6® - c®) + (c® - a®) + (a® - 6®)} 

- 2{a(6 - c) + 6(c - a) + c(a - 6)}] 

Let each of the given ratios^ k. 

Then, we have {ay - bx)c'=‘ ko^, 

(ca:-as)6-<ft6®i 

{}>z—cy)a*=ka°» 
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Hence, by addition, 

Ha~ + b"+c-)=0; 

Hence, a]/-bx=0 ; ay-bx; 


® _ £ 
a b’ 


also, cx-az-0; 
Hence, from (1) and (2), 


cx=az ; . , 

® _ 2/ _ z _ 
a b c‘ 


Example 6. If ^ . then will 

oca 

(a-d)==(i-c)'+(c-o)=+(d-b)®, 

Hrom the given relations, we have 
(i)Z>“=ac; (ii) c-=Z>d ; (iii) &c=ad. [Art. 218] 

How, (b-c)=+(c-a)“+(d-6)® 

={b-+o~ -2bc)+(c-+a^-2ac)-i-(d~+b~-2bd) 
=2(b--ac)+2(o“—bd)+a~+d~~2bo 
^a^+d~~2bc [from (i) and (ii)] 

= + d® - 2od .[from (iii] 

=={a-d)\ 

Esample 6. If a : b : : c : d, show that 


4(o+bXo+d)=id|' 


a+b , c+d \® 


[0. XJ. 1874] 


Since ^ ~ 


a+b c+d. 
b ~ d ’ 


[oomponendo] 


clearly, therefore, ’ 
Hence, ” 


id{^ + ^}" = i(a + 6)(c + d). 


Example 7, If o : 6 : : p : g, show that 
Prom the given relations, we have 

^=-«-.ind.--. 4=^- 

a p a® p- 
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H»oe, (ii)2!^_S^. 

Multiplying together (i) and (ii), we have 

ia^+h^ta+V) h^+Q^tv-i-a) 

ffl® P ’ 

+ _ p"+ei^ • 

(^\ lA’ 

\a+b} \p+ql 

i.e., a®+6= : -^r : : 

a+b ^ ^ P+Q 

Example 8. It m : n i : p : q, prove that 


[0. U. 1859] 


We have 


m _p . 

n q ’ 


m-n _ p-q . 
n q 


alternately, 


Hence, 


P ? 

-p) ._ (p-g)(w-g), 


(m - w)(w - p] _ {p - g)(w - q) 
mq g® 

(TO-7t)(OT-p) _^ pw-g(7i+p)+< 
' 771 “ g 

77lg-*-g®-g(7l + 


m—p 71 — 

p ~ q 


[’.■ np^mq] 


[■.■ P71=77ig] 


= (771 + g)-(7l+p). 

Example 9. If ^ ~ c ” f 

(a®+5^+c®X5°+c®+d®)=(o6+ Jc+cd)®. 
Let each of the given ratios = ft. 

Then, ft®5®=a® ] fc®(6®+c®+d®)= 


[C. XJ. 1887] 


-a® 

ft®c® = ft® . o= + 6®+c® . 

ft®d®=c= • • ~5®+c®+d® ’ 

also, lcb=a;.’. ft6®=a5 1 ft(5®+c®+d“]=a5+6c 

ka=b,.'. kc^ = bc . ' , ab+bo+cd 

kd=c\.', ftd®=cd. J ’’ 5“+c®+d® 

Hence, equating the value of ft® from (1) and (2), we have 
a®+6®+c® {o6+6c+cd)® 
t»+c®+d®“(h®+c®+d®)®' 
(a®+6®+c®)(5®+c®+d®)={a5+6c+cd)®. 


fc®(6® + c® + d®) - o® + 6® + c®, 
, a o® + 6®+c® . . 


ft(5®+c®+d®]=a5+6c+cd ; 

o6+&c+cd /o> 

^= 5®+c^d® - - 
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Example 10. ^ ^ “ y ’ show that 

n/ ( « + c + c)(ir+ d +/) •= (a h) ■ + (cd)^ + (c/)". 

Let each of the given ratios “fc. 

Then, ^ ffl+c+c'=A(h+d+y) ; 

c=dfc 

c=/fc . {a+c+c)(h+d+/)">=l(f)+d+/)" ; 

^/(a +c+cXi>+d+y)*=(h+rf +/) 


Also, we have ab^b’h ; 


{ab)~^b Jk 


cd‘=d~k-, {cd)^=d\/fc 

cf^pk; {ef)^=f\/k^ 

Hence, from (1) and (2), 

^/ (a +c + c)(b +d +/)■=’ (ah)- + (cd)- + (f/)’-*. 


- ( 1 ) 


... (3) 


EXERCISE 122 

If a bo the greatest of the four quantities a, b, c, d and if 
a '■ b c '• d. show that : 

' 1. 6 and c ai^ each > rf. 2. a-b>c~d. 3. a+rf>6+c. 

If a ; i : : c : d, show that : 

4. ma+rib : b :: vic+nd : d. 

5. ina+nb : vic+nd : : pa-gb : pc-gd. 

6. a : 6 a+c • b+d. 7. a~ '• b" •• ft®+c" • b~+d~. 

8. o“+c= : fc=+d“ :: flc : bd. [0. H. 1877J 

9. (a-c)® : (6-d)®=a® : b‘. 

10. (a+c)® : (6+d)®«=a(o-c)® : Ki-d)®. [0. U. 1888] 

11. a^+b" : -b^^’-ac+bd : ac-bd. 

12. a{a+c ) : c® : : 6{6+d) : d®. 18. c : d= : J'b-'+d". 

14. a+b c+d^ tja'^+b" : ijc^+d^. 

15. a+h : c+d : : : JW+lW. 

16. a®+oJ+6s ; a- ab+b\-.'. c®+cd+d® : c=-cd+d®. 

17. a®+ac+c® ; o®-ac+c= :: 6®+6d+d® : 6=-6d+d®. 
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18. 


If a : i=c : d<=e show that 
ma+nb h^c 


[O.TJ.1876] 


mc^ni d^a 

19. ac : bd : : 2a®+3c®+6fi® : 26®+3i®+5/». 

20. a®+c®+e® : 6®+d®+/® •: cej_i>. [0. U. 1876] 

21. pa-^qo+re '■ pb+qd+rf • '■ : \}bdf, 

22. a® : i® ac+ee+ae : hd+df+bf. 

23. a®+c®+e® : :: ace : 5d/. 

24. VaV + c^^e^+a^fl® : VF3®Tg^+W“ ” ace : 6d/. 

25. If a, h, c, (Z, e be in continued proportion, show that 


a : e : : a* 


J*. 


26. If ; 


^ V _ 


find the value of 

[0. U. 1878] 


h+c— a c+a— & a+6~c 

(& - c)® + (c - a)y + (a - Z»)e. 

27. If a : 2) : : c : prove that 

a®+c* : 6®+d® •: ^/a*+c* : s/6*+d*. 

28. If a ; b=c : d=e show that 

27(a+i](c+d)(e+/)= 6(Z/j^ + 

29. If a : 6 ; : c : show that ad+bc : 26d! : '• o®+c® : ab+cd. 

30. If a : h : : c : show that 

a‘ + b^ : ab+ad-bc :: c®+(Z® : cd-ad+bc. 

11 a '■ b : b c, show that 

31. a®+a6+6® : 6® + 6c+c®=»a : c. 

32. ' 


33. a®6®c®(^8+p+^)=o®+6®+c®. 


If a ■ b=b : c-o : d, show that 

34. (i + cX6+<Z)=(c + a)(c+d). 35. (o+(f)(&+c)-(a + c)(h+<Z)=(J-c)s 

37.1 a:i=r+7 + ^:-^+x+7- 
b c a a o c 

38. a: d:: a^+b^+o^ : b^+c^+dK 

39. Ita : b:: c: d, show that a^+ab : c”+cd : : b^-2ab ’• d^-2cd, 

40. If a ■ b=c : d—e '■ f, show that 

lo® + 6®Xce + dff = (c® +d=)(ae + bf)" = (e® +/®)(ac + fid)®. 


1—26 



CHAPTER XXXIII 

lELIMINATION. MISCELLANEOUS THEOREMS 
AND ARTIFICES 


I. Elimination. 

227. If there be two equations involving one unknown, quantity 
they will generally not bo satisfied by the same value of it. Per 
instance, the same value of x will not satisfy the equations £+3=^7 and 
aj+4:=9. But this cannot be strictly said of the two equations a:+fl=7 
and aj+6=9, where a and b have no fixed numerical values ; the appro- 
priate remark in this case would be “the two equations will be satisfied 
bythosame valueof a:t/7-a=9-6,or, 6-a=2.” Thus, if oncunlmown 
quantity occurs in two equations which also involve other cdgebraioal 
symbols, there always exists a particular relation between these other 
symbols for which, and for which alone, both the given equations are 
satisfied by the same value of the unknown quantity. The process of 
finding this relation is called the Elimination of the unknown quantity 
from the given equations, and the relation obtained is called the 
Eliminant of those equations. 

Similarly there rnay be a question of eliminating two unknown 
quantities from three given equations. For instance, the three equations 
x+y’^atX-^iy^b, x+dy^c, cannot he all satisfied by the sbttjc values 
of X and y unless the quantities a, b, c are connected with one another 
in a certain way. and this connection may be necessary to investigate. 

A few simple cases of elimination will now be presented to the 
student, calculated to give him a tolerably clear idea of the subject, as 
also to familiarise him with some of the various ways of dealing with 
such questions. 


Example 1. Eliminate x from the equations 
aia;+6i=0, asS+b2^0. 

From the first equation, we have x= — and from the second 
62 


equation *= — 


(Z2 


Evidently, therefore, both the equations will be satisfied by the 

value of « if or, ai 62 =ffs 6 i. 

ax a^ 

Thus, aiiig=as 6 i is the required eliminant. 
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Example 2 . Eliminate x from the eqaatione 

aix®i+ bix + Cl =0, Obx® + bax + ca “O. 

Let a be the value of x vrhioh satisfies both the equations. Then, 
(76 must have 

Xia® + biO + Ci=0 1 

a2a® + h3a + Ca=0 J 

Henoe, by cross muliiipliaatioii, 

a® €L -1 

( 

biC2'“baCi fliba — Uabi lOiaa^caUi/ 
whence, (biCa — 6 aCi)(ffli 62 — uafti) = (oifla ~ oafli)®, ' 
which is the required eliminant. 

Example S. > Eliminate x and v from the equations 

fiix+iiy+ci =0 
aaX + beff ■t'Ce‘=0 
a 3 X + b 3 i/+C 8=0 

From the first two equations, by oroas multiplication, wo have 
X V 1 ; 

btCa~bsGi CtOs^CaOi ttxta — Osi’i • 


x< 


6iCa *~ bsCt ^ 
Xi^a "" Xzbx 


V 


“Os&l 


If the third equation also be satisfied by these values of x and y, 
we must evidently liave 

biCa — baC i CiOa — CaUi , . 

“'Oiba-Oabi^ “'aiba-Oabi"^ ® ’ 

or, as(biCa — baCi) + ba^ciCs — caOi) +CB(fflibB ~ Oabi) = 0, 

which is the required eliminant. 

Example 4. Eliminate x,y,z from the equations 
ax ^ by __z_ _ 2 . 
by+cz cz+ax x+y 2 


Wo have 


Also, 


ax _ JL 
by+cz 2' 

2ax=by + cz, or, 2 ax- 6 p-ox= 0 , 

by _ 1 , 
cz + ax 2 

Qby=oz + ax, or, ox— 2 iy+cs= 0 . 


( 1 ) 

C2) 
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Hence, from (1) and (2), by cross multiplication, 'we have 
a: y _ z 

—bc—%c -cffi-2ca ~iah+ab’^ 

X y s 

-36c -3cfl -3a6’ 

X y z 

or, = Jt- = . 

be ca 00 


Supposing each of these ratios=2:, we have 
a:=A:.6c, y=Tc.ca, z=l;.ab. 

Substituting these values of Xr y, z in the third equation wbicli is 
2s=a:+j/, we have 

2fc.ffl6=i(6c+cffl), or, 2ab=‘bc+ac, 



which is the required eliminant. 

Note. It may be noticed in this example that the three given equations Sax-bti 
— es=0, ax—!lby+ct=0 and 2a=a!+j/ virtually involve two unknown qaantihes, 
instead of three; for they ate respectively equivalent to 

a^— ^ — 26^-^ j + c=0 and J which the only unknown quantities are 

— and ® • 

2 e 

It is owing to this disguised character (so to speak) of the three given equaiiena 
that we have been able to eliminate from them the three unknown quantities x,y,r; 
otherwise a fourth equation would have been required for the purpose. 


Example 5. Eliminate x from the equations 

a:® + “ = 4(a® + 6 ®), 3® + = 4(a® - 6 ®). 

Adding together the equations, we have 

a:®+3a:+ •— +■^= 801 ®, 

X a:“ ’ 

a;+— = 2 fl. ( 1 ) 

X 

Subtracting the second equation from the first, we have 
(a:®-3a;+|-^=86®, 

or, |a:- ~ j“={26)®,. 

• ^ 02 . ^ 
X 
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E^om (1) and (2), by addiMon, 

2»'=2(a+6), or. ®=a+i ; 

A t 

and by subtraction, - '=2(ffl-fe), or, — =a-i. 
Hence, («+&X®“W‘=®x ^ =1. 

SB 

Thus, a® — 6*=>1 is tho required eliminant. 

Example 6. Eliminate x, v, s from the equations 


a;+y+ 2 =a — 

- (D) 

2 (y 2 + 2 a:+a:y)“f>® ••• 

... (2) 

a:®+y®+ 2 ®=c® — 

- (3) 

3xyz=d^ — 

- (4)J 


Since, a:® +y® + a® = (® + y + s)® — 2(yz +sx+ xy) ; 

from(l)and(2), it=ffl®-l>®. ••• (6) 

Now, since +|/® +a® - Zxyz 

= (a: + V + a)(a:® +y ® + 2® - ya - «a: “ a:y) 

= (a! + y + 2){(® ® + y ® + 2®) - (y2 + ra: + xv% 

from (3), (4), (1), (5) and (2), we must have 

c^-d^’= o{(«® - 6 ®) - = o® - ?a6®, 
or, 2a® - 3a6® - 2c® +2tZ® = 0, 
which is the required eliminant. 

Example 7. Eliminate x, if, z from the equations 

(i) a:®(y+ 2 )=a® ; (ii) y%x+s)=b^ ; 

(iii) 2 ®(®+y)=-c® ; fyr) xyz=ahc. 

Multiplying the first three equations together, we have 
a:*y ®£®(y + z)f.z + x)ix +y)= a^h^e". 

Hence, from (iv), (y+sX 2 +®)(®+y)=l. ••• (a) 

But (y + zi{z + a;X» + y) = Cy +»){»* + ®(y +z)+ ys\ 

=a:®(y + r) +a:(y ® + 2 ® + 2 y 2 ) + y 2 (y + r) 

= a!®(y + 2 ) + y ®(a: + 2 ) + 2 ®(a: + y) + 2 ry 2 , 
and .■ . from the given equations, it = 0 ® + 6® + c® + 2a&c. 

Hence, from (a), we have a®+J®+j5® + 2flic=l, as Ithe required 
eliminant. 
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EXERCISE 123 

EUiminate a from the equatione : 


1. 

a®a;"-6*=»0 1 

0 x-d =Q / 


2. ax^-b =01 

cx^—d =0 J 

3. 

mx^-n =0 1 
px*-q =0 1 


4. oa:° + 6®+c=0 1 
x+d =0 J 

5. 

Za!®+ma:+»i=0 1 
ax+b =0 J 

- 

6- ax^ ■i’bx+ c=0l 
2a;®+m»+w=0j 

7. 

x+ — =«+& 

X 


8. 2®+ — =6p+7g 
cc 

• 

X— - =a — b 

X 


2a;-| =6p-7g 

9. 

aia!®+bi®+ci=0 \ 

fl2®® + ha®+Ca“0 J 


10. aia;® + 6iaj®+ci = 

a2a:® + 6a®®+Ca'=' 

11. 

aia!*+6ra*+ci=0 I 

a3X* + bzX^+Ca^0 J 


12. ax® + 6a+ c=0 • 
®®+7n®+»=0 • 


— - - ^ ^ 

[Multiply (2) hy ax and sabtiaet (1) 
from the resulting equation ; we thus get 
onzaj* + {an— b)x— c= 0. Now eliminate x from 
this equation and (2).] 


13. <m;® + 6*+c=0 \ 

®* + 2!c“+3=0 J 

Bliminate x and v from the equations : 


14. ax+by^-m 1 

16. ax+b ^cy 1 

’ 16. ax+by =0 1 

^bx-ay^ n [ 

ail/+6i=ci®[ 

Ix^+mxy+ny^^O j 

®®+lf®= 1 J 

x~+y‘ =1 i 


Eliminate x, y, z 

from the equations : 





y Z £a.^ 1 ^jL.V^r IE»»“PJe 6, Art. 171, may 

z^ y X^ y » be consulted with profit.] 

20. x\v-z)=‘a, y\z-x)^b, z\x-y)=c, xyz=d. 

21. Eliminate a, b, a from the equations : 

bz+cy==a,os+cx=b, av+bx‘=c. 
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II. Miscellaneons Theorems 

288« Theorem. If the sum of the squares of any number of 
real quantities be zero, then each of the quanttUes is zero. 

Lot j1®+JB“ + C®+I)®+ =0, V7heTeA,B,0,D are teal 

quantities. 

To prove that A =0, B=0, C=0,I>=0,... 

Proof. If the sum of any number of quantities be zero, evidently 
they must be partly positive and partly negative unless each of them 
is zero. 

Here, A, B, G, D, etc. being real, their squares A‘, B®, C®, B®, etc. 

are aZZ positive. Hence, the sum of j 1®+B® + C®+2)® + cannot be 

zero unless each of _.4®, B®, C®, etc. is zero ; 

’il®=0, B®«=0. C®=0, etc. 

«.a. A’=Q, B=0, B=0, etc. 

Example 1. If a® + 6®+c®— ic— ca— o6*=0, prove that o=6=c, 
a, b, 0 being real. 

We have, a®+i®+c®-ic— ca-o6 

— c)® + (c — fl)® + (o - 6)®} >= 0. 

Hence, ' b-c=0, c— o^O, and o— b‘=0, o-=Z>*=c. 

Example 2. If a;, y, a and b be real, solve 
(a:-a)®+(y-l>)®‘=0. 

Since, x, y, a and b are real, (a;— a) and {y—b) are both real. 

.*. Prom the given equation, we have 

a;— 0 = 0 , i.e„ x=a, and p — 6=0, t.e., i/=6. 

Example 3. Show that if (®® + y® + e®)Co® + 6® + c®) 

=(aje+ 6y+cz)®, then 

« a 0 C 

Prom the given relation, we have 

o®( 3 /* + z®3 + b®(®® + a®) + c®(a!® + y ®) =2a6xy + Qacxz + %oyz. 
Hence, by transposition, (a®y ® + 6®x® - 2abxy) 

+ (o®z® +c®a® — 2ac®z)+ (6®z® + c*y ® - 26ci/z) =0, 
or, {ay —bx)^+{az— cx)~ +-(6z - cy)* = 0. 

Hence, oy-6x— 0; 
oz— ca;=0 ; 
bz—cy^O ; 

Thus, we.have - = r = r* 

Of o c 
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EXERCISE 124 

IN.B. Letters stand for real quantities in the following cxamp/c^.] 

1. If {!C+a)® + (y + 6)®=4(a:a+2^&), prove that x=a, y=b. 

2. If (x + a)’‘ + {y + b)" + (z+c)"=4{xa-i-yb-rzc), prove that 

x=a,y=bzi,ndiz=‘C. 

3. If a®+6“+c-+6c+co+ab=0, prove that a=b=c=0. 

4. Solve (a:®+v“Xa“+6=)-(fflj:+b2/)=+(y-b)==0. ' 

5. Solve a:®+»= + 2=(l+a){l+i,), 

6. Solve a:® + 22/®+a“=2i/{®+a). 

7. Solve 2{x+y — l)=x^ + y“+z~. 

8. Solve l+aa:+bj/= V{(l+®=+2/®){l-J-a= + b®)K 

229. Inequalities. If a and b he two real quantities, a is said 
to be >• b, when a — b is positive. 

Thus, 7 > 5, since 7- 5= + 2 ; 

— 3 > —8, since (-3)— {— B)= +5 ; 
fls®+l > 2a, since a®+l-2o=(a-l)®=a positive quantity. 
An Inequality a>b is, therefore, established if a— b can be proved 
to be positive. i 

Theorem. If x and y be real and unequal, then x~+y~ > 2xy. 

(®® + y®) - (2xy)-x- - 2xy +y- 

=(a;-y)®'=a positive quantity ; 
x"+y">-2xy. 

Note. J/a:=j/, (is'’+f>’)-(2zj()=(s-y)*=0, 
i.c., a^+y‘' = 2xy. 

Hence, SE’+y’ -is never less than 2xy. 

Host of the results in Inequalities may be obtained by the application of the 
above theorem. 

Example 1. If x, y and z be real and unequal quantities, show 
that + y ® + 2® > i/£ + sx + xy. 

We have x~+y~> 2xy, 

y® +z® > 2j;z. 
and z® +x‘" > 2sx. 

Adding, 2(®® + y ® + z®) > 2(xy + yz + sx), 

or, x®+y®+z® >• yz+zx+xy. 

Otherwise : x®+y®+z®-(yz+zx+xy) 

=i[(y-z)®+(z-x)®+(x-y)®]=a positive quantity ; 
x®+y® + z® > yr+zx+x.7. 
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Example 2. If a, b, c be positive, real and uneaual quantities, 
prove that 

(i) {6+cXc+oX®+^ > Sabc, ' 

and (ii) a“(6+c)+ft"(c+a)+c'(fl+5) > 6a&c. 

(i) Wo have b+c^{^/b)- > 2^,/6^/c. 

Similarly, c+a > 2s/Ci^/<i, and a+6 > 

Mnltiplying, (d+cXc+oX^+d) > (2^/'6^/cX2^4•^^fl}(2^/c^/6) 

i.e., > 8al»c. 

(ii) Also. (fe+cXc+a)(fl + i) 

=a%b-hc)-i-b%e+a)-i-c%a + b)+2crbc > Sa&c : 
nX6+c)+6*(c+a)4-c-(c+6) > 6n6c. 


EXERCISE 125 

[N, B. Letttrs stand for real, positive and uneqzial qaan!tties in the folhncing 


examples.'} 

Prove that : 

1. a'-ab-i-b" > ab. 


2. <1® + b* > c6(n + 6). 3. ^ >2. 

- „ , T, I , ^ %c , 2ea , 2ab 


, g+f) ^ 2ab 

-r-^FTb 

■ 

6. (fi+b+c)(bc+ca+ab) > 9abc. 

8. ffl+&+c)®-a’-b®-c® > 24flfcc. 

9. {b"~bc+c-){.c--ca + a-'^a~~ab+b-) > a"b-c 

10. n(6 + c)- + b(c+a)-+c(ff+b)~ > 12abc. 


7. fl*+6®Tc“ > Sabc. 


230. Theorem. If the fractions j J ’ J' vncqual. 

then j-g greater than the least and less than the greatest 

O-Srd-lrJ-r 

of them, the denominators b, d, /, being positive. 

Let T be the smallest of the fractions. 

D 

Hence, ' ^ | and so on. 

Let h!, k: and so on. 

Hence, a=W.‘, c > dfc, e >/fr, etc. 
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Adding, a+c+e+ > bTt+dh+fk+‘-- 

i.B,, > {b+d+f+'"'")k ; 

. a+c+e+ ^ j. 

• • b+d+f+ ■ 

i.e., > the least of the fractions. 

Similarly, .V proved to be less than the 

greatest of all fractions. 


23 L. Maximnm and Minimum Values of Expressions. 

Example 1. Find the maximum values of 5— 2a;—®® (i.e., find the 
algebraically greatest ‘value of 5—2®—®* for various values of ®). 

The given expression^fi— 2®*-®®=6— (l + 2®+®“)=6— (®+l)® 

■= 6 + j — (® + 1)®}. 

Since, (®+l)® cannot be negative, 

{-(®+l)*}can never be positive. 

Hence, ■whatever real value x may have, the given expression can 
never be greater than 6. 

Evidently, the given expression *=6, when 1+1=0, 
i.e., when«=-l. 

Hence, we notice that the expression can be equal to 6 but can 
never be greater than 6. 

The maximum value of the expression =6. 

Example 2. Find the minimum value of 4®® + 12®+18 (t.e., find 
the algebraically smallest possible value of 4®® +12® +18 for various 
values of ®). 

■ The given expression = (2® + 3)® + 9. 

Since, (2® + 3)® cannot be negative, the given expression can never 
be less.than 9 but can be equal to 9, when 2®+3=0, i.e., when ®=-li. 

. ' . The smallest value required = 9. 

EXERCISE 126 

Find the maximum value of : 

I. 6®-®®-l. 2. 6+8®— 8®®. 3. 6+4®-4®®. 

4. 3+5®-2®®. 5. 17+8®-®®. 

Find the minimum value of : 

6. **+-^+4. 7. 2®®-7®+6. 8. 4®®-9®+6. 

X 

9. 3®®-5®+4. 10. 2s®-13»+22. ■ 

11. Divide 82 into two parts so that their product has the. 
maximum value. 
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III. MiBcellaneous Artifices 

232. We shall now work out some examples which require for 
their solution either the application of some principle with which the 
student is not already acquainted or some special artifice. 

Example 1. jElxpress (ic+3aX2+5aXa;+7a)(s;+9a) as the difference 
of two square quantities. [0. U. 1887] 

The given expression 

= X® + 3aXx + 9a)}f(a; + 5fl)(a; +la)\ 
i®* + 120 ® + 27a~\\x~+ 12a® + 86a®} 

= j(® ® + 12o® + 31a®) - 4o®}}(® ® + 12o® + 31a®) + 4a®} 

= (®® + 12a® + 31a®)» - 16a‘. 


Example 2. A man receives -ths of Bs. 10 and afterwards ^tbs 

y a 

of Bs 10. He then gives away Bs. 20. Show that he cannot lose by 
the transaction. [C. T7. 1881] 

The man receives altogether +^)- 10 rupees and gives away 
20 rupees. 

Clearly, therefore, he loses 


i^., if ®®+j/® < 2xy, 

i.e., if ®® + y®-2®y<0, 

i.e„ if (®-y)® he a negative quantity. 


But whichever of ® and y may be the greater, ip—yY can never be 
negative. 

Hence, the man cannot lose. 

Note. It may.le observed that there is always a gam tn ihw transaction except 
when x^y. 

Examples. If prove that 

O+C 0+0 c+o 

o®+c®«=26®, or, a+6+c=0. 


Erom the given relation, we have 

o b b c 
6+c c+a c+a a+b' 


c(a-5)+o® -b® a(6— c)+6®-c® 
(6+c){c+a) (c+o){a+6) 
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(g-6 Xc+ffl+^) (ft— cXg+fe+o) 

b+0 a+h 

or, {or - &®)[a + 6 + c) = (i® — c ®)(a + & + c), 

or, (a + 6 +c){(a® c®)H0. 

, or, (a+6+c)(o®+c®— 26®)=0. 

Therefore, either, a+6+c=0, or, a®+c°— 2&®=0, 
and a®+c®=2b®. 

I 

Note. It may be observed in thss connection that sohenever a/ny relation of 
equality is reduced to the form 3^0= op, [or, ®(p— i)i)=0], it is obviously satisfied 
either (i) when x=0, or, (ii) whenp=pi, and that of these two alternative results toe 
cannot accept one as the onlg conclusion to which we are led unless it is hnown that 
the other is impossible. 

In the present example, we have got (a®— 5'‘)(fl+fi+c)=(6®— c°)(o+b+c) os 
one of the steps in the solution, and it is ito{ ditficuU to see from this that it would be 
a mistalee to remove the common factor a+b+efromh)th sides and set down o“ — b® 
=b“— c® os the next step ;for the above relation may be true not on account ofa’^—b^ 
being egual to 5®— o’, but on account of a+b+e being egtuil to zero. We might 
remove a+b+e from both sides of the equation however, if ive hnow that owing to 
certain restrictions on the values of the letters a, b, c, the expression a+b+c could 
not possibly vanish. 

Sence, the only legitimate conclusion from the relation xp=i^t [®’'> ®(P“yi)= 0 ], 
is ‘either x’^O, or, p=pi' but not simply ‘p=Pi’ except when'x is hnown to be 
not equal to zero. 

Example 4. Showthatif ^^+^^+^^=1, and a-6+c is 

cab 

not=0, then — = 1876] 

a b c 

From the given relation, we have 

b—c a—b,c+a a—b+c 6(a — 6)+c(c+ffi) 

a c b a bo 

_ b(.a-b+c)+c{c+a—b) _ (g-6+cX&+c ) 
bo be 

Hence, either, g - 6 + c = 0, 

m [See Note, last example.] 

a be 

But by hypothesis, a-6+c is not zero. 

' Therefore, we must have ^ r + r* 

a bo b o 
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I'Jxample 5. If a + i + c = 0, show that 

2(a* + h* + c*) = (a® + + c®)®. 

From the given relation, we have 

a+h^-o, a®+2a6+6®=<}® ; 

a* + &®-c®= -2o6 ; 

or, ffi* + fe* + c*+2a®fc®-2ffl®c®-2b®c®=4a®fc® ; 
a* + 6* + c* =2(a®i® + 6®c® + c®a®). 

Hence, +6*+c^)=ffl*+6*+c*+ 2(a ®6®+6®c® + c®a®} 

=(a® + 6»+c®)®. 

Example 6. If a+i+c^O, show that 

..i__ + i_^4. i_ =0 

From the given relation, we have 

a+b‘=-c; ' o® + 2o6+6®=c® ; 

a® + 6®-c®” -2fl6. 

Similarly, 6®+c®~a®= —26c, and c®+a® — 6®= — 2co. 
Hence, the proposed expression 

1 ■ 1 ■ 1 ^ _f) 

~ ~2bc^ —2ca —2ab -2abo —2abc’^ 

Example 7. If a+6+c=0, show that 

, 6° , c® . 

a?" + 6c ^ 26® + CO ^ 2c* + a6 

"We have 2a® + 6c =a®+oo+ 6c 

=o® — a{6+c) + 6c [■-■ o=— (6+c)l 

—{a~b){a—c). 

Similarly, 26® + co = 6® — 6(a + c) + co = (6 - c){6 — a), 

and 2c ® + a6 = c® — c(a + 6) + o6 = (c - o)(c - 6) 

Hence,’ the proposed expression 
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a°( fc-c)-6°(a-c)+c~(a- 6) 

{a — b)[a-c)[b—c) 

aHb-c) +b-(c~a)+cHa- b) _ (o-&)(tt-cX&-c ) ^ , 
ia-b]{(!i-o)lb-c) {a-b){a-c)ib-c) 

[Art. 129] 


Example 8. Prove that 

(?+£)’+(»+i)°-(*”+2+l) + (,« + 2+l)- 

Tfaegiveiiesp. ”i+(| ■*■ f )(^+]) + (2''' ]) 

-!+('+ j)(f+ 1 +*+|) 

-‘^(-;){(|4)-(^‘)} 

-*+('+ i)HI +=')+M*''"»)} 

-‘+hj)hi)(*+i)-' 


Example 9. If a"{/+ys+za:=l, show that , 

a: , y , « _ 4a:vz 

1-®- i-r'^i-z* a-®=)(i-j?=‘)(i-z^)' 

‘Since, «j/+yz+s®=l, •we have 

xy+yz=l-zx, or, y(®+z)=l-z® ••• (i) 

yz+z®=l-®y. or, z(i/+®)=l-®y — (ii) 
zx+xy=l-yz, or, ®(z+j/)=l-j/z ••• (iii) 
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Now, the given expression 
of which the numerator 

=®{l-(v® + z=) + jz®s=t+y{l-(2*+a»)+2a®=f+e{i-(a;2+y2)+a;*^aj 

Hx+y^z)-y^{z+x)-z\x+y)-x\v-^z)+xyz{yz+zx+xy) 
={x+y+z)-y\y{z+ a:)} - z\z{x +y)} - x\x[v + z)\ + xyzl 
=i3:+y+B)-y[l-zz)~z(l-xy)-x(l~yz)+xitz [by (i), (ii) & (iii)j 
={x+y+z)-[y+z+x)+^yz+xyz=ixyz. 

Hence, the given expression = 53 — — s\- 

(1~* Xl-y Xl-3") 

Example 10. If x—a be the H. C. F. of ai®® + hi®+Ci and 
+ bsX + Ca, prove that 


(i) a= 


Cid^^ c^dx 
dxb^ “■ ditbx 


and (ii) (ffica -h2Ci)(®ih2— aahi)=(ciOB— Caffli)®. 

Since, a; - a must be a factor of each of the expressions aia;® + bix + ct 
and aax’^+b 2 X+Ca, we have by the factor theorem (Art 155), 

aia® + hia+Ci=0, 
and Oaffl® + haffl + Ca =• 0 . 

Hence, by cross multiplication, 

a 1 . 

hiCa^haCi CiCs^^CsXi Xibs'^Xsbi 


a= 


Also, 


Ctdff “~C2dt 
dxbs ^^dsbx 
1 


\Gxd 2 ^Csdxf 


61C2 ~ dxb 2 “^zbx 

whence, (hiCa - 6aCi)(Oi5a — Oahi) “ (ciOe — ceUi)® . 

Example 11. By performing the operation for extracting the 
square root, find the value of x, which will make a:* + Sa;® + 11a:® + 3a: + 31 
a perfect square 

a;*+6a:* + lla:®+33:+31 (x' + Sv+l 


2a!= + 3a:\6a:“ + llF' 
j 6J®+ 


2a:®+6a;+l\2a:®+3a:+31 
) 2a;®+63;+ 1 ~ 
-3a:+30 


Now, in order that the given expression may be a perfect square, 
the remainder ( — 3a; +30) must be =0, and, therefore, 3a:=30, or, a; =10. 
Hence, when a" =10, the given expression is a perfect square. 
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Example 12. If a!(6-c)+ j/(c- a) +3(a- 6) =0, . 

bz-cij cx—az ay-hx 
then -will - = ~ir~ir ' 

o—c c—a a—b 

We have a:{fe— c)+j/(c — a) + s{a-6)=0 1 

and identically also, a{b - c) + b(c - a) + c(a - 6) = 0 J 
Hence, by cross multiplication, 

b — c c — a a—b , bz—cu cx — az ay — bx 

cy—bz az—cx, bx-ay * fe-c c—a a—b 

Example 13. Solve x+y+z=a-\-b+c (1) ^ 

f +| + £=3 ... ... (2) 

a b c \ - 

4+i/, + 4=l + l + l. ... (3), 

a“ b c~ a b c ■' 

Erom (1), (a;-a) + (i/'-i) + ( 2 -c)= 0 . 

Erom(2), ^(.'B-a),+ ^'(l/-b)+ ^{ e-c)=0. «> 

a * o c 

Hence, by cross multiplication, 

x-a y-b g-e . 

c b a ~ c b a 


x~a y-b g-e . 
c b a ~ c b a^ 

and supposing each of these fractions =t, we have 

n b — c • j j c—" a • y a — b 

x-a—k—T — ■ y — b = k » z — c = k — r- 

> bo ca ab 


7 0 — 0 . 7 7 O — C*. 7 W—Ll I , 

X-a—k—T — ■ y — b = k » z — c = k — r ••• (a) 

> bo ca ab ^ ' 

Now, from (3), \(a;-a)+A(i/-&)+ 4 (e-c)=0. 

a 0 c 

Substituting in this equation the values of x — a, y — b, z — c. found 
above, we have , 

7 .fi!>-c 1 c-a 1 a-b !!_« 

*l 6c V*" ca oh Vj 

7 bc{b-c)+ca{c-a)+ab[a-b) n 
or. ic. a^b-c^ 

■ or, [Art. 129] 


since, a, 6, c being impliedly unequal, none of the factors 6- c, o— 6, 
0—0 is zero. 

Hence, from (o), • 


x-a=0, 

or, 

x=a 

y-b^O, 

or. 

y<=b 

z— 0=0, 

or, 

Z’=C 
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Example 14. If x=cy+bz, y=az+cx and z=bx+ay, show 


4.U * ®® V® ' z® 

!E!rom the given relations, we have 

x-oy-iz=Q‘- ••• (1)^ 

cx-y+az—Q'-‘ ••• (2) [ 

bx+ay—z=0‘'‘ (3) ) 

Erom (1) and (2). by cross mnltiplication, 

® y z 

-ac~b —be— a — l+c“’ 

X y z_ 

ac+b^bo+a, 1— c® 

. Similarly, from (2)-and (3). 

and from (1) and (3). 


Now, from (4) and (5), 

X z 

ao+b’^l-o^ 

3 X z 

““ l-a='"oc+6 

Again, from (5) and (6) 


whence, 


1-a® ab+c 

. ^ 

ic V 
ab+c~l-b^ 

TT a® ■ 3/® z* 

Hence,- i-a’‘~l-b‘~T^' 


a® V® 

whence, j:r^=jrfp- 


Example 15. Show that if oi+3y+ce=0, and 

® ^ + ?-=0, then will 

ays' 

aa® + 6y ® + 02® + (o + 6 + c)(ay + ys + za) = 0. 

Urom the given relations, we have - ^ 

oa-^Jy +02=01 
and ayz + bzx + cxy = 0 / 

Hence, by cross multiplication, 

a(y ® - 2®) “Rz® - a®) “ z(a® - y ®)’ 

1—27 
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and each of these ratios 

ax^+bv^-\-cz^ 

™ ® - 2“) + y “(a* - !c®) + ® - y ®)’ 

and also = a:(y * - z^) + y{z* - + gC®* - y *)' 2251 

Thus, we 

0+6+c 


JB(y “ - s“) + y(z“ - a;®) + a(a!® - y®)' 

Tx ' a®® + 6v®+cz® iE®(v®-z®) + y®fz®-a;®)+z®(®®-y®) 

iienoe, a+b+c ~ x%z~v) + y‘{x-z)+z'‘{y -x) 

^ fv - zKg - zXa! - y)(yy + yz + ex) 

“ -(y-2K®-2X®-y) 

[See Arts. 140 and 129] 

= -(ajy+yz + zx) ; 

whence, oa:® + 6y ® + cz® + (o + & + o)[xy + yz + z®) = 0. 


Example 16 . f “ 5 ’ show that 

g®+g ® y® + fe® fa+y)® + (o+fe)® 

(c® +a®^y® + 6®°°{® + y)® + (a + 6)® 

Let each of the given ratios=fc. Then, we have ®=ofc and y=b]e. 

XX a®+o®.y®+ft® a®(fc® + l). ft®ffe®+l) 
y “ + 6® “ a®(fc® + 1) bW + 1) 

a{fc" + l) . fc(fe®+l) {fc® + 1)(o + 6) 

“ fc® + l fc»+l “ fc® + l 

( fc® + iya + &? F(a + fe) ®+(a4-6l® 

“(fc® + l)(a+6)® ft®(o + 6)® + (a+6)® 

_ (fea + fe6)® + (o 4 - 6 )* (g + t/l^+fg + fe)® 
ika-t-kb)’‘+(a+b)‘ '(®+yJ® + (a+fc)®‘ 

Example 17 . Show that (6cd+cda+doi> + a6c)® 

- abcd{a +&^c+d)*“(6c- ad'/{ca - bd)(ab - cd). 
"We have {bcd+cda+dab+abc)‘ 

={cd{a+b)+ ab[c + (il[® 

= c‘d\a + 6)® + ^bcd{a + b)(c + d) + a®6®(o + d)® ; 
and (o+ 6 +c+d)*“(o+ 6 )*+ 2 (o+ 6 Xo+d)+(c+dJ®. 
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Hence, the given expression 

=c“d®(o+h)“+a® 6 -(c+d)“ ~abcd(a+b)‘-abcd(c+d)° 

. ^ahic-i-d)\ab—cd) —cd{a+ b)%ab—cd) 

\f=‘[ab- cd {ab(c+ df - cd(a + 6)®} 

= (ab — cdj|ah(c® +d~)— ed{a^ + b°)\ 

’=(ab- od]^ao(.ba - ad) - bd{bo - ad)} 

= (a6 - cdXbc - ad)lac - bd). 

Example 18. Show that the following expression is an exact 

Putting a ioTx’^-yz.bfoTy^-zx and c for z^-xy, wo have the 
given expression 

=a“ + &*+c®-3fl6c 

=(a + 6 +c)(a®+h®+c®-ic-co-ah) [Art. 128] 

= J(a+ 6 +c){(a-- 6 )®+( 6 -c)®+(c-o)®}. ••• ( 1 ) 

Now, a-b=C^‘‘—yz)—(y^—zx) 

=(x^-y^)+z(x-y)=(x-y)(x+y+z). 

Similarly, b-c=(y~z)(x-t‘y+z), , 

and c~a=(z~x)(x+y- 1 -z) ; 

whence, (a- 6 )®+(h-c)®+(c-o)® 

= (* + y + 2)®{(a: -y)°+(y-z)°+(z- a:)*} 

=2(x + y+z)‘(x°+y^+z^-yz-zx-xy) ••• (2) 

Also, a+6+c=®®+y®+s®-ys-2a:-a:y. ••• ••• ( 3 ) 

Therefore, from (l), (2) and (3), the given expression 
=^{x“+y‘ + z'^-yz—zx~xy) 

X {2(® + y + 2 )®f®® +y ° + e® -ys - sa; -xy)\ 

= {(ar + y + 2)(a:® + y®+2®-yz-2a!- a:y}® 

«=(a:* +y® +2* -3a;y2)®. 

Example 19. If ^ | ^ =?iTO’ 

/I. 1 . 11 ®"+^ 1 

[a'^'b^cl “a®-+^+ 6 *''+^+c®"^’ 

■where » is any positive integer. 

IVom the given relation, we have 

bo+’oib+c) 1 ...Q . 

abo 0 + 6 +C ’ 

{o(6 + oj + + (6 + c)} ~ ofic = 0. 
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[chap. EXilll.] 


Xow, tte left-hand expression 

=a®(i-rc)-ra(h-rc)® -r&c[b-i-c) 

= (6 + c)ia" + o(i+c) + hc\={b 4- c)(a + &)[a 4- c) ; 
(6 4- cXo 4- &){a 4- c) = 0. 


Hence, either, b4-c=0, or, a4-b=0. 
Taking b4-c=0, we have c= — b. 

or, a4-c=0. 

He-.(hMr=(ir 


1 

1 


-rb=’’-^^-b=’'^^ 


1 


[*,' c''~^=(— ; see foot note, page 114] 

The same resnlt vronld follow, if either a 4- c or a 4- b were taken 
equal to zero. 


Example 20. Haying given x=byrcz-i-du, v=£W4-c; 
= ax+byi-du and « = o® 4- 6j/ 4- cz. show that 

1 

Patting P for ax+by+cz+du, we have 
1 4- ox = (by 4- cs 4- da) 4- cw 

=P, or, x(14-a)=P ; 


y 4- bjr = (a X 4- cz 4- dz/) 4- by 
=P, or, i/(l4-b)=P : 
x4-cz=(ax4-by4-da)4-cz 
=P, or,‘z(l4-c)=P : 
« 4- da = (ax 4- by 4- cz) 4- da 
=P,or,a(l4-d)=P 


an, 


1 X 

14-d P ’ 

- (1) 

1 _y . 

14-b P • 

... (2) 

1 . 

14-c P" 

- (3) 

1 « 
l4-d“P‘ 

- (4) 


Hence, from (1), (2), (3) and (4). we have 

g , ^ , a , d ox ,by,cz,du ox 4- by 4- cz 4-da 

14-a 14-b l4-c‘14-d P‘P'P'P“ P 
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1 . 

®=-l, 

2 . 

3. 

4. 

5. 

6 . 

7. 

8. 


1 . 

whan a’ 
2 . 
3- 

4 . 

5. 


6 . 

7. 

8 . 

1 . 


inSCELLANEOUS EXERCISES VI 
I 

Find the value of s/(^ Ty* -when 

y=-3, e=l. 

Simplify 3a - 2(6 - c) - {2{a - i) - 3(c + o)H |9c - 4(c - c)}. 
Eesolva into factors 3(a + 6)® - 2(o® - 6") - fl(o + 6). 

Divide 2®*— 10ic®y+2ox®i/®-31®i/*+20!/* by a:®-3sj/+4j/'. 
b ah ab^ 


Simplify 


a + 6 (a+6)‘-* (a+6)® 


Solve the equation 

x—a x+o X 

If 1®+ =3, prove that ®® + ^ = 0- 

n 

Find the value of (2a+6Xo- 6)+(26+o)(6-c)+(2e+a)(c-fl), 
=1, 6=2, c= *■ 3. 

Divide l+3®-24.'C®+8®'‘ by 2a:®+3®-l. 

If ®® +7«+c is exactly divisible by ®+4, what is the value of c ? 

Simplify a ^7!. 3 ^2 “ 277+3 72* 

Find the H. 0. F. of 

X* -3®® -2®* +12® -8 and ®*-7®+6. 

Simplify 

„ . ®+l . 3®-l 5®-7,i_7®-5 

Solve the equation -i — g ij^ 


12 


2 . 

3. 


If ®- - =1, prove that ®®-^ = 4- 

JT iC 

m 

Find the value of {a*(6*— o®) + 6®(o® — a®) +c®(a® — 6®)} 

-»-(6c+co+a6), wh0na=3, 6= -2. c=4. 

... 1 +®.!-® 1 +®® 1 -®®, 

Simplify i3i+I+^-irp-i+i3* 

Eesolva into factors a® - 6® +66c - 9c®. 
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4. Find the H. 0. F. of 

rB®+ 5 o®®- 5 ffl®i 5 — a* and 5*® — 3aa:®-5a*a;+3a®. 

6. Find the L. C. M. of a®— 5x+6, ®®-4ic+3 and ®*-3x+2, 

s®+5i*+8x®+4a® 


6 . Bednce to its lowest terms 


a®+a*+8a:®+8a 


7. Solve 




a+3 x-2 a-7 
8. If a ; h : : a : v, show that ab : aj/ : : a®+fc® : a°.+j/“. 

ly 

1. Simplify 

Jx"+y-+V ®“ Jx'^-y' 

2. If the product of two expressions he a® +a*p*+p* and one of 
them he a®— ay+y®, find the other. 

8. Besolve into factors ; 

(i) a®+a®-a-l ; (ii) a®6®-a®-6®+l. 

4. Show that (ax + by)- + (bx - ay)® <= (a® + fc®)(a® + y ®). 

5. Find the L. G. M. of 

+ 27, 16a* + 36a® + 81 and 6 t® - 6a - 6. 


6 . Solve 


3a-4, 2 


-+ 


4a + b 


7. Find a and y, if 


8 . If 


a y z 

a+b—c a—b+c b+c—a 


show that each of these frao> 




1. Simplify 


a®-25y® a®-4v® 

a® + Say - lOy® a® - Say - lOy ® ' 


2. Divide o“( 6 -c)+ 6 ®(’c- a) +c®{o- 6 ) by a + 6 + 0 , and find the 
factors of the quotient. 


3. Find the value of -g-r^'a' when a =o+3, y -3. 

x+y 

4. Find the square root of 


, ® . Q 


^2j'-ay-i)- 


32Vv. 
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■6. Show that (a®+5°+c”)(®*+ff“+z“)-(o*+ii/+C2)® 

•= (ay - 5i)® + {bz - cy)® + (c® - asf)*. 

e. B.blt.ob tom !|±^- 

7. Solve 2*x4»=32 \ 

3*+9‘'«= 3 J 

8. If a :: c <2, show^that (a®+c*)(J”+d®)=(o6+o«?)®. 


VI 

1. Beduce to its simplest form the expression 

2a(l-a®)® j (l+g)®n-®) ^ 2ay®(l-a) 
j/s 2 

2. Multiply a+i+^+s’ by a-&+--x- 

a o a o 

3. Divide ®* -26s®-(a®-fi®)a“+2o“6®-a®5“ by a®-(o+6)*+o6. 

4. If a=y+z, b=a+®, <!=a+y, then 

o®+6®+c®-ic-ca-a6=a“+y“+z“-yz-z®-!ry. 

6. Bednce lowest terms. 

6. Solve|+?«29, 

X y X y 

7. Solve 2a:+3y— 8z+35=0, 7»— 4y+z-8'«0, 12®-6y~Sz+10=0. 

8. If o : 6=c : d=e : /, prove that 

a ' b Vjre®a® +n®c® -J7®e® : “3?®/®. 


3. Show that 1 — 


vn 

1. Divide -2®®y®+17a®y*-5®’-24®®y‘ 

by -®*y* + 7a®y~®-+8a*y®. 

2. Find the H. G. F. of 

e®*a®+e®*-o®-l and e®*o*+2e*a®-e®*-2e*+o®-l. 
a®+i®— c®-d® ^ (o+c+<?-ft)(fe+o+d-o) 

2(a& + c(f} ^ 2{o6+c£f) 

. o6f®®+?/®)+a:yfo®+6®) 

*• ““1** abt,‘-v‘)*Zia--l,4 

B. Soto FI-Fe-Fb-Fb- 

6. Show that if each of the expressions ®®+jp ®+2 and »®+p'a+g’ 
be divisible by x+a, then 
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7. A bill of £100 was paid with guineas and half-crowns, and 48 
more half-crowns than guineas were used ; find how many of each were 
paid. 

8. If a : 6 ; : c : d, prove that 4a“ + 5b“ : 4c“-f-5d® : : : c®d®. 

vni 

1. Show that (ax-i-bij + czV+icx-bii+az)^ is divisible bv 
(fl+cXs+a). 

2. Besolve into factors : 

(i) (6-bc)®-6a(6+c)-b5ff" ; (ii) x~ + 2xij-a^-2ay. 

3. Simplify iijSc"-(a^-b=-c^)"‘ 

4. If o + 6+c=0, show that a'-bc^b’-ca-c'-db. 

5. Solve 3(a!-^•3)®+5(^E-^5)==8(a:+8)®. 

6. Extract the square root of 25a:'®-12.T+16a:'®+4a:*-24a:‘®. 

7. Find the value of x, y, z, if yz‘=4, ZX‘=9, xy==25. 

8. If a : b c ; d, show that a(a+b+c+d)=(a+b)(a+c). 

IX 

1. Find the value of {a®-(6-c)'"}-{b®-(c-'a)®}-{c®-(a-6)®}, 
when a=l, b=2 and c= -3. 

2. Simplify (a;+iP~(®='^ 

3. Eesolve into factors a®-6®-^3o6•^-l. 

j o 1 4a:-h3 , 7®-29 8a;+19 

4. Solve 

5. Show that — ^-15 +/ — ‘ 

[y-s) fz-ic)- {x-yj- \y-z z-x x-y/ 

6. Solve ®+y : ®-y=5 : 3, ®+6y=36. 

7. Find the time between 8 and 9 o’clock, when the hands of a 
clock are at right angles to each other. 

8. If a : 6 : : 6 : c, show that (tH-7i+c)(a-6+c)=a® + b®+c"> 

X 

1. Divide 27a® - 8i® — 27c® - Qiahc by 8a — 2i> — 3c. 

2. Find the H. 0. F.' of ®®-^lllc®— 54 and ®®+ll®+12' 

3. Eesolve into factors (a®-6“)(®®+y®)+2(o®+b®)®y. 


4. Simplify 


a®. 6® _ aL 6®\ 
62+0® + -“ ab ^ 



HISC£IiIiANEO0S EXEBCISES VI 


12 a 


5. Show that a®{6+c) + i®(c+a)+c®(o+5) + a6c(a + 6+c) 

= (o® + 6® + c®)(&c + ca + oh). 

6. Solve V9 + ar-J^ = ;^- 

7. One man and two boys can do in 12 days a piece of work 
which would be done in 6 days by 3 men and 1 boy. How long would 
it take one man to do it ? 

8. If a : 6 ; : 6 : c, prove that 


a* + a®c® + c* = Z.®(p- - 1 +^)(a® + h® + c®;. 


1. Show that (rB®+iBj/+j/®)®-4a:^(ii:®+i/®)=(a:®-.ri/ + y®)®. 

2 . Besolve into factors ; 

(i) aS-b®-c® + ^®- 2 {ad-bc) ; 

(ii) x--y^-2^ + 2yz+x+y-::. 

3. Extract the square root of ^5 + ^5 ~ ^ ~ 

4. Solve a:+2y + 3z=6, 2a:+4p+£=7, 3a;+2j^+92 = 14. 

5. Find the H. 0. P. of x*v-x^y^-15xV+^Qxy*-liy^ and 
a® - 1x*y + 21a® 1 /® - 34a®p® + 28ay*. 

6 . A man buys S70 oranges, some at 16 for a shilling and the 
rest at 18 for a shilling ; he sells them all at 15 for a shilling and gains 
three shillings ; how many for each sort does he buy ? 

FIF!)"F!FiI'R]i^ 

8 . If a : 6 =c . d=e • f, prove that 

(a® + c® +c®)( 6 ® + <f ® +/®) = (ah + cd + c/)®. 


1. If a=a+d, y=6+d, z=c+d, show that 

a®+y® + ”® — yjr — ea— ay=o® + h® +c® — he— ca — oh. 

- Q. IV y+z z+g , of+V 

2. Simphfy (ya-xz){,z’‘-xyy{z’‘-xyYx'‘-yzy{x^-yzKy'‘-xz) 

3. Besolve into factors : 

(i) a® — 2oa— h®+2oh ; (ii)_a®+(a+h+c)a + oh+a<!. 

4. Pind the H. 0. P. of 6a‘-2a®+9a®+9a-4 and 9a*+80a®-9. 

,, n 1 6a+13 3a+5 2a_n 

5. Solve 
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6. A and B can together do a work in 12 days ; A and 0 in 
15 days ; B and 0 in 20 days ; find in how many days they will do the 
work, all working together. 

7. BimpUfy +18 

8. Show that, ifx : p :: a : b, then will 

^ p‘ + b^ ^ (x+p)‘‘+(a+b)^ _ 
x+a p+b x+p+a+b 


1. If 2s=a+6+c, show that 

a(6 - c)(s - g)® + b(e - gXs - fc) “ + c(g - 6)(s - c)® = 0. 

2. Show that g®+®®g®+g® is divisible by ®^+s^g^+g^. 

4. Solve 

x—a x — b x—c 

5. Find how many gallons* of water must be mixed with 
80 gallons of spirit which cost 15 shillings a gallon, so that by selling the 
mixture at 12 shillings a gallon there may be a gain of 10 per cent, on 
the outlay. 

Staplll. 

7. Simplify 3^1^ -4?/^^ +2^. 

8. If g : 6 :: 6 : c, prove that a®+g&+6® : 6®+6c+c® :: g : c. 


.1. If g+6+c=2s, and g®+6®+g6+s®=2s(g+6), show that 
{g-s)®+(6-s)®+(c-sf=s®. 

2. If g+g be a common factor of g®+pg+g and g® + l®+J», "show 

that g=? — 
l—p 

„ „• 7+3*/6, 7-3^/g 

3. Simplify 

' 4. Solve 

_g— g x—b x—a x—o 

. 5. Solve 

b+c o+a a+b 
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6. A oan_ do a piece of work in 26 days, wbich B can do in 
12 days. A be^ns the work, bnfc after a time B takes bis place, and tbe 
whole work is Bnisbed in 14 days from tbe beginning. How long did A 
work? 

7. Express (a:+a)(a;+2a)(®+3a)(ic+4o) as the difference of two 
squares. 

8. Show that if a{y+z)'=b{z+x)*=c{x+y), then 

y-z _ z-x ^ T.-y 
a{b - c)“ blc - a)*°cfo - b) 


XY 


1. For what value of b will iB*+2a®® + (a®+8)®®+(4a+o6)i+4fc 
be a perfect square ? 

2. Prove that (b — c)(l + a&)(l + ac ) + (c - o)(l + bc){l + ba) 

+ (o - 6)(1 + co)(l +cb)=[b- c){c - o)(a - b). 

9 ’ V* 2®i+2 . 1 ' ^ 1 1 

X* + X^+l X+ .yx + l^x— kJx + 1 x^—x + 1 


4. Find the H. 0. F. of 

_2a:® + (2a-36)®®-(26+3a6)»+36® and 2®“-(36-2c)x-36c. 

Jn • O* + 

6. Find the value of 2^ a"-2nx '*' 2ny- 2; ix * when 

O ci-T_- 20r+.S6 , 5s+20_ 4a; P6 ‘ 

6. Solve 


7. A vessel is filled with a mixture of spirit and water, 70 per cent, 
of which is spirit. After 9 gallons are taken out and tbe vessel is filled 
up with water, there remains 58 J per cent, of spirit ; find the contents 
of the vessel. 


8. If x-z : y-z : : x® : y®, show that 

x+z : y+z -+2:^+2. 
” y X 


XYI 


1. Find the H. G. F. of , 

X® + 2a;* - 6x® - 7® + 3 and 3x* - 3s* - 18®® + *® + 2a: + 3. 

2. Solve Ay2x— 1+ s/3x— 2= ^/4x— 3+ V6x— 4. \ 

3. It (a+b+c)x=(-a+b+c)y‘=(a-b+c}z=(a+b-c)w, show that 

-+- + - = -• 

V z w X 
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■Ja 


4. Solve 

X y 

3 >Jx— y 5ja—y i 
V ~ X ^ 5 . 

5. Eesolve into factors a®{j;® + fc®) + 62 /( 6 a:- + a"y). 

6 . Find the continued product of -Jb-^ ,sjc, 
— ijb+»jc, slb+ Jo—Ja. 


>JOi+ ^/6“ s/c. 


7. 


If ~^'= ~j ' show that 
a—o o 


ar+ab_ c® + cd 
ab-b-"‘cd-d- 


8. Bach of two vessels contains a mixture of wine and water ; a 
mixture consisting of equal measures from the two vessels contains as 
much wine as water, and another mixture consisting of four measures 
from the first vessel and one from the second is composed of wine and 
water in the ratio of 2 : 3. Find the proportion of wine and water in 
each of the vessels. 


XVII 

1- Find the H. G. F. of ir®+®®+2x+2 and s*+x“ + l. 

2. Solve J^-x 1 

V20-a: :: 3 :2 J __ 

3. Find the value of + (^)“« -when ® = V 

< n, ... a»(6=-c=)+W-o®)+c®(a=-6®l . 

4. Show that — — stt — ' , , sr, — 57 :: — T\ — '=a6+6o+ca. 

> o®(6-c)+6-(c-a)+c®(a-6) 

5. If <z+6+c=0, show that i{b"c- + c~a" + a~b~)=^{a~ + b'+c')~. 

Hence, prove that (?/ - r)®(r - x)- + (z - ®)®(® - y)- + (® - y)-{v - s)~ ^ 

= (® ® + y ■- + r ® - j/s - z® - xy)’. 

6. One of the digits of a number is greater by 5 than the other. 
"When the digits are inverted the number becomes i of the original 
number. Find the number. 

„ n. 1-# 3®®+®“-5® + 21 

7. Simplify 6j.3+29j=+26r-2r 

8. If 3(a® + b®+c®)={a+6+c)®, show that a = b~c. 

XVIII 

1. Show that {(®-y)®+(y-z)®+(2-®)®P 

• =2{(®-y)*+(y-s)*+(z-®)*} 

,2. Solve 

3. Besolve into factors : 

(i) 14®'-37®+5 ; m (l+fflr(l+c=)-(l+c)®(l+a®) : 

(iii) TO* - 71* + 27i(to® + 71®) - (to + 7i)®(to - 7l)®. 
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4. A baker charges 9J(£. for a loaf which he represents as weighing 
4 lbs., but which really weighs 3 lbs.' 12 oz. After he has sold a certain 
number of loaves, be is detected and fined £5, and thus loses 5 shillings 
more than he has cleared by selling short weight. How many loaves 
does he sell ? 


5. Simplify (a_i)(a-c)^( 6 -c)( 6 -a)'^(c-oXc-i)’ 
a — b b — c c—a a + b+c 


6 . If 
ratios = — 


ay+bx bz+cy cx+az ax+by+cz 
■ supposing a + 6+0 not to be zero. 


,> then each of these 


x+y+z 

7. Solve a:(!B+y+s)=24, y(a;+y + a)“48, z(a:+y + £)=72. 

^ ■» 

8 . Eliminate x from the equations a+c=> ^ -dx, a ~c‘ 

XIX 


~bx. 


1. Solve (a:® — 2aa:+3a®)^+ {a:® — 4aa:+5a“)^ 

= (a:® — 5ax + 7a®)^ + (x- — 7ax + 9a'') 

2. Showth.. 

4. If 771 gold coins ora equal in weight to n silver coins and p of 
the former equal in value to q of the latter, compare the values of equal 
weights of gold and silver. 

6. If aj'sb+c, y=c+a, «=o+b, show that 

®®+y®+z® - 3xyz = 2(a® + d® + c® - 3abc). 

J®(a - c) ^ a®(b — c) ~ ab(a - c){b - c)’ 

- + f = ' or, a-+b-=ab. 

a b c 


6 . 


7. Simplify 


^^24 

8 . Eliminate x and y from the equations 

(b+c)x+(c+a)y + (a+b)'^ 0 , (c+a)z+(a+b)y+lb+ 0 )^= 0 , 

(o + 6)i + (6 + c)y + (c + fl) = 0. 

XX 

1. Show that a(ft+c)® +i(c+a)®+c(o+b)® -4a6c 

<=(b+c](c+aXa+b). 

2. If a+abeafaotorof a®®®-J®a:®+ac®a;+3o®ic, and if a is not 
equal to zero, show that a®+i®+c®=3obc. 
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3. 

4. 

5. 


n- i-i. be . ao , ab 

-c“/c(c“ - 6‘-){c“ -o*) 

Divide a^{]b-c)+b*(c-a)+c*'[a~b) by (a-b)(6-cXc-a). 

If o + i» + c = 0, show that o'+i'+c®® 5o6c(c® - ab). 
a . b 


6. Solve 


x+a-o x+b-o 


= 2 . 


7. Solve ai+Z)y+c«=<i+6+c, + 


by 


,1 _2® . _2tL= 

' 6+c a+c 


- +r- 

a 0 

8. A person starts to walk at a uniform speed without stopping 
from Cuttack to Jobra and back : at the same time another starts to 
walk at a uniform speed without stopping from Jobra to Cuttack and 
back. They meet a mile and a lialf from Jobra and again, an hour after, 
a mile from Cuttack. Find Iheir rates of walking, and the distance 
between Cuttack and Jobra. 


XXI 


1 . 


Show that 

{(b + c)- + (c + a)® + (a + b)®} x |a®(b - c) + b®(c - a) + cr[a - b)\ 

= 2f o*(b - c) + b*(o - o) + c*(a - b)}. 

o. „ , (b-c)®" . (fl-a)® . (a-b)® 

(^ nXa-b) + (aUxb-c) '*-(b -cXe-a )”^’ 

If o + b+c=0, show that a® + ob + b®=b® + bc+c®=c*+ca+a®. 
If s = a + b+o, prove that 

(« - So)® + (5 - 3b)® + (s - 3c)= = 3{(a - b)® + (b - c)® + (c - o)®}. 
Eesolvo into factors o® + 2ob — 2ao — 3b® + 2bc. 

Find the H. 0. F. of s* - 2a;® + 5a:® - 4® + 3 and 

2a:* - X® + Gar® + 2a; + 3. 

7. Find the condition that ttn® + bx + c and a'x® + b'x + c' may have 
a common fact, or of the /on» x+f. 

8. If o . b^b ; c=c : d, prove that 

a : Vo^+6“c®+o®c® : .Jb*c+d* + b-cd-. 

xxn ' 


3. 

4. 

5. 

6 . 


1. Show that o(b - c)(l + ob)(l + Oc) + b(c - a)(l + bc)(l + bo) 

+ c(o — b)(l + co)(l + cb) = obc{a - bX® ~ c)(b — c). 

2. If a+b + c=0, show that o® + b®+c® = 7obc(c® — ob)®. 

3. Show that if aa:® + bx+c and o'x®+b'®+c' have a common 
factor of tho form x+f, then will {ac'—a'c)~={bo'—b'c)[ab' — a'b). 

4. A and B run a race ; B has 50 yards start, but A runs 20 yards 
while B runs 19. What must be the length of the course that A may 
come In a yard ahead oi B 7 
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5. Show that 

7. Solve ®+i/+r=2a+26+2c, a®+i)y+c 2 = 26 o+ 2 ca+ 2 a&, 

(i» - c)» + (c - d)y + (a - i))a = 0 . 
8- Eliminate x, y, z from the equations 

ffla:+cj/+i 2 = 0 , cx+by+az=0, bx+ay+oz^O. 

xxin 

1. Show that (6 - c)(l + o® 6 )(l + 

+ (c — ffl)(l+ 6 ®c)(l + 6 ®o) +(a — 6 )( 1 + c®o)(l + c® 6 ) 

= abc{a + 6 + c)[a - b){,a - c)(b - c). 

2. Find the L. 0. M. of 

21a:®-13a: + 2, 28a;® — 151+2 and 12a:^-7a:+l. 

3. Show that (x+y)''-®’ -y’ is divisible by {x^+xy+y")^. 

4. If 2s=a+b+fl and 2 f®=a® + 5® + c®, show that 

(t® - a®)(t® - b®) + (t® - b=Xt® - c®) + (t® - c®)(t® - a®) 

=4s(s - a)(s - 6 )(s - a). 

6. If (l+axB'+vyT=(l+*^+»®)(l+®'“+y^“). show that 

a=a:' and y=y'. > 

« a 6 [a-b)(a®+&®)+ 6 c(b-cXb®,+c®)+ca(c-a)fc®+a®) 

6 . Simplify a*b*(a-bj+ 6 »>c®(b-c}+c»a®(o-o; 

f, T« . 1 . . n Li. t a®+ 6 ®+c® a® + b“+c“ o® + 6 ®+c® 

7. If a+o+c«=0, prove that g g ^ 

8. Eliminate x and y from the equations 

aa:+ 6 y= Vo“+i>*.| 5 +|a=^T^s. »®+y®=l. 

XXIV 

1. Solve a;+y+i:=a+i+c, 5 aj+cy+az=cx+ay+ 63 =a 5 +bc+ca. 

2. Divide 243 into tbiee parts such that one half of the first, 
one-third of the second and one-fourth' of the third part shall all be 
equal to one another. 

3. If 4(a® + 5®+c*+d®)=(a+b+c+d)®, show that a=»b=c=d. 

4. If 2 s =o + b+c, show that 

a(b-c)(s-a)® +b(c-aKs-b)® +c(o-bXs-c)®= 0 . 

5. If 6 c+cy=a, as+ax=b and ay+ 6 a;=c, prove that 

a* 6 * c* 
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6. Eliminate x and y from the equations 

aa:+ 62 /=a!+^+iEi/=!n® + j/°-l=0. ■ 

7. liax^ — hx+c and dx^ — bx+c have a common factor, show that 
a®-a&d+cd“>=0. 

• 8. If a®4-6® + c®«=(a + i+c)®, then will 

a 2 "+i + 52»+i + c 2 «+i = (o + 5 + c)2"+i, 

where n is any positive integer. 


XXV 

1. If a;=a^ — ic, {/= 6“ -ca, z=c® — o6, prove that 

2. If 2s=a+6+c+d, show that 

4(ic +adY-{b"-+c^-a^- d-f = 16(s - a)(s - b){s - cts - 3). 

3. Prove that (i + c — a)®+(c+a — 6)® + (ffi+6 — c)® 

- 3(6 + c - a){c + a - b){a + 6 - c) = 4(a® + 6® + c® - 3ffl6c). 


4. 


Show that, if ffl+6+c=0, then 

Ib-c , c-o , a-b\l a . 6 



=9. 


5. If a: : a=y : 6=s ; c, prove that 

+ j j/® + 5® ^ z^+c- {x+y+z)-+{a+b-^c)- 

x+a y+b s+c x+y+z+a+b+c 

B. Prove that, if ax+by+cz=0 and - + — + - =0, then 

xyz 

oa:® + 62/ ® + cs® + (a + 6 + c)(j/ + 2)(z + ( bX® + y) = 0. 


will 


7. Eliminate x, y, z from the equations : 

(i)' ax+hy+gz=0 
hx+by+fz=0 
gx+fy+cz^O J 

8. Eliminate I, m, n from the equations 


(ii) aly+z)=x ) 
b(z+x)=y [ 
c(x+y)=z ) 


al=bm—cn, 

Z®+m®+n®=l, 

aH^'+ b^m° + c®»® = o'®i+ 6'®w+ c'®n 
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' QUADRATIC EQUATIONS AND EXPRESSIONS 

We have already explained in Chapter XX -what quadratic equa- 
tions are and how easy types of such equations can be solved. We shall 
in the present article consider some examples of a harder type. 


I. Pure Quadratic Equations 

233. Such equations may, after suitable reduction and transfor- 
mation, be expressed in the standard form 

.'. The required solutions ore 

The following examples will serve as illustrations. 


Example 1. If 


36-2a:,5a:=+7 


9 W-l" 3 

f 

By transposition, we have 

51® +7 51 -2® 35-2® 16. 

^9 , 


, find X. 


9 9 

^_16±9 25 
7 “16-9"' 7' ’ 

. ®®= 5 : 


>7. 


[componendo and dividendo] 
»■= ± ^/ 5 . 

Example 2. Solve 3 ) + = 

By transposition, we have 

r-91 


or. 




• or. 


4x 


13i 


=3x 


12 


®“ + 3’ 


s®+9 

3 ' 2 . 

®®+9 x~+3' 


[removing the factor 18 
from both sides] 


. 3®“+9=2®=+18j 
1-28 


® ® = 9 : . ■ . ® «= ± 3. [arguing as before] 



algebba^made eas^. 


[OHAP. 


Examples. K 

We have {a+b)[x+ (a+b)V=(o-«"'tl+®“) : 

.-. ■■■ 

1+ ■ find a:. 

fisample4. If ® 

Pat 1/ for jS^fand »*-! for ®“-2. 

J4mL = ^ — = —- 

Thus, we have j,2_i y + i ^ 

The»fo«. "• 

... a:=±VI+i(a-l)“^ 

Examples. Solve (a+x)H(a-®)-^“&. 

Since , ,3. , vj, 

=2a+3Ca=-®®)^^^': [because (a+®1’^+(a-®) =^1 

therefore, cubing both sides of the equation we get 

„ „ ff»=»-2g\»; 

x‘=a 3^ J 




®=±[a®-(* 

a+a; 


31 •f 


ib 
a—x 


=a~ 


Example 6. Solve ^ 
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therefore, elearing the eqaation of fractions, we have 
2a^ + (o® - a;®)^{(a + a:)^ + (o ~ a:)^} 

= a^{a^ + (a + a:)%a^ + {o - a:)^} 

= a® [a 4- a%o + x )^ + (a - a;)^} + (a® - a:®)^] 

= a^+a\{a + x^ + (o - a:)^} + o^(a® - a:®)^. 

9 

Hence, removing from both sides and transposing, we get 

a^{a-(«®-a:®)“]={(a+ff)^+(a-®)^tx{o-(a®-fl!®)^} (A) 

whence ffl^=(ffl+a:)^+{a-a:)^ ; 
squaring both sides, -< 1 = 20 + 2 ( 0 * - a;®)', 
or, -o=2(o®-a5®)^ ; 

o®=4(o®-a!*); /. 4a:*=3a®; a:=±^- 

Note. /I must be observed that the above equation admits of another solution 
ohieh has been aoerlooked ; for a-(a*—x*)^ being a /actor common to bolkmdes 
of (A), if this be taken equal to sero, the given equation is evidently satisfied. Rente, 
(a*— »’)^=o, or, 2=0 ts onoUter aotaiion. The same remark applies to example 
which the student will oetg easily see for himself. 


EXERCISE 127 

Find the value of x in each of the following equations : 

50+4a;° 


1 . 

3. 

5. 


24a! + 1 =^iB. 

X 4 

14n* + 16 2x*+8 


21 

a;»-l 


'Sa:®-!! 

T®+1 


■ 3 ' 


_ S r® + 10 

IF' 

a:+7 


= 7 -i 


25 


{x-l)‘‘~iJD + l)^ 


6 . 


7. (l+a:+a;®)^=o-(l-a:+a:®)^, 

j, {x~a){x-b) ^ (3! + fl)(a;+5) 

{x — fn 0 )(a; - mb) {x+ma^X'+mb) 

10 . (o+ a;#+ (o = 3 (fl® -a!®)l 


j, io-r I X — l 7 

a:(a!-7)“a;(a:+7) a:®-73* 
fl 1 . 1 1 

Vl~®+1 Jl-ix—l X 
[Bationalise both the terms at iba 
left-hand side and then proceed.] 


9. 


Qg+l +(o®a!®-l)^ ^ 5 ®a; 
oa!+l-(a®a!®-l)^ ^ 
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5®®+17 , 14a!®-117_io ,o 
2®- -9 


[chap. 

®°-l ®°-5 _®°-2 ®^-6 
®*-4 ®“-8 ®®-5 »"-9 


13. ia+{a“-®^)^}^+|a-(a®-®")*}- 


= n- 


ffl+S 




[Since, ; 




and similarly, a— (a’— »“) 

.". the left-hand aide »= = >y2(a+8)~. 

Hence, squaring both sides, &c.] 

44, !l± 24 zl.!klMf±l, 2 ,y 2 . 

(l_2icf+l (l-i.2a:)^-l 

II. Solution of Adfeeted Quadratic Equations 
by factorisation. 

231. Adfeeted quadratic equations can, by suitable transforma 
tioD and reduction, be expressed in the standard form 
(M:“ + i)®+c=0. 

If the ieft-hand side can be 'easily factorised, then by equating *■ 
zero either of these factors, "we get a solution of the quadratic., 

The following are the illustrative examples. 

Example 1. Solve 10(2® + 3)(.® - 3) + (7® + 3)° = 20(® + 3)(® - 1). 

We have 10(2®® - 3® - 9) -h (49®® + 42® -h 9) = 20(®® + 2® - 3) ; 

49®=-2S®-21=0; 7®®-4®-3=0 

or, (7®® — 7®)+(3®— 3)=0, or, (7®-f3X!B~l)=C 

Hence, either 7® +3=0 1 or, 

and .'. ®=-T J and 

Thus, — f and 1 are roots of the equation. 

Example 2. Solve (7-4 jB)x - + (2 - ^/3)® = 2. 

Since 7-4V3=(2- JS)-. 

We have (2 - ^/S)®®® + (2 — V3)»= 2. 

Hence, putting z for (2- fJB)x, we have 

s® + s-2=0, or, (s+2Xs-l)=0. 


®-x= 


1=0 1 
®=1 J 
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Henoa, either js+2= O'! or, 2-1=0 1 

and z=— 2 j and z=l J 

Thus, ® = - 2(2 + VS) 

Examples. Solva j3x‘‘-7x-'W- >j2x:-7x-5=al-5. - (1) 

We have tdenhcally 

(3!B®-7®-30)-(2®»-7a:-5)=a:S-25 - (2) 

*.e., this relation is true for every value of a;, and hence it is also true 
for the particular value which x has in the proposed equation. 

From (1) and (2), by division, 

(3a;°-7g!-30)-(2a;^-7a;-5) gS-gs 
j3x^ — 7x — 3Q— J2x’^ — 7x — ^ x-5 ' 

or, j3x^-7x-30+ j2x^-7x-5=x-i-5. — — (3) 

From (1) and (3), by addition, 2^3®“ -7® -SO =2®, 

3®®-7®-30=®®, 01*, 2®°-7®-30=0, 

or, (2®+5X®-6)=0 ; ®*=-§, or, 6. 

N. B. IVe Wight as mil as have subtracted (1) ftmn (3) and got the same lesuU, 


Esim.pl.4. Solve 


V (o+c)(®-c) (o+b){®-b) 

By transposition. 

Therefore, either, — ^ — v— =0, whence ®=a+6+c, 

®— o a+c 

or, whence also ®=a+6+c. 

®— c a+o 

Thus, the equation has got two equal roots. 

„ , - V, , o+c(a+®) , a+®_ h ' ' 

Example 5. Solve a+c(a-®) '*''¥~~^^ 

~r a+c(g+® ) a c(a+x) 

a+c(a-®) a+e(a-®) ®+c(«-®) 
we have by transposition. 




l\--f 1 



438 


ALGEBBA MADE EAST 


tCHAP 


or, 


“ ®‘(a - 2ci +?(o -ic;}’ 


(ffl + aXl + c) _ 

X a-2cx 

Hence, either o+ a; = 0 , and ai^-oi 
1 +c c , o(l+c) 


or. 


I \ 

Thus, -a and g^) are the roots of the equation. 


EXERCISE 128 


Solve the following equations : 

1. ic®+9a:+18=6-4a!. 2. (a;-2)(a:+l)=208. 8 . a;=+3a”=4oa:. 

2 1*2 

4. 2 — + 06 = 0 ®. 5. o6a!®-(a+6)c®+c®=0. 


6 . 12®®+23aa:-24o®=0. 7. 10C«-a)®-41(®-o)b+216®=0. 

8 - 12 (® - a)® + 28(® - a)[x — 6 ) — 5(® - 6 )® *= 0 . 

9. 20®®+»(a+2Z))=80{a+&)® + fe®. 

10 . ~ 5 / 1 °* i~g' 11 * ia~i)x^“‘{fi+b)x+2b=0. 


12 . 


96 


a^+b^ 


8 ( 10 -®) 15 


(o5®)‘^+(a®6)“^ 


13. 


.. 16.®^ 6 

16 a- J2ax-x’‘ _ x 
■' a+A/ 2 a®— ®® a-x 


2x(a~x) ^ 
3o— 2® 4 

15. +-A_ =-?^. 

®-o x-b x-e 


17. /s/2®® + 5® — 2— /s/2®®+6®— 9=>1. 


18. ^/8®®+7®-l + V3®®+7®-10= 9. 

19. V4®®-7®+16 + V4®®-7®-l = 17. 

20. V5a;^-6®+8- Vo:c“-6a:-7=l. 


235. If in the process of solving an adfected quadratic by factori- 
sation, the factors are not easily obtained, any one of the following 
methods should he adopted. 

236. The ordinary method of solving an Adfected Quadratic. 
Bring the terms containing the unknown quantity to the left-hand 
side of the equation, and the known quantities to the right-hand 
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side ; if the co-effioient of be negative, change the sign of every 
term of the equation and then divide every term by the co-efficient of 
; thus, the equation is reduced tp the form x'^-¥px=q. 

Now, add ^ square of half the co-efficient of x) to both 
sides, on which the left-hand side becomes a complete square and we 
get|^I:-^^| whenc6a+^ 

and, therefore, a!= - ^ + 

EXERCISE 129 
Solve the following equations : 

1. 70^-63=7®“. 

[By tranepositioQ, wo have — 7z’-l-70x=63. 

Since, the co-efficient of z’ is negative, changing the sign of every term, 
we get 7®’.— 70r= — G3. 

Dividing both sides by 7, a*— iOe-s— 9. 

Now, adding or, 25 to both sides, 

e*-10®+25-=25 -9-=16, or, (a-6)*=16. 

Hence, a— 6= +4, [becanse a— 5 is o quantity 

of which the B^uate is 16J » 

a=6-i-4, or, 6-4, is., a=9, or, 1.] 

2. 2x'‘-ll»-h5':0- 

[By transposition, 2 b*— lla=— 5; 

dividing both sides by 2, a* — 

Adding (VI* to both sides, 

a*-'/a-HVr='*iV-f. 

B-JV=±1: 

3. 87-9&r=30a:-16®*. 

4. 17a!“-85x-H216=65a:-&B®. 6. 

6. 4(®® -31®)® *=10[®® -4?®-6)+3(t- i). 

7. 4(5®®-3S®)®=6(®®-7®-H2)-h^^^^- 

8. 2®-i-'02*=2'4e®-ff®. 9- 4(®®+23®-24)=29®®-8®+l. 
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c(a_+^ 

x\a + c(a x)} (a — 2cx)}a + c(a - xj} 

or, (g+gXl+fl) 4a+a?j 
X a—Zcx" 

Hence, either o+a:=0, and /. a;«»-a; 

Thus,— o and ^^ 3 ^ 20 ) roots of the equation. 

EXERCISE 128 
Solve the following equations : 

1. a® +9x+ 18=6-4®. 2. (a-2)(a+i)=20S. 3. a®+3o®=4ra. 

2 ■i^db=‘ax. 5. ake~—(a+i)as-i-c^'=‘Q. 

6. 12a®+23oa-24ffl®=0. 7. 10(s-o)®-41(a-oj6+216®=0. 

8. 12(a - a)® + 28(« - a)(a! - 6) - 5{x - 6)® =0. 

9. 20a®+®(a+2&)=30(a+6)®+6x. 

10. 11 . {a-i)x^-^{a+b)x+2b=‘0. 

12- ZT :4* 13. 

a-+P ’ {ab^y^+{a-by^ 4 


... 16 ,®^ 6 

J 


15. -5_+ & =_2c.. 
a— a x—b x—c 


18. ^/3x® + 7® - 1 + V 3x® + 7® - 10 = 9. 

19. ,y4x®-7»+16+ V4®®-7x-l“17. 

20 . V 5 a!“- 6 »+ 8 - Vox®-fe- 7 =l. 

235. If in the process of solving an adfected quadratic by factori- 
sation, the factors are not easily obtained, any one of the following 
methods should be adopted. 

236. The ordinary method of solving an Adfected Qaadratie 
Bring the terms containing the unknown quantity to the left-hand 
side of the equation, and the known quantities to the right-hand 
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Bide ; it the oo-effioient of be negative, change the sign of every 
term of the equation and then divide every term by the co-effioient of 
; thus, the equation is reduced tp the form x^+px=q. 

_a 

Novr, add ^ {i.e., square of half the co>e£5cient of a;) to both 
sides, on which the left-hand side becomes a complete square and we 
get|cB+^j =g+^« whencea:+ ^ 

and, therefore, - 2 ±,^3+^ ■ 

EXERCISE 129 
Solve the following equations : 

1. 70a:-63=7a!^ 

[By trauBpoaition, wa have — 7a*+70»=63. 

Since, the 00 -efficient of a’ ia negative, changing the sign of every term, 
wo get 7®*— 70n= —63. 

Dividing both sides by 7, a*— lO*^— 9. 

Now, adding (V)', oc, 2S to both sides, 

*'*-10®+ 26 <=29 -9-= 16, or, (»-6)'‘-=16, 

Hence, ®— 6=+4, [becansex— 5 isa quantity 

of which the square ie 16] ; 

»=6+d, or, 6-4, i.e„ a=9, or, 1.] 

2. 2B2-lla;-i-5‘:0' 

[By transposition, 2®’— 11®= — 6 ; 

dividing both sides by 2, »’ — Va= — 5- 

Adding (V)'* to both sides, 

**-Va:+(Vr=W-?. l»-V)’ = ‘i: 

a-V = ±S; 

®=V+!!=e. w. 40 

3. 87- 98x=30a;-16a;^ 

4. 17«»-85^+216=65J:-BJ:^ 5. 2^=5x-s=-6. 

6. 4(x® - 3i®)“ = 10(®® -41® - 6)+ 3fe - i). 

7. 4(5®=-3S®r=5l®®-7a+12)+§^^^- 

8. 2®+‘02»=2‘45®-®®. 9 . 4(s®+23®-24)=29®’’-8®+l. 
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[OHAF. 


.. 10. (3a:-lX*-4)+(a:-2X2a:-3)=4®(a:-3)-5. 

[The left-hand sidB=(3!B’ — 13®-h4j-f(2s“-7x+6) = 5a;®-20j!-l-10. 

Hence, we have Sx’ — 20i:-H0=4x’‘ — 12 b-5, ' 

x®— 8x=— 15; [by transposition] 

»®-8x-{-(4)®=16-15; or, {x-4)® = l ; 

»-4=±l; x=4+l = 5, or, ,3.] 

11 (2® - 5X3a: - 7) -\x - l)(4®-5)=a:=* - 3(a; -i- 14). 

1 2. (3® - 11)(® - 2) -f (2® - 3X® + 4) -i- 13® = 10(2® - 1)= -t- 12. 

13. (a;-i)(®-J).Ka:-^)(a!-i)=(a,-J)(a!-i). 

X . 40 8(10-h®) 

Ts^m^) — 95 — 

[ By transposition, = 

2®, 3®— 50 _ 12® -h 70 ®+4 . ®-4 10 

15'^3(10-h®) 190 ■ ®-4‘^®+4“3' 

[Subtracting 2 frdm both sides, we have 

_8 8 _ ^4 

X— 4’”x-b4 3 ’ 

1 1 \ 1 2X8 _ 1. 

x-4 x+i} 3 ’ x'-ie 3 ’ 
®®-16=48; ®» = 64; .-. x=±8.] 


17. 

— y • [Proceed as in the last example.] 

X+1 ® 6 ' 

I-* 

00 

®-h3 . ®-3_ 2®-3 
®-h2 ®-2 ®-I 

[Proceeding as in example 16, .we get x®— 4x=0, 
whence (x—2)“ = 4 ; .'. x=2 + 2 = 4, or, 0.] 

-f 0 

®— 2 . ®-i-2^ 2(®-b3) 

®+2- ®-2 5 


®-h2^®-2” ®-3 

. x-2 x+2 6 


[Wehave(f^^-l)^(|^®-l)=|. or, &c. &c. ] 

21 . 

®— 6 ®— 12- 5 
®— 12 ®-6 6- 

„„ 2®-9 2®-7 7 
x~7 2®-9 12 

23. 

a;+6 ®+l_ 1 
®-i-7 ®-i-2 3®+l 

[G. 11.1878] 

24. 

2 ® ,2®-5_qj^ r 

^^4+ ®-3“®^ L 

We have ^_3 2)-4i.] 
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25. 


® . 


11 ® 


+^-.-=0. 26. 




x + 5 lla:-8. 6-4x a: + a ' ®+2£t ‘ a;+3a x 

[ i)=°- 


IS 3 

whence — - +— r^r +“‘nr =*0» 
os'htt x+Sft S'I'Sn 


1 !■• ^ J 1 1 \ 

ffi+o ®+Sa \®+3(i *+2o/ 


whence 


x+Sa 2®+5o . 


&c, 


■] 


x+a ®+2o 

237. General expression for the roots of a quadratic. 

' AT. B. Tlie > ools of any eyvation are those values of the unkHoim quantity that 
satisfy the eqnahmi. 

As eveiy quadratic equation can be wittenin thefotm ax^+bx + e=0 (after 
suiiahle reduction, if necessary) see niiisl regard fhts cjtiation as Nte general type of 
all quadratics. Let us solve it. 

By transposition, aai^ + hx=—c. 

h f* 

Dividing both sides by a, ®®+ ^ ®= — • 

Cl d 

L3 


6= c 
a' 


■ (*4)’= 

— b± JF--iac 

W' 


b°-4 flc . 
4a=“ ' 


and 


I and, therefore, we must regard the expression 


Adding to both sides, 

••• •4-±-'^-^- 

Thus, the roots of the quadratic o® ~ + 6® + c = 0, are ~ ^ — 

-t- js^ 

2a 

"i - as the general expression, for the roots sought. 

By the application of this formula we can find out the roots of a 
quadratic equation without going through the process explained in 
Art. 236. 

Example 1. Write down the roots of 2®® -13®+15=0. 
Comparing this with the equation o®®+6®+c*=0, wo have a=2, 
6=-13, c=15. 

Hence, the roots of the given equation are 

-(-13)± V(-13)=-4x2xl5 

7 2x2 

13 ± ^/ 169 -120 13 ± ^/i9_13 ± 7. 

4 " 4 4 

That is, ®=5, or, 5-. 
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Examples. Write down the roots of — 3a:“=lla:— 4. 
Bringing all the terms to one side, we have - 3a:® -lla:+4=0. 
Here a= —3. 6 = — 11 , 0 = 4 . 

Hence, 

2x(-3) 

„,!!+ 7121+48 11 ± Jm 
-6 “ -6 
11+13 


-6 


-4, or, h 


EXERCISE 130 


Write down the roots of the following equations : 

1. 3a:=-17a:+24=0. 2. fl;®+9a:+20=0. 3. 6a:®=20-7a:. 

4. -9a:® +25= 6a: -10. 6 , 8 a:® = 14a:+15. 6 . -3a:=+20a:=25.' 

7. 5+s— 4a:®=0. 


238. Sreedharacharyya’s (or Hindu) method of solving a 
quadratic. Seduce the equation to the form px^+qx^r ; multiply 
both sides of this by 4p (i e., by four times the co-efficient 6 f ®®) and 
that add 5 ® to both sides ; we thus get 4 p®a:®+ 4 p 5 a:+q®= 4 pr+g®, 
the left-hand side of which is evidently a complete square, oeing equal 
to ( 2 j?a:+g)®. 

Example 1 . Solve 5a:®-17a:+6=0. 

By transposition, 5a:® - 17 j: = - 6 . 

Multiplying both sides by 4 x 5, 

4 X (Sr)® -4 X (5a:) x 17= - 120. 


Adding (17)® to both sides, we have 

4 X (5a:)® - 4 x (5a:) x 17 + (17)® = 289 - 120, 

or, (2 x5a: -17)® =169; .’. 10a: -17= ±13; 


17±13 
' 10 ' 


3, or,f. 


Examples. Solve - 8 a:® + 10 a: =3. 

Multiplying both sides by 4x(-8), 4x64.T®-4x8xl0a:= -96. 
Adding (10)® to both sides, 

4 X 64a:® - 4 X 8 X 102+ (10)® = 100 - 96, 

or, (2x8a;-10)®=4; 16a:-10=±2; 


10±2 3 

■ 16 “ 4 ’ 


or. 9' 


X 



XXXIV.] 


QUADBATIC EQUATIONS 


443 


Examples. 6a:®+23j=12iB+10. 

By transposition, G^'+llir^lO. 

Multiplying both sides by 4 x 6, 4 x (6»)“ + 4 x (jox) x 11 >= 240. 
Adding (11)’’ to both sides. 

4 X (6s)® + 4 X (6s) X 11 + (ID® = 121 + 240, 

or, (2 X 6s +11)® = 361 : .’. 12s+ll=±19; 


EXERCISE 131 

Solve the following equations by Sreedharacbaryya’s method ; 

1.' 2s®+9s-=18. 2. 15s®-2B»s. 

3. 16s®+100s=3s®+s+40. 4. s®+60s=102-15s-s®. 

5. 17s® + 19s =1848. '6. 2cs®-acs=*3(2s-o). 

7. s®+as=ob(3s+a)-2s®. 

239. Equations solved like Quadratics. Some equations, 
though not actually quadratic thainselves, may by suitable substitu* 
tions, be expressed as quadratics, and thus solved. 

Example I . Solve s* - 10s® +9=0. 

Putting y for s®, the equation is y® -10y+9=0, 

or, (i/-l)(y-9)=0. 

Hence, either y^l^O, or, j/-9=0, 

i.e., i/==l, or, 9, 

t.e., s® = l, or, 9, 

i.e., s=±l, or, +3. 

Example 2. Solve ^|^+s®=26ff®. 

Multiplying both sides by s®, 25a*+s*=26a®s®, 
or, s*-26a®s® + 25a*=0. 

Putting y for s®, we have y® -26ffl®y+25a*=0, 

. / or, (y-o®)(y-25a®)=0. 

Hence, either y-a®=0, or, y-25a®=0. 

i.e., y^a^, or, 25a®, 
i.e., s®=o®, or, 25o®, 

®=+a, or, ±5fl. 
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jExample 3. Solve (a:® + 3a;)® - + 3a;) - 6 = 0. 

Putting y for a;® + 3a;, vre have y~—y~Q=Q, 
or, (y+2)(v-3)=0, 
either (i)y+2=0, or. (ii)}/-3=0. 

U) If y + 2=0, we have a:® + 3r+2=0, 
t.e. (a;+l)(a;+2)=0, 

i.e., a;=-l, or, -2. 


(ii) If y-3=0, we have a:®+3a;-3=0. 
Solving the quadratic, x = — •' 


a;=-l, —2, or, 


-3± s/2l 
2 


Example 4. Solve (x + 2)(a: + 3)(a; + 4)(a: + 5) = 24(a;® + 7a; + 7). 


Ee-arranging the factors on the left side, we have 
{(a; + 2)(a; + 5)){(a; + 3)(a; + 4))= 24(a;= + lx + 7), 
or, (a:® + 7a; + 10}ix- + 7a; + 12) = 24(a;® + 7a; + 7), 

or, {y + 10)(i/ 4- 12) = 24{i/ + 7), [putting y for a;® + 7a;3 

or, 2/®+222/+120=24y+16S. 

or, i/®- 2!/-48=0 ; (i/-S)(2;+6)=0. 

Hence, either (i) j/- 8=0, or, (ii) 2 ; + 6=0. 

(i) If y-8=0, we have a;® + 71 -8=0, 

01 '. (x + 8)(x - 1) = 0 ; 

a;+8 = 0, or, a;-l = 0, f.e., a;=-8, or, 1. 

(ii) If y+6=0, wo have a;®+7.r+6=0, 

or, (a;+l)(a;+6)=0 ; 
a;+l=0, or, a;+6=0, *aj„,a;= -1, or. -6. 
x= -8, 1, -1, or, -6. 

Examples. Solve 3x®-4.r+ n/S®® -41^6=18. 

Adding -6 to both sides, 3.r®-4a;-6+ \/3a;® -4a;-6=13. 

Putting s for N/3a;®-4.r-6. ' • 

the given equation reduces to 5®+s=12, 
v.e.. *®+ 0 — 12=0, 

or, (3-3)(2+4)=0 : 
either (i) 3=3, or, (ii)s=-4. 
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i'i) If 2=3. V3a;=-4a:-6 = 3, 

or,. 3®®-4a:-6=9, or, 3a:® -4a: -15=0, 
or, C®-3){3a:+5)=0 : a:=3, or, 

(ii) If 2= -4, JZx^-ia:~Q= -4, 

or, 3a:® — 4» — 6=16, or, 3a:® -4a: -22=0. 

Solving the quadratic, x= ^ . 

6 o 


a:=3, -f, or. 


2+x/70 


210. Equations of higher degrees solved by factorisation. 


Example 1. Solve a:®-7a:+6=0. 

By inspection a: - 1 is a factor of the left side. 

Hence, factorising the left side, the equation may be 'written as 
(a: - l)(a:® +a; - 6) = 0, 

or, (x — iXx — 2)(a: + 3) = 0 ; [factorising the quadratic factor] 

either a:-l=0, or, a:-2=0, or, a:+3=0. 
i.e., a:=l, 2, or, -3. 


Example 2. Solve a:® +1=0. 


Here, -we have (a: + l){a:® - a: + 1) = 0 , 

.'. either (i) a; +1=0, or, (ii) a;®— a: + l=0. 

(i) If a:+l=0.a:=-l. 


(ii) If a:®-a:+l=0, solving the quadratic, we have 



x= -1, or. 


1± ^/-3 
2 


Note. TJie square root of —Sis an impossible ope) alion. Such square roots a) c 
heteever, frequently used m Algcbta and are called imaginarg quaniities. 


Examples. Solve a:® + 7a;®+8a:® + 7a!+l=0. 

The left side of this equation is a reciprocal expression and may be 
put into factors, as in Art. 143. 

Here, re-arranging the terms of the left side, we have 
(a:* + 1) + 7{a:® +a:) + 8a:® = 0, 
or, (a:“ + l)® + 7a:(a:®+l)+6a:®=0, 
or, {(a:®+l)+a:j{(a:®+l)+6a:}=0, 
or, (a:®+a:+l)(a:®+6a:+l)=0. 
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either (i) a;®+®+l=0, or, (ii) a!®+6a:+l=0. 

(i) If rB“+®+l=0, solving we have 

2 

(ii) If iB® + 6a: + l=0, solving we have 

x= — ^ - 3± ^/8 ; 

a 

or, -3±^/8. 

24 L. Exponential equations solved as a quadratic. 

Example 1. Solve 5*'^+5**=lj. 

Here, we have ^ ^ f ’ '5 y “ f ’ 

or, y®-6y+5=0, 

or, (j/- 1)(2/-5)=0, whence i/=l, or, 6, 
i.e., 5*=1, or, 5, i.e. 6'=5“, or, 5*^ ; 

a:*=0, or, 1. 

Example 2. Solve 2*‘® + 2'’'*=3. 

gS V 8 

Here, we have 2 ^+ or, 4 + ^=3, [putting y for 2*] 

or, i/°-12p + 32=0, 

or, {y-4)(y-8)=0; y=4, or, 8, 

i.e., 2-=4, or, 8, i.e. 2**=2®, or, 2® ; 

a; = 2, or, 3. 

EXERCISE 132 
Solve the following equations : 

1, a:®-6a:®+lla;-6“0. 2. a:® -4®®+®+2=0. 

3. 2r®+5a:®-4a!-3=0. 4. a;®+5z®— 2a;-6=0. 

5. -Sr® + 6a;® -5i:+ 1*“0. 6 a;*-5a:®+14a:®-20a;+16“0. 

7. a!*+8a:® + 24a:® + 32x-20=0. 8. (a;+2;(a;+3)(a:+4)(a:+5)=360. 
9. (a:— l)(a;-2)(a;+3)(a + 4)+4=0. 

10. a:*-4a:®-a:®+l0a:+4=0. 11. a:*-6x®+15a:®-18a;+5=0. 
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12. aB®-5a:*-3a!»+9j;®-a:-2=0. 13. ®‘-l=0. 

14. ®*-37r®+36=0. 15. 3*-= + 3®-*-4. 16. 7'-®+7®-*=lf 

17. 2*- 2®-“*= 7(1 -2^-*). 18. ®®-l=0. - 19. ir+ll-*=il2lTlT- 

20. 2®®-ac-6.y2a:S-5® + 3= -8. 

21. 9®-4a!®+^4®®-9®+ll=5. 

22. 2(®®-3®+l)®+5(®®-3®+l)+3=0. 

23. (®+4)(®+l)+ V(®+.5X®-3)=3®+31. 

24. 10®*-63®®+52!c®+63x+10=0. 

242. The Nature of Roots of a Quadratic. If a, p denote 
the roots of the quadratic equation aa:® + 6a:+c=0, we have by Art. 237, 

and 

2a 2a 

Three distinct cases do, therefore, arise according as the expression 
under the radical (6®— 4ac) is (1) zero, (2) positive and (3) negative. 


Case I. Equal Roots. 


—6+0 b in 

a ^=--and^= 


If 6®— 4flc=»0, ^/6®— 4a<!=0; 
6-0 6 


2a 


Hence, tlie roots of a®® + 6® +c- 


2a 2a 

Q are real and equalif h"-iae= 


E.\ample Examine the roots of 4.T®-12a!+9=0. 

Sere, a=4, 6=>— 12 and 0=9; 

.-. 6®-4ac=(-12)®-4.4.9=f44-144 =0. 

Hence, the roots of 4®® -12®+ 9=0 are real and equal and are 
found to be j, 


Case II. Real and Unequal Roots. If 6®— 4ac is a positive 
quantity, V6® -4ac is real. 

a and fi are real but unequal. 

Senee, the roots of ax^ + bx+c^O are real and unequal if b^ — iac 
is positive. 

(i) If b^-iao is a perfect square, Jb^-^ac is rational and real. 

In this case, the roots are also raitonal, real and unequal. 

(ii) If 6“-4oc is positive but not a perfect square, Jb"~iac is real 
but irrational. 

Hence, the roots are also real, irrational and unequal. 

Example I . The roots of 2®®+7®-4=0 are real and unequal as 
well as rational, since 7®— 42 ( — 4) =49 + 32 =81 is positive and a perfect 
square. The roots are found to Jie i and —4. 
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Example 2. The roots of 2a:®— 9 j 5+8=0 are real, unequal but 
irrational, since, (—9)® — 4.2.8=81 — 64=17 is positive but not a perfect 
square. 


Thus, the roots are 


4 


Case III. Imaginary Roots. If 6®— 4ac is negative, Jb^~iaa 
=tbe square root of a negative quantity, ■which is an impossible 
operation. Such square roots are, however, frequently used in Algebra 
and are called imaginary quantities. 


Hence, if b^-iac is negative, the roots of ax‘^ + bx+c=Q are 
imaghmry quantities. 


Thus, the roots of a:® - a: + 1 = 0 are imaginary, since ( — 1)® - 4.1.1 = - 3 
and is, therefore, a negative quantity'. 


The roots are 


1± 7(-l)® -4.1.1 
2 ’ 


i.e.. 


1 ± J-Z 
0 


EXERCISE 133 

I 

Examine the roots of the following equations : 

1. 3a!® +20® -19=0. 2. 3®®-8a:+9=0. 3. a!®+5a!+4=0. 


4. 4®® -12® +9=0. 5. -3®®-2®+6=0. 6. -4a!®+6®-8=0. 


7. 3®®+7®+8=0. 8. 4®®-8®+(4-a®-6®)=0. 

9. (a— Z))®® + 2(a + b)®-(u_— 6)=0. 


10. For what value of m will the equation 2®® + 8®+7tt=0 have 
equal roots ? 

11. If 4®® -23®+9=0 has equal roots, find p. 

12; For what value of m will the equation ®®-2(5 + 2j;i)® 
+ 3(7 + 10))i) = 0 have equal roots ? 

[By the condition of the ptoblem, 

{-2(5+2 jii)}“ -4;-1.3{7+10m)=0, i.e., 4(5+2m)'‘ -1.3{7+10m)=0, 

or, {25+20m+4«i'‘)-3(7 + 10ni) = 0, or, -6)ii+2 = 0, 

or, (2m-lKm-2)=0 ; .’. nt=J, or, 2.] 

13. Find the greatest and least values of for real values 


of ». 


rT,et Then a:®+14a!+9=ni(i*+2a:+3), 

or, ( 1 — i)i)a:“ + 2(7— 7n)i+3(3— 7n)=0 ; 

-2(7-7al + j4.(7-7w)'‘-4(l-i>i).3i3-i)0 
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The exproBsion under the radical sign 

= 4(49-H»t+m*)-12(3-4m+«i’‘) 

= — 8{TO*+f«— 20)=— 8(»»— 4)(m+5). 

Since a: is real, the expression must he positive or zero, 
s.e.i —8{m—i)lm+S) must be positive or zero, 

m cannot be greater than 4, but mat/ be equal to 4 (since for ang value of 
m greater than 4, say 5, the expression is negative). 

Hence, the greatest value of the exprossion=4. 

Similarly, m cannot be loss than —6, but mag be equal to (~B) (siaoe tor ang 
value of m less than —5, sny —6, the expression is negative). 

Hence, the least value required = —5.] 


14. Prove that must Ho between 1 and for all real 

values of x. 

“t* &£ “t" 80 

15. Prove that the value of — ^+ 3 — must not He between -8 
and 8, if z be real. 

rUet — and proceed as in Ex. 13.1 

lls® +12 i! + 6 

16. If z bo real, prove that ' ^+ 4 ^ : 1 7 ^ cannot lie between 
-Sand 3. 


17. If z be real, prove that 
2 and - ’if. 


cannot He between 


18. If z bo real, the value of does not lie between 


-g and 1. 


’*'243. A quadratic equation cannot have more than two 
roots. 

Let az- + bx+a=0 be any quadratic equation. To prove that it 
cannot have more than two roots. 

Proof. Since ax" + bx+o 

—(*’+ **+-!) -»{(*+a)’-(&- f )} 

= a(z-a)(x-pl 

r .. ... . iJb^—iac o /— -b— j^b’— 4acT 

. [ Putting o lor . and /S for ^ 


1-20 
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And since a is not zero, we have aa:“+6a!+c=0, when and only when 
any one of the two factors iS - a, a;— ^ is zero, 

i.c., when and only when X‘=a, or, p. 

Thus, the quadratic equation aa;® + 6a:+c=0 has got the two roots 
a and p and no more. 


244. If a quadratic equation in x is satisfied by three different 
values of x, the equation will be satisfied by every value of x. 

Let the quadratic equation o3:®+5a!+c=0 be satisfied by three 
different values a, p, y of x. 

aa“+5a + c=0, ■■■ (1) 

ap"+bp-i-c=0, ••• ••• (2) 

and a)’“ + 6y+c=0. ... (3) 

Subtracting (2) from (1), we liave a[a“ — p")+b[a—p)=‘ 0, 
or, (a — p)la[a+p)+b}=0. 

Now, ’ a — p is not zero (a and p being different), 

.*. a(a+p)-i-b~0. ••• (4) 

Similarly, from (1) and (3), 

a(a+y)+&=0. — — '(5) 

Hence, subtracting (5) from (4), 

a(p-y)-0. 

But. p-y is not zero (since p and j' are different), 

a=0. 

Hence, from (4), 0.(a+/?)+l>=0, i.o., 6=0. 

Since, o=0, 6=0, we have from (1), c=0 ; 

ax’' + 6x+c=0.!c"+0..r+0.0=0/Dr every value of x. 

245. Relations between roots and co-efficients of a 

quadratic. 

If a and p be the roots of the quadratic ax- + bx + c=0, to prove that 

a + p^- I and a/J= | ■ 

Solving the equation as in Art. 237, we have 
—6+ Jb~—iac, 
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Hence, by addition, a+/J« 


-26 _ b: 
2a a ’ 


and by multiplication. s/b° - 4a£ - 

6)°-(6°-4oe) _4ae_ £_ 

4a® 4a® a 

Since, the equation aic*+6a:+c=0 can also be written as 
b c 

® + - a;+ - =0, we may express the result as follows : 

In a quadratic equation of the form x^+px+q=0 (?.e , where the 
co-efficient of x^=l and the terms are all on one side), 

(i) the sum of the roots = - the oo-o£5oient of x ; 

(ii) the product of the roots = the constant term, 

t.e., the term independent of x. 

Example 1. I£a,fi denote the roots of the quadratic x~ + 6x 
+9=0, prove that <1 + ^= -6 and a^=9. 

Here, the co-efficient of a;®=l and the terms aie all on one side. 

Hence, wo have a + ^=— the co-efficient of x=—6 and a^=the 
constant term =9, 

Example 2. If a, ^ be the roots of 3®* -17® +19=0, prove that 
«+/?=¥ and ap~^. 

Ee-writing the equation in the form ®®+(— ^)®+^-=0, so that 
the co-efficient o/®®=l, and the terms are all on one side, we have 

o + d = - the co-efficient of x=-(-^)=-^, 
and a^=th 0 constant term =^. 

Example 3. If a, /J are the roots of ®®+p®+g=0, find 
(i) a-fi; (ii) a®+/5® ; (lii) a-’-+fi-\ 

We have a+^= -the co-efficient of ® in ®®+p®+g= -p, 
and afi=bhe constant term=g. 

0) Since (a-|3)® = (a+^)®-4o^={— p)®-4g=p®-4g , 
a—fi=± s/p®-4g. 

<ii) a®+jS®=(a+i3)®-3a^(a+/J)=(-p)®-3g(-p]= -p® + 3pg. 

^ a+J? _ —p_ 

■ aP q 

i 

246. Formation of equations with given roots. 

Let a, p bo the given roots and let x^—px + q=0 be the equation 
eougiit. ^ 

a+j5= -(the oo-effioient of ® in ®®-p®+g)= -(-p)=p, 
and ajS = the constant term =g. 


(iii) a~^ + P' 


- + i 

a P 
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Substituting forp and q in x‘-pa;+q=0, 
tbe required equation is a:®-(a+i3)a:+a/?=0, ••• ••• (A) 

or, (a:-aXa;-/3)=0. ••• (B) 

Otherwise: The expression (a:— a){a:-p) is zero if any one of its. 
factors x—a,x—pis zero, 

i.e., if X has any one of the values □ and 
Hence, the equation whose roots are a, j 8 is (a:-aXa. -j!)= 0 . 

[Evidently the equation has no ether roots ; for, if the left-hand side is zero, 
one of its factors must be zero, so that x must ha%'a one of the values a or 

Note. Svmilarly, the eqaalion whose roots are a, p, y is (i— tt)(a:— ^)(a:- 7 } 
e:0, a9id so on. ' 

V 

Example 1 . Eorm the quadratic whose roots are 4 and -5. 

By (B), the equation is (a;-4){r-(-5)}=0, 
i.e., (a:-4X!E + 5)=0, 
or, a:"+a— 20 = 0 . 

Example 2. Foim the quadratic whose roots are 3 + and; 
3- 

Since , (3 + >J5) + (3 - J5) >= 6 , 

and (3-^^/5){3-^/5)=3®-5=4: 
by {A), the equation sought is a:® - 6 ® -1-4=0. 

Examples. Ita, ^ are the roots of ax~ + hx+c=0, formtha- 


or, 

ap 

Since, a+P-- 7 and ap= ' , \vc have 

/_ ^ Y -2- 

a^ + P" _ {a + P)^ -2aP V a) a" a _ b°-2 ac 

ap ap c c ac 

a a 

2d 

Hence, tbe required equation is a:" ^-^a: -1-1=0, 

or, acx"-(b"- 2 ac)x+ac= 0 . 

Example 4. Form the quadratic whoso roots Jare the reciprocals 
of the roots of the equation sc" - 1 - Sr -1-4=0. 

Let a, /5 be the roots of a!“-l-3r+4=0. 


equation whose roots are ^ and • 
By (.4), the required equation is 

_ /» 
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Find the ’equation whose roots are — and -i ■ 

a p 

the equation required is 
1 1 








m 


But since o, |3 are the roots of a;“+3®+4=0, we have a+p=^—3 
and ap=4; 

. a + P_-3 , 1 _ 1 

• • " 4 ’ aP~i‘ 

Hence, from (1), the required equation is a:®-(-i)a;+i=0, 
or, !B’*+|ic+i=0, 
or, 4a!® + 3a:+l=0. 

217. Common Root of two equations. 

Let a=the common root of the equations ax^ + bx+c^-O and 
a'x’‘+b'x+c'=0. 

Wo have aa^ + fca+c^O, and u'a® + i'a -f c' = 0. 

By cross multiplication, ’ 


bo'-b'o 


ca -ca . 


a vw — t/ U *1 — V « 

^ V » ft CLQCt Cl~“ 1 r fi' ^ 

ah- (to ab-ab 


(1) 


ho'- b'c _ Ica'-c'a Y 
ab'-a'b \ab'- a'bl 
or, {ca-c'ay={bc'-b’c)[ab'-a'b) - (2) 

which is the condition that the equation shall have a common root. 
From (1), the common root 


ca - c a 


'a ab'-a'b 


EXERCISE 134 

Form the -equations whose roots are : 

1. 3andl. "2. Sand -7. 3. 3 and 

4. (i) 3+ s/5 and 3- s/5 ; (ii) 2o+ -Jb and 2a- -Jb, 

■5. Find the sum and the product of the roots of : 

(i) ®=-5a:+6=0, (ii) ®®+9a:-13=0 ; 

(iii) - 3x°- + 20a + 15= 0 , (iv) 5a® = 7® + 3 ; 

(v) 3!C-fl= -15a!®. 
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6. If a and jS are the roots of the equation a:® +jpa:+g=0, form the 
equation whose roots are ; 

(i) a® + aj3 and ]3® + ajJ ; 

[(a“ +a|9) + {P’ +ap) = +2aP+i3’‘ = (tt+p)» = (-^? 

and (o®+o,3)(^’ + o|S) = a(a+p)|S(a+|S) = aP(a+p)®=j)’g ; 
since, o+^= — p and oj3=g. 

Hence, the required equation is a''— j)®a!+p’g=0.] 

(i) a® + j3® and 2a^ ; (iii) a"®+|8'® and (iv) 0+"^ 1^+ 

7. If the equations ®® + 6®+ca=0 and ®®+c®+flb=0 have a 
common root, their other roots •will satisfy the equation ffi® + os + &c=0. 

[0. U. P. A. 1879] 

[Let a=the common root of the two equations. 

Then, a’ + 6a+co=0, ••• (l) 

and tt’+co+a6=0. 

Subtracting, (6— c)o+a(c— 6)=0. 

Dividing by (6 — c), a— o=0, i.e., o = o. 

Since, the product of the roots of the first equation=ea, and one of these 
roots = a, 

. • . the other root of the 1st equation = — = c. 

d 

Similarly, the, remaining root of the 2nd equation 

Henoe, the required equation has the roots b and c, and is, therefore, 

x’ — (6+c)x+6o=0. ... ... ... f2) 

Since, a=a, •we have from (l), 

a’+jba+oo=0, i.e., o(o+6+c)=0, 
or, a+l»+c=0, 

.•. from (2), 'we have x’+ax+6c=0. (•.• 6+c=— o).] 

8. If X be real, show that bave any real value. 

[M. U. 1883] 

[Let the given expression =y. 

. ?»®(1— x)— w®(l+x) 


or, j/x“ — {ih“ +n’)x- (j/— 7B'‘.+n®)=0. 

Sohing, ^^?al+7t'‘ ±N/(TO»+n’‘)’‘+4y(y-Bt»+n»") . 

Since, x is real, the expression under the radical sign must he positive, 
or, (w’ +71’)® - — 7i’) + dy’ is positive, 

or, {7»’'‘ — 71®)* -42/(7»t®— 7i*)+4y’ +47I7'“7 i’' is positive,*' 

■ or, (7»® — 71® — 2y) * + 477i®7i® must be positive. 

This condition can evidently be satisfied by giving any real value to y, i.e., to 
the expression.] 
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9. If the equations x^+px+q=0 and x^+p'x+q=0 have a 
common root, show that it must be 

either SpS.'. 

3-5 P-P 

10. Form the equations whose roots are the reciprocals of the roots 
of (i) 3a:® + 8a: +91=0 ; (ii) aa:® + 6a:+c=0. 

11. If one root of the equation aa:®+ 6a; +c=0, be the square of the 
other, prove that 6® + <i®c + ac® = 3a6c. 

12. If aa:®+6a:+c=o'a:”+6'a;+c', when a:=183, 281 and 397 respec- 
tively, prove that a=a', 6=6' and c=c'. 

[•.• (oa’ + ta+c) — («'«:’ + b'a+c') = 0; 

i.e., (a— a')a®+(6— 6')x+(c— c')=0 for three distinct values of x. 

.'. By Art. 244, a-a' = 0, b-6'=0 and c-c' = 0.] 

13. Find a, 6, c, if (ffl-12)a:®+(6— 31)a;=181-c for any value of x. 

14. Find Ic, if the rtjots of 5a:®+7fca;+3=0 be the reciprocals of the 
roots of 3a:® + (8-l6)a:+5=0. 

15. Find a and h, if the roots of 3a:®+2fca:+ifc+2‘=0 be the 
reciprocals of the roots of 2fla:®+(i!t+o)aJ+3=0. ^ 


CHAPTEB XXXV 
EQUATIONAL PROBLEMS 

248. What are eggs a dozen when two more in a shilling’s worth 
lowers the price one penny per dozen ? ' 

Lot a;=the number of eggs we get for a shilling. ^ 

12 

Then the price of each egg=— pence, 

and .’. the price of a dozen=^^ pence. (1) 

CO 

If two more were obtained for a shilling, i.e., if (a:+2) eggs 
were worth a shilling, the price of a dozen would, for a similar reason, 
144 

5+2P®°“- 
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But by the condition of the problem, the latter price is one penny 
less than the former price, hence 

!B + 2*° X ’ 
a:®+2a!=288, 
a;®+2iB+l=289 ; 

!C+1=17. 

" «=16. 

Hence, from (1), the price per dozen =95. 

/ 

249 . Find two numbers, whose difference multiplied by the 
difference of their squares =160 ; and whoso sum, multiplied by the sum 
of their squares gives the number 680. 

Lot x+y and x—yhQ the numbers. * 

Then, by the 1st condition of the problem, 

2j/.(4a:j/)=160, • 

' or, a:y“=20. ••• (1) 

By the 2nd condition of the problem, 

2a:12(!B’=+y=)}=580, 

or, cD(x®+y®)=145. ••• ••• ••• (2) 

From (1) and (2), by subtraction, 

X® =125=5®: 
x=5. 

Hence, from (1), xj/®=5.j/®=20, 

i.e., !/®=4; 

J/ = 2, 

.'. ®=5, andy=2. 

Hence, the required numbers are 7 and 3. 

250 . A sets off from London to York and B at the same time 
from York to London, and they travel uniformly ; A reaches York 
16 hours and B reaches London 36 hours, after ' they have met on the 
road. Find in what time each has performed the journey. 

L _M ^ Y 

m n 

Let L, Y represent London and York respectively, and if the place 
where the travellers meet.' Let m, n be the measures of LM, MY 
respectively in miles. 
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Now, since A travels n miles (i.e., from ilf to Y) in 16 hours, 
Ifi Ifi 

he travels 1 mile in — hours and m miles in — ’TO hours ; henoe, the 
n n ' 

1 ft 

time in which il.travelled from L to hours. 

* n 


36 

Similarly, the time in which B travelled from Y to M=~-n hours. 

771 

Now, since they started at the same instant, the time in which 
A travelled from L to ilf is evidently equal to the time in which 
B travelled from Y to M \ 

. 16 36 , 771 3 

— •77i=— ■77, whence •-= o- • 
nm 71 2 ' 

Hence, the time in which A performed the journey 

= (^^‘7»+16) hours=40 hours ; 
and the time in which B performed the journey 


= (^•77+36) hours =60 hours. 


251 . A fraudulent tradesman contrives to employ his false 
balance both in buying and selling a certain article, thereby gaining 
11 per cent, more on his outlay than he would gain, were the balance 
tnie. If, however, the scale pans, in which the article is weighed when 
bought and sold respectively, were interchanged, he would neither^ 
gain nor lose by the transaction. Determine the legitimate gain per 
cent, on the article. 

, [in a false balance if any weight be placed on one of the scale pans, the weight 
to be pnt on the other pan in order to make the beam horizontal will be different. 
Ear instanee, if in buying rice a five-seoi counterpoise be put on the pan, the 
quantity of rice put on the other will be either more or less than 5 seers. Suppose 
when the five-seer counterpoise is put on the scale pan A, we are required to put on 
the pan B, a quantity of nee whose real weight is greater than 5 seers ; but what- 
ever may bo its real weight, as its weight now is supposed to bo equal to the weight 
of the counterpoise, we take it to be 5 seers. 'Chus, wo take for 5 seers wbat is really 
more than 5 seers. Hence, if the merchant contrives to put the counterpoise on A 
and the article bought on B, ho will evidently take away more of the article than 
ho IS supposed to do ; lot the supposed weight of the article, so bought, be w lbs. ; 
if then TV lbs. be the real weight of the article, w is less than TV. Again, in selling 
the article if ho puts the counterpoise on B and the article on A and if TV' be the 
weight of the counterpoise, then TV' is greater than TV. By this contrivance then 
the merchant buys TV lbs. of the article at the price of w lbs. and sells away these 
TV lbs. again at the price of TV' lbs. Hence, in such a transaotion the merohant’s 
gain is two-fold, he buys more of the artiole than he pays for and the whole quantity 
thus bought he sells away at the price of a still greater quantity.] 
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Let zo and W' be the apparent weights of the article when bought 
and sold respectively. 

Then, evidently zo is less, and W' greater, than the true weight. 

Let p= prime cost of unit of T^ight, 

a:»=the legitimate gain per cent. 

Then, the selling price of a unit of weight 

=p + x hundredths ofp=p|l + j^j- 

Hence, the price paid by the merchant in buying the article, i.e., 
his outlay =a). p., and the price realised by selling it = TF'. + ’ 

. ■ . by_ the condition of the problem, 

T7.p. |l + = lu. p. + {as + 11) hundz'edths of zo.p. 

= M. p.(l + ^^)- ... ... 

If the scale pans were interchanged, the cost of buying the article 
would be W.p. and the price realised by sale, zo. P-(l+ ’ hence by 
the 2nd condition of the problem. 


1 + 


zo. p.| 
From (1) and (2), 

1 + 


X 


^^W'.p. 


1 + 


100 
iC + 11 

100 1 , « 
“^'=^+ 100 ’ 


( 2 ) 


100 


or. 


/ X 1 


(looj 

^ ■^100'‘'4 


X 1 


■ • 100 i 


®=i 


= 1 + 


»+!! 


100 

n ,1 _36 
100"^ 4 “100’ 
6 1=1 • 

2 10 ' 


i.e., the legitimate gain is 10 per cent. 


232, A body of men were formed into a hollow square, three 
deep, when it was observed that with addition of 25 to their number, 
a solid square might bo formed, of which the number of men in each side 
would be greater by 22 than the square root of the number of men in 
each side of the hollow square. Eequired the number of men in the 
hollow square. 
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[A number of men are said to be arranged in a solid square when they are 
arranged in parallel rows and the number of rows is equal to the number of men in ^ . 
each TOW. The following diagram, in which Ci, &o., represent men, will 

clearly illustrate the matter. > 


A. 

B. 

a. 

Dt Fj 

Gx 



A, 

B, 

c. 

Dj Ea Pa 

G, 

H, 


A. 

B. 

C. D. ^E, F, 

■ G. 

H. 


A, 

B. 

1 

T 

1 

©4' "'■■E4 P4 

1 1 1 

G, 

H. 


A. 

B. 

• 

E, F, 

G, 

H. 


A. 

B, 

0®^ "“I^ a' "E s' P 0 

G. 

H. 


A, 

B, 

0, 

D, B, P, 

G, 

H, 


A, 

B, 

0. 

D, Ea P, 

G, 

H. 



The aboTe diagram represents an arrangement in which there are 8 rows, each 
containing 8 men. This is a solid square. If the square C,f,FaCo be removed 
from inside, the remainder will be a hollow square iioo deep ha\ing 8 men in each 
side ; if, however, the square be removed, the lemainder will be a hollow 

square three deep, 

Henoe, the number of men in a hollow square two deep having x men in each 
sido=** — (a— 4)’ ; in one three deep=x* —(x—B)* ; and so on ; thus, the number ^ 
of men in a hollow square n deep having a men in each 6ide=a‘ — (a— 2n)’.] 

Let !C°=the number of men in a side of the hollow square ; then 
the whole nunibar of men=a;® — (ar—6)“. ••• ••• ••* (1) 

Hence, by the 2nd condition of the problem, 
a;=-(a!-6f + 25=(a:^+22)®, 

12a:-ll=®+44:i:“+484 ; 

11® -44®^ =495, 


or. 
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or, a!-4«^=45 ; 

!C-4ir^+4:=49 ; 

A 

x'^-2=7 ; whence a; =81. 

Hence, from (1), the whole ntunher of men 
=81® -73^=156x6=936. 

253. K engages to play a game of chess with B on the following 
conditions that B should name a certain number and put into S's 
possession twenty-four rupees together with as many rupees as equal to 
the square of this number and that at the conclusion of the game K 
should retinm to B only a number of rupees equal to eight times the 
number named. What number could B name with the greatest 
advantage possible to himself ? 

Let X = the number which B should name ; then he has to deposit 
^with X, (34+®®) rupees and get back at the end of the game only 
8® rupees ; 

hence, B has altogether to lose (®® + 24-8») rupees ; 

.’. ® must be such that this loss may be as small as possible. 

Now, since ®“-8®+24={®-4)®+8, which is always greater than 
8 except when ®=4, the loss will for all values of « be greater than Es. 8 
except when ® has this value. 

Hence, in order that the loss may be a minimum B should name 
the number 4. 

254. With the object of examining a student of the 1st year as 
regards his progress in Algebrs^ I undertake to engage in a certain 
contract with him, which is as follows : he is to give me a certain 
number of books, each worth as many rupees as the number of books, 
and to get from me in return six times as many rupees as any of those 
books is worth and also 21 rupees more. How many books should he 
bring me.'with the greatest possible advantage to himself ? 

Let ®=the number of books that the student brings me ; then, 
since the price of each book is ® rupees, evidently I get rupees from 
him ; and in return I give him (6® +21) rupees. 

Hence, his gain (or loss as the case may be) =(21 + 6®-®®) rupees. 

Now,2i+6®-®®=21-(®®-6®)=30-(®®-6®+9)=30-(®-3)®. 

Evidently, therefore, the student is a loser if ®— 3 be greater than 5, 
-i.e., if ® be greater than 8 ; and he is a gainer if ® be 8 or less than 8. 

But not only should the student be a gainer but his gain must be 
the greatest possible, which evidently is the ease when (®-3)®i9the 
least possible, i.e., when ®=3. 

Hence, the student should bring me only three books. 
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25a> _Ba.ma, Lakshmana and Bharata went to visit a Bishi and 
teonght their wives with them. The Bishi knew the wives’ names to he 
Urmila, Mandari and Sita, but forgot which was the wife of each hero 
ThOT told the Bishi that they had given presents to Pandits, and that 
each of the six had rewarded as many Pandits, as he or she had given 
gold mudras to each Pandit. Bama had rewarded 23 more Pandits than 
Urmila and Lakshmana had rewarded 11 Pandits more than Mandavi, 
likewise each hero had given away 63 gold mudras more than his wife. 
The Bishi having thought on what they said, dismissed them with Ills 
blessing, naming correctly the wife of each hero. Prom the conditions 
given, do you also find out the names of the wives ? 

Let a:=the number of Pandits rewarded by any hero, 
and y=the number of Pandits rewarded by his wife , 
then the number of gold mudras given away by the hero = 2 :® ; 
and the number of gold mudras given away by his wife=y®. 

Hence, by the last condition of the problem, we have 
a:®-y®=63, 

or, {x+y)(x-y)=6S. * 

But 63=63x1, or, 21x3, or, 9x7 ; 
hence, since x+y and x-y are positive integers, and x+y is necessarily 
greater than x-y, we get the following three pairs of values for »+y, 
and x-y and no othei. 


(1) ®+j/=63 1 

(2) a;+y=21 1 

(3) x+y=9 1 

x-y=l J’ 

a:-p=3 J’ 

a;-y=7 J 


Hence, we have the following throe pairs of values for x and y : 

(1) fl;=32 1 (2) a:=12 1 (3) !c=8 1 ... 

y=31 r y=9 j’ • 1/=1 J 

i.e., the wife of the boro who rewarded 32 Pandits, rewarded 
31 Pandits ; 

the wife at the hera who rewarded 12 Pandits, rewarded 
9Pandits; ••• ••• (o) 

and the wife of the hero who rewarded 8 Pandits, rewarded only 
one Pandit. ••• ••• ••• (P) 

Now, let us find out the names of the wives from the other condi- 
tions of the problem. 

The number of Pandits rewarded by Bama may be 32, 12 or 8 ; but 
since he is known to have rewarded 23 more Pandits than somebody 
else," the number of Pandits rewarded bj' him niwst be 32. 

The number of Pandits rewarded by Lakshmana may then be 
either 12 or 8, but as he is known to have rewarded 11 more Pandits than 
somebody else, the number of Pandits rewarded by him imist be 12- "(a) 

Hence, the number of Pandits rewarded by Bharata 7niisi be 8- ■•(6) 
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Again, since the number of Pandits rewarded by Urmila is 23 less 
than the number rewarded by Eama, it must be 9 ; hence, by (a) and (a), 
Urmila is the wife of Lakshmana ; 

also, since the number of Pandits rewarded by Mandavi is 11 less 
than the number rewarded by Lakshmana, it 7)iust he 1 ; and, therefore, 
by (fi) and (6), Mandavi is the wife of Bharata ; evidently, therefore, 
Sita is the wife of Bp.ma. 

y Thus, we have 

Eama 1 Lakshmana 1^ Bharata 1 

Sita j’ Urmila /’ Mandavi/ 

EXERCISE 135 

1. A person bought a certain number of oxen for £60 ; if he had 
bought 4 more for the same sum, each ox would have cost £1 less ; find 
the number of oxen and the price of each. 

2. A gentleman sends a lad into the market to buy a shilling’s 
worth of oranges. The lad having eaten a couple, the gentleman 
pays at the rate of a penny, for fifteen more than the market price. 
How many did the gentleman get for his shilling ? 

3. The plate of a looking glass is 18 inches by 12, and is to bo 
framed with a frame of equal width, whose area is to be equal to that of 
the glass. Eequired the width of the frame. 

4. A and B lay out some money on speculation. A disposes 
of his bargain for £11, and gains as much per cent, as B lays out,;' E’s 
gain is £36, and it appears that A gains four times as much per cent. 
as B. Eequired the capital of each. 

5. A boat’s crew row 3^ miles down a river and back again in 
1 hour and 40 minutes. Supposing the river to have a current of 2 miles 
per hour, find the rate at which the crew would row in still water. 

6. What two numbers are those whose sum multiplied by the 
greater is 204 ; and whose difference multiplied by the less is 35 ? 

7. What two numbers are'those whose sum added to the sum of 
their squares is 42 and whose product is 16 ? 

8. A and B distribute £60 each among a certain number of 
persons. A relieves 40 persons more than B does, an’d E gives to_ each 
5s. more than A. How many persons did A and B respectively relieve ? 

9. The product of two numbers added to their sum is .23 ; and five 
times their sum taken from the sum of their squares loaves 8 ; required 
the numbers. 

10. A horse dealer buys a horse, and pays a certain sum for it ; ho 
afterwards sells it again for Es 171, and gains exactly as much per cent, 
as the horse had cost him. How much 'did he pay for the horse ? 

Tl. The small wheel of a bicycle makes 136 revolutions more than 
the large wheel in a distance of 260 yards ; if the circumference of each 
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wore one foot more, the stnall wheel would make 27 revolutions more 
than the large wheel in a distance of 70 yards. I'ind the oiroumferonoe 
of each wheel. 

12. By lowering the price of apples and selling them one penny a 
dozen cheaper, an apple-woman finds that she can sell 60 more than 
she used to do for 5s. At what price per dozen did she sell them at 
first? 

13. There is-a nnmlier between 10 and IQO ; when multiplied by 
the digit on the left the product is 280 ; if the sum of the digits be multi- 
plied by the same digit the product is So ; required the number 

14. A and B are two stations 300 miles apart. Two trains start 
simultaneously from A and B, each to the opposite station. The train 
from A reaches B nine hours, the train from B reaches A four hours, 
after they meet. Bind the rate at which each tram travels. 

15. By selling a horse for £24, 1 lose as much per cent, as it costs 
me. What was the prime cost of it ? 

16. Find three numbers, such that if the first be multiplied by the 
sum of the second and the third, the second by the sum of the first and 
the third and the third by the sum of the first and the second, the 
products shall be 408, 480 and 504 respectively. 

17. There are two square buildinffl that are paved with stones, a 
foot square each. The side of one building exceeds that of the other by 
12 feet, and both their pavements taken together contain 2120 stones. 
What are the lengths of them separately) ? 

18. There are three numbers, the difference of whoso differences 
is 5 ; their sum is 44, and continued product 1950 ; find the numbers. 

19. A train A starts to go from P to Q, two stations 240 miles 
apart, and travels uniformly. An hour later, another train B starts 
from P, and after travelling for 2 hours, comes to a point that A had 
passed 45 minutes previously. The pace of B is now increased by 
5 miles an hour, and it 'overtakes A just on entering Q, Find the 
rates at which they started. 

20. A square court-yard has a rectangular gravel walk round it 
inside. The side of the court wants 2 yards of being 6 times the breadth 
of the gravel walk ; and the number of square-yards in the walk exceeds 
the number of yards in the periphery of the court by 92. Eequired the 
area of the court. 

21. ' Divide the number 26 into three such paits that their squares 
may have equal differences, and that the sum of those squares may 
be 300. 

22. The number of soldiers present at a review is such that thej' 
could all be formed into a solid square and also could be formed into 
four hollow squares each 4 deep and each containing 24 more men in 
the front rank than when formed into a solid square ; find the whole 
number. 
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23. A a.nd B run a race round a two-mile course. In the first hit 
B reaches the winning post 2 minutes before A. In the second hit A 
increases his speed 2 miles an hour, and B diminishes his by the same 
quantity ; and A then reaches the winning post 2 minutes before B. 
Find at what rate each ran in the first hit. 

24. From a vessel of wine containing a gallons, b gallons are 
drawn off and the vessel is filled up with water. Find the quantity of 

' wine remaining in the vessel when this has been repeated 4 times. 

26. A wall was built round a rectangular court to a certain height. 
Now the length of one side of the court was two yards loss, .whilst 
three times the length of the other was 25 yards greater, than 8 times 
the height of the wall ; and the number of square yards in the court 
was greater than the number in'the wall by 178. Eequired the dimen- 
sions of the court, and the height of the wall. 

26. A person brought a number^ of £20 railway shares when they 
were at a certain rate par cent, discount for £1,500 ; and afterwards 
whan they were at the same rate per cent, premium sold them all hut 
60 for £1,000. How many did he buy and what did he give for each 
of them ? 

27. The sum of 4 numbers is 44 ; the sum of the product of the 1st 
and 2nd, and 3rd and 4th is 250 -, of the 1st and 3rd, and 2hd and"4th is 
234 ; and of the 1st and 4th, and 2nd and 3rd is 225. Find them. 

28. To complete a certain work A requires m times as long a time 
as B and 0 together ; B requires n times as long as A and G together ; 
and C requires p times as long as A and B together. Compare the times 
in which each would do it and prove that, 

m+l^re-H^p-t-l 

29. In a certain village there lived in the year 1872 a number of 
families each consisting of as many members as there were families. 
Ten years afterwards it was found ‘that during this interval there were 
670 births in the village and that on the average 50 lives were lost per 
family. Prove that the number of persons, living in the village at the 
time of this calculation, could not be less than 45, and if this number 
be actually 45, find out the number of souls that lived in the village 
in the year 1872. 

30. Suppose you agree to give me out of your landed property a 
square plot of ground and receive in exchange a circular plot of land 
whose area is 76 square feet and also a rectangular plot, one of whose 
sides is 36 feet and the other is equal to a side of the piece of land you 
give me. What must be the area of the plot you give, me, so that you 
can profit most by the exchange. 
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GRAPHS Op QUADRATIC EQUATIONS AND EXPRESSIONS 
AND THEIR APPLICATIONS 

266. The graphs of XY’^O, X and Y being expressions of 
the first degree in x and 

Example 1. Draw the graph of the equation 2 :“ =85. 

The equation a:® =25 may be written as 

a:®— 25=0 \ 
or, (a:-5)(a:+5)=0 J 

Evidently, the given equation is satisfied (i) by all those points 
which satisfy the equation a!-5=0 ; (ii) by all those points which 
satisfy the equation a: +6=0. 



Hence, the required graph consists of two straight lines, one 
being the graph of the equation a;— 6=0 pnd the other being the graph 
of the equation a; +5=0, as shown in the above diagram. 

1—30 
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Example 2. Draw the graph of the equation a:® - 3® - 28 = 0. 
factorising the left-side of the equation, we hare 
(a:-7)C®+4)=0. 



Hence, proceeding as in example 1, we notice .that the required 
graph consists of two straight lines, one being the graph of the 
equation ®-7=0 and the other being the graph of a; +4=0, as shown 
in the above diagram. 

Example 3. Draw the graph of the equation y" = ix". 

From tlie given equal ion, we have 

r-4i==0 1 
or. {y + 2j;){ 7/ - 2.r) = 0 J 

Clearly, the given equation is satisfied by (i) all those points which 
satisfy the equation j/+2j:=0, and also (ii) hy all those points which 
satisfy the equation ?y-2r=0. 

Hence, the required graph consists of two straight lines, one 
being the graph of the equation y+2x=0, and the other being the graph 
of the equation p - 2r=0. 
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.HoDce, tho ‘roquired graph is as showa below : 



Example 4. Draw tho graph of the equation 2x^-^xy-tj^-Ux 
■4-4p+5=0. 

Factorising tho left-side of tho given equation, wo have 
(x+v-oK2x~v~l)‘’0. 

Obviously, tho given equation is satisfied (i) by all those points 
i-which satisfy tho equation ®+i/-5=0 as well as (ii) by all those points 
which satisfy the equation 2x~P“l“0* 
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Hence, the required graph consists of tpvo straight lines, one 
being the graph ot the equation a:+j/-5=0 and the other being the 
'graph of the equation 2a:-j/-l=0, as shovm in the diagram. 



257. Thus, it is clear from the above examples that whenever a ' 
quadratic equation can be expressed in the form XT=0, where X'and Y 
are expressions of the first degree in x and y, the graph consists of a 
pair of straight lines, which are respectively the graphs of the equations 
X=0 and Y=0. 

J 

"When, however, a quadratic equation cannot be expressed in the 
form Xr=0, its graph is a curve. We shall now proceed to oonsidei- 
a few graphs of this nature. 

258. Draw the graph of the equation 

Let twice the length of a side of a small square represent the unit 
of length. 

With centre 0 and a radius equal to 6 units of length describe a 
circle, as in the diagram on the next page. Then this circle will be the 
required graph. 
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Take any point P on the circle, and let its co-ordinates be denoted 
by a: and y ; evidently then 2 := -{■^2 = OP* =36. But if a point, such 
as Q, be taken anywhere not on tlie circle, it is easy to see that its 
co-ordinates will 7iot satisfy the given equation. 



^ Thus, it is shown that the co-ordinates of every point on the circle, 
and of no other point satisfy the given equation. Hence, the circle 
drawn is the required graph. 

269. Draw the graph of the equation 
(x-3)a-b(y-2)==26. 

Let twice the length of a side of a small square represent the 
unit of length. 

Let A be the point (3, 2). With centre A and a radius equal to 
5 units of length describe a circle as in the diagram on the next page. 
THien this circle will be the required graph. 


470 


ALGEBBA MAPS BASY 


[chap. 


Take any point P on the circle, and let its co-ordinates be denoted 
bj’ X and y. Now from the diagram, it is clear that AP is the hypote- 
nuse of a right-angled triangle of which the sides are (a: -3} and (j/- 2) 
units of length respectivel 3 '. 

Hence, Ca:-3)®+(y-2)’“’ 
‘=j 4P®=25, which shows 
that the co-ordinates of P 
satisfy the given equation. 
But if a point, such as Q, 
be taken anywhere not on- 
the circle, it is easj’’ to see 
that its co-ordinates will 
7tpt satisfy' the given equa- 
tion. 


Thus, it is oleai* that 
the co-ordinates of every 
point on the circle and of 
no other point, sntisfj’^ the- 
given equation. Hence, 
the circle described is the- 
required graph. 



Notel, The graph of (x+2)*+0’+5)’*=49. - p may he shown as abme 
that the graph of the equation (r-f2)’ -t- fe-fS)’ =49 is a circle of which the centre is- 
ihepoinl (—2, —5), and the radius is equal to 7 units o/lcftgth. 

Notes. The graph of x’+y*—Sx+i0y +35=0. The equeUion Z'+y'—Bs 
-HOi/ -f 26 =>0 con be easily reduced to the form (®— = JIcnce,its- 
graph is a circle of which the centre is (he point (4, —5) one? the radius is equal to- 
4 rmits of length. 

Example 1, Solve graphically a:" - 6a;- 12=0; 

The equation may be written in the form 

(a;“-6a;-f-9)+4=25, i.e., {.T-3)‘-h2“=2o. 

The roots of the given equation are the abscissm of the points- 
whei-e the line y=Q{i e., the Ar-axis) cuts the circle 
[for, putting y=0 in the equation of the circle, we have {x~Br+{y-2r 
=25, j.fi., (a:— 3)®-h4=25]. 

Hence, drawing the circle (a:— 3)®+(y— 2)“=25 as m Art, 259, we 
notice from the diagram that* these abscisscc are 7'6 and. -!'& 
appxoximately. 

The required roots are TIB and - I’G approximatelj'. 
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Example 2. Trace the graph of (i) a;®+j/®= 169 and lu)a:+i/=17. 
Find the co-ordinates of their points of 'intersection. 




IpnmMiiuiiiaiiiiiiHiilH 

MKiBaass ssBas^aiaai 
■aaaaaaaatgaias aajag 

■BaaHauaBBBaBBBisiBBaBHauiiuaiiHB, 

■BBBBBBBBBSaaiflBBaS^niBBBBBlBBBBBBBB 

BBBBBBBeaBBBBBBBBBB^BiBBBBBBBBBEBB 

BBBSKBBBBUBBBBBBB^lSBBBBBBBBfl 

BBaBBBBBBBBBBBBBBBgKBBBBiBBBI 
-BaBBBBBiBBBiBBBBaBBl^flBBBBBBl 
IBl^BBBflBBflflBBiBBaBflBBBCiflBlBBBBI 
jMBBBBBBBBBBflBBBBBBBBBliSMBiiBI 

BBBBBBBBBfflBBflBflBBBBBBBBl^'nil 

W»BBBBBBBBBBBBBBBBBBBBBBBi?ll 
FIB BBB BBBBBBBBB BBB BBBBBBBBagli 

K nBBBBBBBBBBBBBBBiBaSBiBBAlBCIL , 

flBBflBBBBBBBBBflBBBHBBiBfnaBBfliiB 
IBBBBBBHflBBBBBBBBiiBBBBBBBiiBBBmRg 
OBBBBMBBBBBBBBnBBB BBBBl BBiiBBBBSBa 
~ IBBBBBBBBBBBBBBiiBBiiiSmBiiBBiBfir 
IMBBBBBBBBBBBBBBBBBBBBBBBiBBBr 
’HaBBBBBBBBBBBBBBBBiBBiBBBriBB:,,^-^., 
WBBBBBiBBBBBBBBflBBBBBBBiBBBBBBimBl 

BBBBBBBBBBBBBBBBBI 

-^■B BBBBBBBBBBBBBBBl . 

SSS^SBSS8S:R:SB8SSkiH»«. 

BBBBBBaBBBBBBBBBBBBBBBBBBBBBBBBBBBr 

BBBBBBBgftBBBBBBBBBBBBBBSBBBBflBBBBBii 

K BBBBBBBSBBBBBBBBBBSaiBBBiBBBBBaiB: 
BBBBBBBBBSSBBBPSSilBBBBBBBiBBBBBBB 
~ BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB 
BBBBBBBBBBBBftBBBBBBBBBBBBBBBBBBB 



The graph of a;®-f y®=169=13® is a circle -with the rantre at the 
origin and the radius equal to 13 units. The graph of x+y-Vi is a 
straight lino passing through the points (17, 0), and (0, 17). Taking the 
side of a small square as the unit of length and drawing the graphs, 
we shall find that they will intersect at P{12, 5) and Q(5, 12) as in the 
above diagram. 

Note. To Boloe graphically the equation 

x®+9® = 1G9 1 
x + y — 17 J 

we notice that the co-ordinates of each of the above points P and <3 satisfy both the 
equaiions and are, therefore, the required solutions. 

Thus, the roots are x = 12 1 andx= 5 1 
y= 5 1 V=12 j 
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Example 3. Show thaii the graph of 3x+42/=25 touches that of 
a* +y®=25, and find the co-ordinates of the point of contact. [C. TJ. 1911] 

The graph of a®-^l/®=25— 5® is a circle \7ith its centre at the origin 
and radius equal to 5 units. The graph of 3x+42^=25 is a straight Une 
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passing through (5, 2-5) and (-1. 7). Taking twice the side f a sviall 
square as tlie unit of length and drawing the graphs, we find that tney 
touch at P(3, 4) as in the diagram. 


EXERCISE 136 

Draw the graphs of the following equations : 


1. ®®+y®=81. 

3. (»+6)®+(i/-7)®=100. 

5. ®®-Hy®+14®— 16y+32=0. 

7. x^+y^-10x+16y-55=0- 
Solve graphically : 

8. s ®+?^®=100 1 

» +j/ = 14 J 


2 . {x-5r+{y-6)^=49- 

4. x®-l-v®-8a;-14!/+l=0. 

6. x®-H/*+12®+18i/+92=0. 


9. x^+y^=25\ 
X ~y = 1 ) 
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10. a:®+y®-4a!-6i/-12=0 \ 11. !c®-4a:-12=0. 

X-¥y = 12 J [The loots are the abscissae of the points 

where the s-asis cuts c’+y’ — 4*— 12 
=0. etc.] 

12. a!='-6a!-16=0. 

13. Draw tho graphs of as® +2/®=36 and 3x-iy =30. Show that 
they touch at (3'6, -4'8). 

14. Draw the graph of ■a:®+y®-4a:-6p-23=0 and find its 
tangents parallel to the co-ordinate axes. 

16. Draw the graph of a!®-hj/®—10a:-10y + 25=0 and show that it 
touches the co-ordinate axes. Mnd the co-ordinates of the points 
of contact. , 

16. Draw the graphs of the following equations : 

(l)a:*=16; (2) a!®-5a:-f 6=0 ; 

(3) 5a:®-3a!-2=0 ; (4) v‘-^V=0 ; 

(5) xy=0 : (6) a:®-3®i/ + 2i/®=0 ; 

(7) x^-y=+iy-i=0 . (8) (a!-l-3)“ = 4(v-5)®. 

17. Draw the graph of 5®® —24a;j/~5!/®=0 and show that they are 
two perpendicular straight lines. 

18. Find the angle between the straight lines which represent 
the graphs of 

(i) xy=0 ; (ii) (®-3)(ii-2)=0 ; 

(iii) (3x —2y-i-S)(2x+3y+2)=0; fi v) (7® —6y+ 3)(6® + 7y + 8) = 0. 

260. Draw the graph of the equation 4.v®-}-9j»®=36. 

(1) When ®=0, we have j/® =4, and, therefore, i/=+2. Hence, 
the points (0, 2) and (O, -2) are on the required graph. 

(2) When y=0. we have ®®=9, and, therefore, ®=±3. Hence, 
the points (3, 0) and ( - 3, 0) are on the required graph. ’ 

(3) When ®=+l. we have 9y®=32, and, therefore, y=±*-s/2 

= ±1'885'"= ±r9 approximately. Hence, the 

3 3 

foiir points (1,1-9), (1, -r9). (-I.r9) and (-1, -I'Q) are on the 

required graph. 

(4) When ®= ±2, we have 9p® = 20, and, therefore, y=±fs/5 

_ ^ 2x2^236‘-- _ ^4-4TO- _ j. 1-490 +r5_nearly. 

Hence, the four points (2, 1'S), (2, -1'5), (-2, 1 5) and (-2. -16) 
are on the required graph. 
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Let us now plot the twelve points as found above (taking 5 times 
the side of a small square as the unit of length) and draw a free-hand 
curve through them, as in the above diagram. 

The curve so drawn is the required graph. 

Note 1. Evidentlj/ the curie is symmetrical about the axis of x, t.e., every 
chord at right angles to the axis of x is bisected by it. Similarly, the curve is also 
symmetrical about the axis of y. 

Note 2. The cm ve lies entirely icithin the space enclosed by the foui straight 
hnesx=S,x=~3,y=2,ij=—2, since from the given equation it is obvious that x is 
imaginary, tohen y> 2 and < — 2 ani y is imaginary, when * > 3 and < -3. 

A curve of this class is called an Ellipse. , 
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Example 1. Draw the graph of the expression 

Let V=-s^9-x‘‘. 

For each value of x, there will be two equal and opposite values 
oiy. Thus, (1) when a:=0, j/=±4; (2) when j/=0, a:=±3; (3) when 
®=±1, y=±-W8=±3'8 approximately; (4) when a:=±2, 

= ±3‘0 approximately. 

1 

The corresponding values of x and y may be arranged in a tabular 
form as follows : 
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Plotting these twelve points (taking 4 times the side of a small 
■square as the unit of length) and drawing a free-hand curve through 
them as shown in the diagram on the last page, we obtain the required 
•graph. 


Example 2. Draw the graph of 4(a; — 2) ® -P 9(y -3)~= 36. 

Ee-writing the equation, we have 

9(l/-3)*=36-4(a:-2)®, 

, or, y-3=±ij2-{x-§f. 

Hence, for each value of a:— 2, we get two values of y—3 from 
which 'the corresponding values of x and y may be tabulated as follows ; 
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Plotting these twelve points (taking 4 times the side of a small 
square as the unit of length) and drawing a free-hand curve through 
them as shown in the diagram we get the required graph. 
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Example 3. Draw the graph of ix°+9y^ - 16x - 5iy + 61 =0, 
The left-hand side of the given equation 
= 4(a:® - 4®) 9iv~ - 6i/) + 61 
=-4{(® - 2)“ - 4K 9{(i/ - 3)= - 9}+ 61 
=4(®-3)=-t-9{i/-3)“-S6. 

The equation is 4(®“2)®+9(j/~3)®“-36=0, 
or, 4(a-2)®H-9(2/-3)®=36. 

To draw its graph sea example 2 on the last page. 

261. Draw the graph of the equation 1. 



(2) When y=0, we have and, therefore, ®=±1. Hence, 

the points (1, 0) and f-1, 0) are on the required graph. 

(3) When ®=+2, we have y-=3, and, therefore, y=±^/3= 

+r732- = +r7 approximately. Hence, the four points (2, r7), 

(2, -1-7), {-271'7) and (-2, -1’7) are on the required graph. 
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(4) When ®=±3, we have i/®=8, and, therefore, y=±2j2=‘ 

±2x 1‘414 = ±2'828 = ±2'8 approximately. Hence, the four 

points (3, 2'8}, (3, — 2‘8), (— 3, 2‘8) and (—3, — 2'8) are on the required 
•graph. 

The corresponding values of x and y may be tabulated as follows : 


X 1 

1 

-1 

1 

2 1 2 

-2 

-2 

3 

■ 3 

-3 

-3 

y 

0 

0 

1-7 

- 1-7 

1-7 

1 

- 17 | 

2 -S 

- 2-8 

2-8 

- 2-8 


Let us now plot the ten points as found above (taking 5 times the 
side of a small square as the unit of length) and draw a free-hand curve 
•through them, as in the diagram on the last page. 

The curve so 'drawn is the required graph. 

Note 1. The cm ve so draivTt is evidently symmetrical aloul the axis of x and 
•also about the axis of y. 

Note 2. The ciirre consists of two branches, one lying entirely on the right of 
ithe linex=l and the -other lying entirely on the left of the line x=-l. 

A curve of this class is called a Hyperbola- 

Example 1. Trace the graph of (i) and (ii)®®+y®=l. 

■Show that they touch each other. 

Draw the graph of a;® — 7/® =1 as above and the graph of the circle 
®®-t- 7 /® = l on the same scale. It will be found that they touch each other 
a,t the points (1, 0) and (—1, 0). 

Example 2. Trace the graph of (i) a ®-j/® = l and {ii)x — 2y. 
Hind the co-ordinates of their points of intersection. 

Draw the Hyperbola ®®yy®=l and the straight line x=2y on the 
■same scale. Produce the straight line, if necessary, to meet the Hyper- 
bola. They will be found to intersect at two points whoso co-ordinates 
4ire (1'2, ’6) and (-1'2, - '6) approximately, 

262. Draw the graph of the equation 


Evidently the following points are on tho required graph and their 
'oo-ordinates may be tabulated as follows : 


X 

0 

1 

-1 

1-5 

-rs 

2 

-2 

3-5 

- 2-5 

3 

f 

- 3 | 3-5 
i 

- 3-5 

4 

-4 

y 


1 

1 

2-25 

2-25 


4 

6-23 

6-25 j 9 

g 

12-25 

12-25 

16 

16 


Let 2 times tbh side of a small square be the unit of length. 
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Lefc us now plot tho points found cibovo And draw a curvo through 
them free-hAud, as in the following diagram. 

The curve so drawn is the required graph. 



■■■■■■■■■■■■■■■■■■■■I 

■■■■(■■■■■■■■■■■■■■■Si 

■■■■■■■■■■■■■■■■■■■■a 

■■■■iiHBBHmnHHaaam 

■■■■EaaaaaaBBHaaBiBn 

■■■■■■■■■■■■■■■■■■■■a 

aaaaaiiBBaaaaaaaaaMjaa 

BBBBBlIBBBBBaBBBBBIIlBB 

aaaaBiiBBBaBBBBBBBflriaa 

BBBaBRIBBBBBB BBBBBB/IBB 

BBBBBBaBBBBBBBBBBIlBBa 


■ill 


IIIM 

■111 


BBBBBBVBBBBBBBBBBIBBB 

BBBBBBEaBBBBBBBaaiBBB 

BBBBBBBiIBBBBBBBBBBBBB 

BBBBBBBlIBBBBOaQanBBBB 

BBBBBBBM^fllBBBBB»rlBBBB 

BBBBBBBtiaBBBBBBa'linBB 

BBBBBBBIt.lBBBBBBaJIBBBB 

BBBBBBBnklBBBBBannBBBB 

BBBBBBBnrBBBBBBUnBBBB 

BBBBBflBttBanBaBBnaBaB 

BBBBBBBHBnBBBBriBIIBaBB 

BBBBBBBHBBBflaBaBlIBBBB 

BBBBBBBHBBilBBriaBnBBBB 

BBBBBBBtlBaKBKBBBnBBBB 

aaBaaaBBaaaBeaaaBBBaa 

BBBBBBBBBBBBBBBBBBBBB 



Note 1, Since^ W 0 + •/?/» ® is imagtrioi'i/ 7v7icn y 15 iicgatxic, 

-Hisnce, no point of the curve can have a negative ordinate and, therefore, no gyart of 
the curve cun he below the sc-axu. The curve passes through (he origin, ties entirety 
above the x~axis and extends upwards to infinity. 

Note 2. J^/very chord draton perpendicular to OY ishtseciedhyil ascanle 
easily verified, Sence, the curve draxen above is sxpnmetrical alout the ax^ oj y. 
Thtsisalsocvident from the fact that if the paper be folded about OX the Ic/l-hand 
portion of the cxirvo entirely coincides with the right-hand portion, 

A curve of this class ts called a Parabola, 

Note 3. The ffrapft o/y= curve y = lies entirely afcoie the axis 

af X, and extends upivurds to i 7 y!ni/r/. ft w easy to see that the graph of the cguatiou 
v=s —x^ would be an equal curve being entirely below the axis of x and ex,etidinf) 
doimiioaids to infinity. 
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Note 4. To determine the square root of a number from the graph of 
The abscissa of any point on the curve is evidently the square root of the 
ordinate. Hence, when the graph of the equation y=x'‘ is dravm bp measuring the 
abscissa of any point on the graph we can determine the square root of the number 
which represents the ordinate. Thus, in the dtagraniy the ordinates of P or Q 
represents. .' .the square root of S = the absdssa of P or or —2'25 approxi- 
mately. [2 sides of a small square = 1 unit.] ' 

263. Draw the graph of the equation y=3x^. 

Evidently the following points arc on the required graph and their 
co-ordinates may be tabulated as follows : 
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Taking six tunes the siae of a small sijiiare as tha‘*imit of l«-ffth 
let ns plot the points found above and draw a carve throagh thsai *§86-* 
hand, as in the diagram on page 4S0. 

The curve so drawn is the regnired graph. 



ii 

cncj, 


AgsiK, a rzat' ce e.2silg wrirTfc that frerjr chcra crsir: fr OTis 

citead f^r it. Sricc, ihe arrc is c;c::i Ih^ cjis ef T. 

Kote 2. ITfif f^t's (?/ 5'=— Sr* M*5 cfearfjj' sfin fc re cn I orre rcssisr 
iizrt^h iixcrigin, lyiTzgerziirc'i^ceictT-t/ie^r-asiscr.cesie^di’zg-cirJ^.iScrds ic 

26JL Draw the graph of the equation j,’= •- oj:®. 

Evidently, the fallowing paints are on the required graph, and their 
co-ordinates mav he tabulated as follows : 


> : 0 •; i . -i 


— i 1 • — 1 i 


0 -4 , -1 . -4 ■ -4 • -If ■ -If , -Si ' -5i : -5 ' - 
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Taking 5 times the side of a small square as the unit of length, let 
us>‘ plot- the points found above, and draw a curve through them free- 
hand, as in the diagram on the last page. 

The curve so drawn is the required graph. 

Note 1. Siwe y=—5x‘, we have »* = — Ij/. .'. * is imagiwiy for every 
positive value of y. Bence, no point on {he curve can have a positive ordinate and, 
therefore, no part of the curve can lie above the a-axts. The curve passes through 
the origin, lies entirely below the x-axis and extends downwards to infinidy. 

Note 2. It may be easily seen that every chord drawn perpendicular to OT is 
bisected by it. Hence, the came if symmetrical about the axis of y. 

Notes. The graph of the eqMtion y=5x^ can be easily seen to be an equal 
curve passii^ through the origin, lying entirely above the x-axis and extending 
upwards to infinity. 

265. It is clear, from Arts. ^2, 263 and 264, that the graph of 
any equation of the form where i: is any numerical constant, 

positive or negative, is a curve which .(i) is symmetrical about the axis 
■ of y, (ii) lies entirely on one side of the axis of x and (iii) extends up to 
infinity on that side. A curve of this class is called a Parabola. 

If be a positive integer, the curve will be as in the Pig. of 
Art. 262 bnt will rise more steeply in the direction of OY. [See the 
fig. of Art. 263.] If fc be a positive fraction, we shall have a flatter curve, 
extending more rapidly to the right and left of OT. If i be negative, as 
in Art. 264, the curve will lie below the sc-axis and will be steeper or 
flatter than the graph of y—x^, according as k is greater or less than 
unity. [See the fig. of Art. 264.] 

In every case, the axis of a; is a tangent to the curve at the origin. 

236> We shall now discuss the graphs of some' quadratic func- 
tions of the form a®® +ba:-f-o. ItwiE be seen, as in the next article, 
that the curve is always a parabola, differing in shape and position 
according to values of a, b, c. 


267. Draw the graph of the expression 3- 4 ;c-2j;®. 

The reqttired graph is the same as that of the equation 
^=3 -4a: -2a!®. 


It is easy to see 
graph : 

a:=0 1 
y=s /’ 


that the following points are on the required ^ 



a!= 1-51 

y=-7-5r 



a!= — 2 \ a:= “3 1 X — 3'5\ 

y= 3/’ y — 3/’ y=>-T5y 

Take ten sides of a small square as the unit fot' measuring x, and 
one side of a small square as the unit for measuring y. 
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Let US now plot the above points and draw a Onrve through them 
free-hand, as in the following diagram. 



The curve so drawn is the required graph. 

Jlote. The graph o/ang expression of the form ca' + bx+o is a pat abi 
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268. Graphical solution of Quadratic Equations. 

Example 1. To solve graphically the equation 3 - 4® - 2®® =0. 

Dra’w the graph of i/= 3 -4® -2®® as in the last article. 

Erom the figure it is evident that i/=0, when ® is approximately 
equal to '6 or - 2'6. Hence, 3 - 4® — 2®* *= 0, when ® = '6 or - 2'6 approxi- 
mately, in other words, the roots of the equation 3-4®-2®®=0 are 
"6 and -2'6 approximately. From this it is clear that the roots of the 
equations— is ~ 2x^—0 are the abscisses of the points where the graph 
of the expression 3 -4® -2®® cuts the axis of x. 

Example 2. Trace the graph of y=®®-® from ®'=-l to a =2 
and therefrom obtain an approximate solution of the equation 

l=®®-«. [0. TJ. 1917] 

The following points evidently lie on the graph : 


X 

-1 

-i 

0 

i 

1 


2 

'y 

2 

i 

0 

-i 

0 

s 

2 


Tahing 8 sides of a small square as the unit of length, the graph 
will he as shown in the diagram. 



If we now put j;=l, the equation y-x"-x becomes 1=®®-®- 
Hence, the roots of the equation 1=®® -® are the absciss® of the points 
P and Q of the graph of i/=®®-®, at which the ordinate is 1. Pand 
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Q ara evidently the points where the line 2 /=li meets the graph. IVom 
the figure we find that the absciss® of P and Q ara 1'6 and -’6 
respectively, which are, therefore, the required solutions. 

Example 3. Trace the graphs of (i) ^=3®“ and (ii) y=2a:+l, 
and determine the points where they meet. [C. U. 1915] 

Deduce the roots of the equation 3®“ = 2® +1. 

Evidently, the corresponding values of ® and y on y=3®®maybe 
tabulated as follows : 


X 

B 

1 

-i 

3 

A 

. 

1 

D 


-14 

y 

fl 

-j 


4 

4 

7 

3 

3 

6i 

54 
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Also, the points fl:=Oi\ and a:=i 1 T , 

y=l] y=2 J straight line y=2x-i-l. 

Taking six times the side of a small square as the unit of length, 
the graphs will be as shown in the diagram on the last page. 

Ijet the straight line meet the parabola at P and Q whose co-ordi- 
nates are found from the diagram to be (1, 3) and (- J, respeotivelj*. 

The abscissEB of the points common to the graphs of y=dx^ and 
y=2a!+l are evidently the roots of 3 j;“= 2a: -f-1. But, from the figure, 
these abscissie are 1 and — J, which are, therefore, the required roots of 
3a:®=2a:+l. 

269. Draw the graph ofy^=x. 

We have y = ± Jx. The corresponding values of x and y may be 
tabulated as follows : 


a 

0 

•25 

‘25 

1 

1 

2-25 

225 

4 - 

4 

6-25 

6‘25 

y 

0 

■s 

-•5 

1 

-1 

1‘5 

- 1-5 

2 

-2 

2'5 

- 2-5 


Let four sides of a small squaxe be the unit of length. Now» 
plotting the points found above and drawing a curve through them 
free-hand, the graph will be as in the diagram. 
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Note 1. Since for every ^int of the graph, y= + tjx and is, iheiefore, imagi- 
nary when X is negative, it follotiis that no point of the graph can have a negative 
absezssa, i,e., no part of the graph Ites on the negative side of the y-axts. This 
graph, therefore, lies on the positive side of the y-axis and extends to infinity on that 
side. It is easy to sec that the curve is symmetrical about the x-axis. 

Note 2. TAe graph of = —x is evidently an equal curve tamed in the 
opposite direction on the negative side of the s-asis. 

270 . Maximum and minimun values of quadratic expres- 
sions. 

Example 1. Show graphically that the expression 3-4®-^® is 
positive for all values of x between — 2"6 and "6 and find its maximum 
value. 

Let j/=3-4®-2a!®. 

Drawing the graph of 1/ =3—4® — 2®“ as in Art. 267, we find that 
for all values of ® between — 2‘6 and ‘6 the curve lies above the ®-axis 
and the ordinates are positive, and for values of ® greater than '6 and 
less than —2‘6, the curve is below the axis of ® and the ordinates 
are negative; But the ordinate (j/) = 3 - ^ . 

Hence, 3— 4® — 2®® is positive for all values of ® between— 2‘6 
and *6. 

Also, we notice from the figure that the ordinate is greatest at the 
point P(-l, 5), its greatest value being 6. 

.'. The maximum value required =5. 

Examine 2. Show graphically that the expression ®® — ® is negative 
for all values of ® between ® = 0 and ®=1. Pind its minimum value. 

Let y=x°-a. 

Drawing the graph of 2 /=®®—® as in Art. 268, Example 2 (sm the 
diagram on page 484), we find that for all values of ® between ®=0 and 
!r=l the curve is below the ®-axis and .". the ordinates are negative. 

But the ordinate (y)=®®-®. 

Hence, ®® — ® is negative for all values of ® between ®=0 and ®=1. 

Also, it is evident from the figure that y (i.c., ®“— ®) has the 
minimum value —i at the point A. 

27 1 . Dpaw the' graph of the equation 1 . 

It is easy to see that the following points are on the required 
graph : 


®= '1 

T 

®= ’2 

1 

'4 1 


2/ = 10 

r 

®= -8 1 
2/ =1-25 /' 

2/= 5 , 

r 

®=i 1 

2/ = l 1’ 

2 / =2-5 r 
®= 2 1 
2/= '5 J 

2^= 2 j 
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Evidently also the following points are on the required graph : 




X— - "2 1 ®= - ‘4 1 

y=- 5 y y= ~2’5 J 

sf--r25}’ ?=-i}’ 

_ the unit fnr n 

the unit for measuring y. 


x=-l 1 

y=-l J y= 

Let one inch be the unit for measuring ® and one-tenth of an inch 


®= - -51 
y=- 2/’ 
.-21 
.-■ 5 ] 
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Let us now plot the points and draw a curve through them free- 
hand, as in the above diagram : 

The curve so drawn is the required graph. 

Note 1. As X dtmimskes from 1 io sero, y iitereases from 1 to mfinity ; and as 
X dimmishesfrom seio to —l,y tncreasos ftom ncgahve infinxly to —1'. 

Note 2. As X increases from 1 to infinity, y diminishes from 1 io zero , and as 
X diminishes from —1 to negative infinity, y increases from —1 to eeto. 

Note 3. The graph consists of tico blanches, one lying between OX and OT, 
and the other between OX! and OY'. 

Note 4. The more we mote towards the right ot left of 0, the nearer does the 
curve approach the axis of x ; whilst the more we move uptoards and downwards 
from 0, the nearer does the curve approach Oie axis ofy. But in no case does the 
curve meet the axis except at an infinite distance from 0. Hence, each of the 
axis is said to be an Asymptote to the curve. 

Note 5. A asrve of this I^tnd is called a Rectongalar Hyperbola. 

lixample. Draw the graphs of {i)a:y=8 and (ii)a!+2;=9. Eind 
.the< co-ordinates of their points of intersection. 



Drawingthegrapbof a:y=8byth0 above method and ^ gra?h 
•ofthe.straightlino a:-l-i/= 9 inthesnm 6 figureonth 0 same scale, as in 
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the diagrain on the last pa^e, it •will be found that they intersect at t'wo 
points P and Q whose co-ordinates are 


J and I respectively. 


EXERCISE 137 

Draw the graphs ol the following equations : 

1, a:®-H4j^==4. 2. 4a:®-l-9y==l. 3. 25a:--tr=25. 

4. 16a:®-l-9y==l. 5. a:®-4r=4. 6. ?/= -»==!. 

7. 4x^-y‘=16. 8. 

9. In one and the same diagram draw the gmphs of 4fl;®-9y®=0 
and 4a:®-9j/®=36. 

10. In one and the same diagram draw the graphs of 9i/‘—4x^^0 
and 9y®-4a;®=36. 

11. Draw the graph of the equation 5y®=fl:®-10, taking the 
unit for measm'ing y five times as large as that for measuring x. 

12. Draw the graph of the equation a:“-4a: + 2y=0, taking the 
■unit for measuring y twice as large as that for measuring a:. ' 

13. Drawthegraphof the equation 2 /“+® =0, taking the unit for 
measuring x equal to half that for measuring y. - 

14. Draw the graph of the equation 3y=®®, taking the same unit 
for measuring both x and y, 

15. Find graphically, correct to the first figure after the decimal 
point, the square roots of : 

(i) 3; {ii)6; (iii) 7. 

16. Find graphically, the minimum values of the expression : 

(i) ®®-i-6»+10 ; (ii) 4®® + 4®-{-5 ; (iii) i»®-h4a:+l ; 

(iv) 2®® -6® +7. 

17. Find graphically, the maximum values of the expression : 

(i) 4®,-®® ; (ii) 3 +6® -9®® ; (iii) 12-3®-^ ’■ 

(iv) 1+2®— 2®®. 

' 18. Draw the graphs of the equations (i) ®2/=4 and (ii)®+ 2 / = 5, 
and find where they intersect. 

19. Show graphically that (i) the expression 4® — ®® is positive for 
aU values of ® between 0 and 4; (ii)the expression ®®+6®+12 is 
positive for all values of ® and (iii) ®®— 4®— 5 is negative for all values 
of ® between - 1 and 5. 

20. Draw the graphs of (i) ®y= -8. and (ii) x+y=2 and find where 
they intersect. 
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Solve graphically : 

21. a® =4® -3. 

22. 3®®=®+ 2. 

23. 2®“-7®+5=0. 

24. 7®® -2® =5. 

25. (i) x^-y"=l 1 . 

(ii) xy = 6 1. 

X =2y / ’ 

®+y= “6 / 

(iii) y® \ ; 

(iv) ®® = i/ 1 

y =2® r 

® =-2?/ J 


CHAPTER XXXVII 
ARITHMETICAL PROGRESSION 


272. Definition. Quantities ara said to be in Arithmetical Pro- 
gression when they increase regularly by a common quantity [called 
the common difference). 

Thus, each of the following series of quantities is in Arithmetical 
Progression : 


2, 5, 

' 9, ^ 5, 

a, a+b, 

a, a-b, 


8. 

11, 

14, 

&c. 

1. 

-3, 

-7, 

&0. 


a +26. 

a +86, 

&0. 


a -26, 

0-36, 

&c. 


In the first of the above examples the 
whereas in the second the 

differences in these two cases are said to be 3 and 4 re^aotiveiy 
Similarly, in the third example the common difference is b and in the 
fourth it is— 5. 


JV. B. ArithmeUcal P) agression is briefly nritlcn as A. P. 

273. The common difference of the terms of an A. P. is found 
by subtiMilime »ny toim o( tbe ssties Iron, tbs tern loUomng it. 

IbM, fa tbe oerl.. a^■h. «+?■■, “ifc’. “ 

=■ (o + 6) — a = (o + 26) — (o + h) = 9^*) ~ 


274. To findjthe «th term of an A. P. 

If a be the first term and 6, the common di^renoe^of ajOTies of 
numbers in Arithmetical Progression, we 
the 3rd term =0+26, the 4th term =^+3o," 
the 2l8t torm=o+206 ; and so on. 


_ L/A CU lawfcAw.# — - 

have the 2nd t6rm=a+6. 

=a-ri>e/, the 10thterm=o+96,- 

Hence, the rath term=a+[n-l/0- 


Example 1. Eind the 19th term of the series 10, 8, 6, 4, &C. 

The first term =10, and the common difference =- • 

Hence, the 19th teim=10+18(-2)=10 - 36- -26. 
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Example 2. What term of the series 5, 7, 9, 11. &c. is 25 ? 

Let the rtb term of the given series bo the required term ; then, we 
must have 

25=5+(r-l).2 

= 3 + 2r, whence r = 11. 

Thus, the 11th term of the given series =25. 

275. Given any two terms of an A. P., to find it com- 
pletely. 

Example 1. The 7th and the 13th terms of an A. P. are 34 and 64 
respectively. Find the series. 

Let ffl= the first term, 

i=tho common difference of the A. P. 

.'. The 7tb term=a+(7-l)6=ffl+66=34, ”■ ••• (1) 

and the ISth term=o+(13-l)h=fl+126=64. ••• (2) 

Prom (1) and (2), by subtraction, 

6i=30, i.e., b=6. 

Now, from (1), a+6x5=34, or, a=34-30=4. 

Hence, the first term and the common difference of the required 
series are 4 and 5 respectively. 

.’. The series is 4, 9, 14, 19, 24, 

Example 2. Thepth and qth terms of anA. P. arec and d res- 
pectively. Tlnd the series completely. 

Let a = the first term, 

and h=the common difference of the A. P. 

.'. Tbepth term=ffl+(p-l)5=c, ... ... (1) 

and the gth term=a+(q-l)6=d. ... ... (2) 

Solving equations (1) and (2), a and b can bo obtained. Thus, by 
subtraction from (1) and (2), we have, 

(p-g)h=c-d, 

Also, from (1), £i+(p-l)h=a+(p-l)'^~ ; 

■ „ ^ fp-lXc-d) dfa-l)-gfa-l) 

• ■ p-q p-q 

Hence, a and b being known, the whole series may be written down. 
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1. Eind the 8th, 20th and (m— 3)th terms of the series : 

(i) 2, 4, 6, 8, &c. (ii) 1. 3. 6. 7. &c. (iii) i, &c.- 

(iv) f, &o. (v) 5. 11, 17,... 

2. What terms of the series 9, 11, 13, 16, &o., are 65, 99 and 
6n~13 r 

3. The first term of a given series is 3 and the 7th term 39 ; find 
the common difference. 

4. If there he 60 terms in A. P. of ■which the first term is 8 and 
the last term 185 ; find the 31st term. 

5. The 3rd and the 13th terms of a series in A. P. are —49 and 0. 
Find the series and determine its ^th term. 


6. The 5th and the 31st terms of an A. P. are 1 and -77. Obtain 
its Ist and 18th terms. 

7. Find the 1st term and the common difference of a series whose 
8th and 102th terms are 23 and 305 respectively. 

8. The pth term of an A. P. is e and its gth term is d. Find the 
Tth term. 


9. If every term cf an A. P. be increased or diminished by the same 

quantity, the resulting terms will also he in A. P. / 

10. Prove that if each term of an A. P. be multiplied or divided by 
the same quantity, the resulting series will also be in A. P. 

11. If a he the first term and I the last term of a series of numbers 
in A. P., show that the 5th term from the beginning + the 5th term from 
theend=a+Z. 


12. In the preceding example, show that the rth term front the 
beginning + the rth term from the end=fl+?. 

13. Is 302 a term of the series 3, 8, IS, 18, &o. ? 


[Here, the common difierence^S. 
senes, r being evidently an integer. 

.-. 302 = 3+(r-l)5, or. 


If possible, let 302 = the »th term of the 


r-l = 


302 -3 


or. 



The value of r being fractional is inadmissible. 

302 is not a term of the series.] 
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276. To find the sum of n terms of an Arithmetic series of 
^vhich the first term is a and the common difference, b. 

Leli S denote the required sum, and I, the last term (i. e. the nth 
term). 

Then, S = a + (o + 6) + (o + 26) + (o + 36) + &c. + {o + ( 71 — 1)6}. 

And, by miting the series in the reverse order, we hare also 
S=i+(i-6)+(i-26)+a-36)+&c.+{i-(n-l)6}. 

Therefore, by addition, 

2S=(a+Z)+(a + l)+(a+Z)+&c.,-" to n terms=n(a+?) ; 

5=|(a+f). ... - ... (1) 

Thus, the sum of n terms in A. P. is n times the semi-sum of the 
-first and last terms, or, in other words, n times the average of the first 
and last terms. 

Also, since Z=a+(7i-l)6, 

5=|[a+{fl+(7j-l)6}3=-|[2a+(»-l)6). ... (2) 

N, B, The farmulcB (1) and (2) should be carefully remembered so that they 
inighl readily be applied in any suitable case. 

Example 1. Pind the sum of 20 terms of the series 0 , 3§, dte 

The first term=5, and the common diff.=.^— 5= 

Hence, the required sum=^{2x5+(20-l)x(-|)} 

=10a0-JJlP)=10(-^)= -26s. 

Example 2. Find the value of 1+2+3 +4+ &c. to 100 terms. 

The last term of the series evidently =100. 

Hence, the required sum =^v®(l+ 100) =50x101 =5050. 

Example 3. Find, without assuming any formula, the sum of 

1+4+7+10+ +37. [C. IJ. Matrio. 1919.] 

Evidently, the common difference =3, and the number of terms in 
the series =13. 

Let S denote the required sum, 

iS=l+4+7+ +31+34+37. 

Also, re-writing the series in the reverse order, 

S=37+34+31+ +7+4+1. 

Adding together the two sdries, 

25 = 38 + 38+ to 13 terms=38xl3 : 

5=35^=19x13=247. 
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Example 4. Find, without assuming any formula the sum ofi the 
series 1+3+ 5 + 7+ to 7i terms. [0. U. Matrio. 1911.] 


Evidently, the common difference >=2, 
and the 77th term = 1 + (ti - 1) x 2= 2»i - 1. 

Let S*= the sum required, 

.'. 5=1 +3+6 -I 5)+(2Ft-3)+(2ji-l). 

Ee-writing the series in the reverse order, 

S=(2i4-l)+(2w-3)+(2tt-5)+-+5+3+l. 

Adding the two series, 

2<S=2;t+277+2?i+ to 77 tern)S=2».77 ; S=n^. 

EXERCISE 139 
Find the sum of the following series : 

1. 1+2+3+4+ &c. to 25 terms. 

2. 1+3+5+7+ &c. to 30 terms. 

3. -3, 3, 9, 15, to 14 terms. 

4. f+|+|+ to 20 terms. 

5. A+i^+A+ to 30 terms. 

6. l^+l+-?+4 + to 16 terms. 

7. 3+4+8+9+13+14+18 + 19+— to20terms. [O.U.F.A., 1881.] 

[The given Beries = (3+4) + (8+9)+(13+14) + (lB+19) + "* 

= 7+17+27+37+ to 10 terms 

^ {14+(10-l)x J0}^^P^g3Pj 

2 

8. 5 + 4i + 4 J + • • - Ac. to 21 terms. 

9. 13 + 12J+ llj + • • -Ac. to 40 terms. 

10. 2+7 + 12+--&0. to 101 terms. 

11. n::3 ^ terjjQg, 

77 77 77 

12. ..&c. to 77 terms. 

a + b a+b a + b 

13. 1+6+3+9+5+13+7+17+- to 30 terms. 

15. (a + 6)=+(a= + 5“)+(c!- J)“+ to « terms. 
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Find the sum of the following series without applying any formula : 
16. 3+6+7 + to 29 terms. 


17. -10-6-2+2+ to22 terms. 


18. {x-y)+{2x-Zy)+{Zx-6y)+ to m terms. 

, 19. 5 + 8+11+ +155. 20. 8 + 3 - 2 - 7-12 to jz terms. 

277. Applications of the forninl» (1) and (2) of the preceding 
article. The following examples illustrate some important applications 
of those formulm. 


Example 1. The first term of a series in A. P. is 17, the last term 
-12| and the sum 25/ir \ find the common difference. 

Let Ji=the number of terms ; tlien, we must have 






or, 


4g7_35i. 
16 16 ’ 




If, then, h be the required common difference, we must have 

- 12|( = the 11th term) = 17 + 10b, 

10b«= -121-17= -29f=-J!|A; 

7 = __235 5 x 47 47 

° 8xl0“ 6x2x8 “16 


Example 2. The sum of a series in A. P. is 72, the first term 17, 
and the common difference -2 ; find the number of terms, and explain 
the double answer. 

Let 71= the number of terms. 

f 

Then, we must have 72 = ^ {2 x 17 + (71 - 1) x ( - 2)} 


= 1^34-2(77-1)}= |(36-2n)=187i-7r ; 

.’. ?t®- 1871 +72=0, or, (7 i -6)(71-12)=0 ; 71=6, or, 12. 

The double answer shows that there are two sets of numbers, 
satisfying the conditions of the problem, and this can be easily verified. 
For, the series to 6 terms is 17, 15, 13, 11, 9, 7 ; and to 12 terms it is 17, 
15,13, 11, 9, 7, 5, 3, 1, -1, -3, -5; now since the sum of the 
last 6 terms of the latter set of numbers=0 ; ovidentlj', therefore, the 
sum of 6 terms of the series, is exactly the same as that of 12 terms. 
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Examples. How many terms of the series -8 -B -4 
amount to 52? - 

Let w=the required number. 

Than, we must have 

52=|{2x(-8)+(ft-l)x2} 

= ’^(2n-18)»w®-9»; 

jr-9tt-52=0, 

or, («-13)(n+4)=0 : »=13, or, - 4 . 

Hence, since the number of terms can only be a positive integer 
we must reject the negative value and take 13 to be the answer to the 
question. 

Example 4. The sum of jp terms of an A. P. is q and the sum of 
q terms is.p ; find the sum of p+q terms. 

Let a be the first term, and b the common difference ; then, since 
the sum of p terms = 9 , we must have 

3=1 { 2 o+(p-l) 6 }, 

or. 22 =p. 9 «+p(p-l)h. •• ( 1 ) T 

Similarly, 2 p*= 2 , 2 ( 1 + 3 ( 3 -1)5. ••• ••• ( 2 ) / 

Subtracting ( 2 ) from ( 1 ), we have 

2 (g - p) = (p - g). 2 a+ {(p ® - g “) - (p - g)}5 
=(p-g).2a+fp-g)(p+g-l)5 ; 

-2*=2c+(p+g-l)5. 

Hence, the sum of (p+g) terms 

=^|^{2a + (p +g - 1)5} 

=^^x(- 2 )=-(p+g). ^ 

EXERCISE 140 

1. The first term of an A. P. is 5, the number of terms 30, and 
their sum 1455 ; find the common difference. 

2. The first term of a series being 2 , and the 5th term being 7, 
find how many terms must be taken so that the sum may be 63. 

3. What is the common difference when the first term is 1 , the 
last 50, and the sum 204 ? 

4. How many terms of the series 19, 17, 15, &c., amount to 91 ? 

1—32 
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5. The sum of a certain number of terms of the series 21, 19, 17, 
&c. is 120. Find the last term and the number of terms. 

6. How many terms of the series 54, 51, 48, &c., must be taken 
to make 513 ? Explain the double answer. 

7. If the' sum of 8 terms of an A. P. is 64, and the sum of 19 terms 
is 361, find the sum of n terms. 

8. Find the series of which the nth term is J and also find 

4 

the sum of the series to 105 terms. 

9. Find the series whose rth term is 2r-l ; find the sum of the 
series to n terms. 

10. The sum of « terms of an A. P. is 3n®-7i, and the common 
difference 6 ; find the first term. 

11. The sum of n terms of an A. P. is 40, the common difference 2, 
and the last term 13 ; find n. 

12. Prove that the latter half of 2n terms of any arithmetical 
series of the sum of 3n terms of the same serits. 

13. If2n+1 terms of the series 1, 3, 5, 7, 9, &c., be taken, then 
the sum of the alternate terms 1, 5, 9, &c., will be to the sum of the 
remaining terms 3, 7, 11, &o.. as Ji+l is to n. 

14. Provo that (i) 

and (ii) s = + 

278. Arithmetic means. 

Definitions : (1) 'When three quantities are in Arithmetical Pro- 
gression the middle one is said to be the Arithmetic mean between 
the other two. 

Thus, 5 is the Arithmetic mean bet, ween 3 and 7. 

(2) If A and B be any two quantities and Zi, xs, Zs, Xi, &o.. 
x„-i, Zn, a number of others such that A, Xi, xz, zs, &c., Xn-i , Zn, B are 
in Arithmetical Progression, then Zi, Xz, Zs, &c. are called the Arith- 
metic means between A and B. 

Thus, 3, 4, 5, 6, 7 are Arithmetic means between 2 and 8, and so 
are the numbers 3J, 5 and 6J ; for both the series 2, 3. 4, 5, 6, 7, 8 and 
2, 3^, 5, 6^, 8 are in A. P. 

Note. H is evident from the .above example that between any two quantities 
the member of different sets of Arithmetic means is unlimited. 

279. To insert a given number of Arithmetic means between 
two given quantities. 

Let a and c be the two given quantities,- and n the number of 
means to be inserted. 
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Then, wo hare to find out % quantities Xi, xs, xs, &e., x„.a, a- 
such that a, Xi, Xs, Xs, &o., x„, c may bo in A. P. Evidently the 

series [a, X}, Xs, Xs, &a., x^-i, Xn, e] consists of 7^+2 terms of which 
a is the first term and c the last. 

Honooj'if b bo the common difference, we have 
c=ffl+(w+l) 6 , 


Hence, 


whence b= 


Xx 


c—a 

’n +1 

=<i+6=a+ 

n +1 


Xa=a+2b=a+^^\ 

»+l 

&c. &c. &c. 

Xn=‘a+nb=a+^^^r^‘ 

_ ?! +1 

Example 1.-' Find the Arithmetic mean between any two quan- 
tities a and b. 


Let re = the quantity sought. 

Then, a, x, b are in A. P. ; and we must have s- 0 = 6 -®, 
whence 

Example 2 . Insert 4 Arithmetic means between 3 and 18. 

Let Xt, Xa, Xa, be the means. ' 

Then, 3, Si, XarXa, **, 18 are in A. P. 

Hence, if h = the common difference, 
we must have 18=3+56, .‘.6=3. 

Hence, ®i=3+ 6= 6 

®2=3+26= 9 
®3=3+36=12 
®i=3+46=15 

Thus, the required means are 6 , 9, 12 and 15. 


EXERCISE 141 

1. Find the Arithmetic means between (i) 5 and 8 ; (iij— 5 
and 21 ; (iii) m—n and to+m ; (iv) {a+»)® and (a-x)". 

2. Insert 2 Arithmetic means between ( 1)8 and 12 ; (ii) “6 and 14. 
8 . Insert 3 Arithmetic means between 117 and 477. 

4. Insert 4 Arithmetic means between 2 and —18. 

5. Insert 17 Arithmetic means between 3i and — 41^. 

6 . There are n Arithmetic means _ between 1 and 31, such that 
the 7th mean : (« — l)th mean =5 : 9 ; required n. 
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280. The Natural Numbers. The numbers 1, 2, 3, &c. are 
called the natural numbers. 

, I 

(i) To find the sum of the firet n natural numbers. 

Let S denote the sum ; then 

S=l+2+3+ + )i 



(ii) To find the sum of the first n odd natural numbers. 

Let S denote the sum ; then 

S=l + 3+5+7+ to n terms 

=fi2+(«-l)x2} 

A 

= Jx2n=M=. ••• - (B) 

(iii) To find the sum of the squares of the first n natural 
numbers. 

Let S denote the sum ; ^then 

S»l=+2“+3®+4® + .+7J», 

“We have, n® - (»- 1)® = 3u® - 3n + 1. 

Hence, putting 1, 2, 3, &o., for », we have 

l®-0® =3.1,® -3.1+1, 

2® -1®= 3.2® -3.2+1, 

3®-2®=3.3=-3.3+l, • 

4® -3® =3.4® -3.4+1, 

(« - 1)® - (ji - 2) ® = 3(71 - 1)= - 3.(7^ - 1) + 1 , 

71® — (71 - 1)® = 3.71® — 3.71 + 1. 

Hence, by addition, 

7l® = 3(l® + 2® + 3= + - + 7l®)-3(l + 2+3 + - + 70 + 75 
= 3S-3.^?^^^^+7t; 

3S = 7I®-7S + ^^^^^^^=7l(7l + l){(7I-l) + 5} ; 

. rr 72(71 + 11 ( 271 + 1) 

■ •- ® 6 (O 

(iv) To find the sum of the cubes of the first n natural 
numbers. 

Let S denote the sum ; then 

S=l®+2®+3® + +71®. 

We have, n* - (71 - 1)* = 47i® - Bti® + 4?^ - 1. 
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Hence, putting 1, 2. 3, &c., for n, we have 
1*-0‘=4.1‘‘-6.1=+4.1-1, 
2*-l*=4.2*-6.2“ + 4.2-l, 
3*-2*=4,3“-6 3®+4.3“1, 

{n - D* - (n - 2)* = 4.(n - 1)» -G.(n - 1)= + 4.(71 - 1) - 1, 
77 * —{n — 1)* = 4.71 ® — 6.71® +4.71 — 1. 

Hence, by addition, 

7f*=4(ls+2»+3®+&c.+7t®)-6(l=+2®+3®+&o.+77®) 

+4{l+2+3+&o.+7t)-7i. 

=4S- . 

4 S = 77 * + 71 + 71(71 + 1 )( 27 I + 1 ) -277(77 + 1 ) 

= 77(77 + 1){(71® - 77 + 1) + (277 + 1) - 2} = 77(77 + 1)(77® + 77) , 
t,,_ 77®(77+l)® _ fn(77_+ r 


(D) 

Thus, ihe sum of the cubes of the first n natural numbeis is equal to 
the square of the sum of these numbers. 

Example 1. Sum the series 1.2+2.3+3.4+&C to 77 terms. 

The 77th term of the series evidently = 77 ( 77 +1)= 77 ® +?7. 

Hence, putting 77*= 1, the Ist term=l®+l, 

» » 77-=2, » 2nd term=2®+2, 

” » 77=3, ” 3rd term =3® +3, 


and so on. 


Hence, if S denote the sum of the given series, we have 
S=(l=+l)+(2®+2)+(3®+3)+&c. to 77 terms 

= (lS + 2® + 3®+&C. + 77®) + (l + 2 + 3+&0.+77) 
77(77 + 1)(277 + 1) , 71(77 + 1 ) 

6 2 



277 + 1 , il 77(77 + 1)(77 + 2). 

3 


Example 2 . Sum the series l®+3®+6®+7® + &0. to 77 terms. 

Since evidently each term of the given series is equal to the squai'e 
of the corresponding term of the series 1, 3, 5, 7, &o., .'. the nth terin 
of the given series '^tlio square of the 77 th term of the senes 1, 3,6, 7, ac. ; 
and .’. the 77 th torm=ll+(77—l)x2}®'=(27i—l)®=477 —477+1. 


Hence, putting 77 = 1 , 2, 
the 1st term 
» 2nd ’> 

” 3rd » 


3. &c., wo have 
=4.1® -4.1+1, 
=4.2® -4.2+1, 
=4.3® -4.3+1, 


and so on. 
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Hence, if S denote the sum of the given series, we mnst have 

S=4(l=+2®+8® + &c.+n=)-4(l+2+8+&o.+7i)+7i 

_ , n {n + l)(2re + 1) . w(w + 1) 

-ft. g 4. 2 

-=2n(n+l)p±^^- 

Example 3. 'Sum the series : 

l“ + (l®+2®)+(l®+2®+3f)+&c. to n terms. 

The nth term of the given series 

= l= + 2®+3®+&c.+»i= 

Hence, the 1st term=J.l®+^.l®+^.l, 

» 2nd » =1^.2® +1.2= +^2, 

» 3rd » =i3=+1.3=+i3. 

and so on. 

Hence, If jS denote the required sum, we must have 

S=Kl®+2®+3= + &o.+n«) 

+Ml® + 2= + 3= + &c.+n=) + ^(l + 2 + 3 + &c.+n)) 
_ 1 n=(n+l)® 1 7i(7i+l)(2n+l) 1 n(n+l) 

^3' 4 ■^2’ 6 6’ 2^ 

= ^^^^^{n(?i+l)+(2!i + l)+l} . 

=^^’gi\n=+3n+2)=^+^^^> 

EXERCISE 142 

Sum the series : 

1. 2® + 5= + 8= + &c. to n terms. 

2. 1.2= + 2.3® + 3.4® + &c. to n terms. 

3. 1.3 + 3.5+ 5.7 + 7.9 + &o. to n terms. 

4. l®+3®+5®+&0. to n terms. 

5. l+(l+2)+(l+2+3)+&c.. to n terms. 

6. (l)+(l+3)+(l+3+5)+&c. to n terms. 

7. 1.2.3+2.3.4+3.4.5+&C. to n terms. 

8. 2.3.1 + 3.4.4 + 4.5.7 + &o. to n terms. 

9. 1— 2+3-4+5— 6+&0. to 71 terms. 

10. l®-2®+3®-4®+5®-6® + &e. to n terms. 
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281. Miscellaneous Examples and Problems. 

Example 1. Prove that if the number of terms of an A. P. be odd, 
twice the middle term is equal to the sum of the first and the last terms'. 

Since the number of terms is odd, let it be denoted by 2»+l. 

Evidently, the middle/ term is one which has n terms on either side 
of it , hence, it is the (ra+l)th term from the beginning and also the 
(»+l)th term from the end. 

Hence, putting M for the middle term, we must have 

M=a+(n+l — l)b=a+nb ... ... (1) 

and also M=l~(n+l~l)b=l-nb. ... (2) 

Hence, by addition, 2Jlf=o+i. 


Example 2. Prove that the sum of an odd number of terms in 
A. P, is equal to the middle term multiplied <by the number of terms. 

Let 2n+l = the number of terms. 

Then, the sum of the terms 

“ ^ [last example] 

= (2»+l)x Jtf. 

Example 3. Eind the first five terms of the series of which the 
sum to n terms = fin® + 3b. 

Let h, ta, ta, &o., tn denote respectively thelst, 2nd, 3rd, &o., 
nth terms of the series ; 

and let si, 52 , 8s, &c., s„ denote respectively the sums ofl, 2, 3, 
Ac., n terms of the series. 

Evidently then ; Sz = t%+tzl Ss=ti+ts+ts ; and so on. 

Now, by the question, we have s„=5B®+3n. . , . t, 

(i.e., the sum of any number of terms =5 times the square of that numoer 
+3 times that number). 


Hence, putting w=l, wo have si =5+3=8, 

n=2, > 

n=3, ■’ 

n=4, ' 

n=5, ‘ 


9 

9 

9 

9 


Hence, 


Sa=20 + 6= 26, 

Sa =45+9=54, 

84 =80+12=92. 

85 = 125+15=140, and so on. 


tl — 8 i = 8, 

tz=Sz-si= 26- 8=18, 

ta=Ss— 8 b= 54— 26 = 28, 
t4=S4-S8= 92-54=38, 
<5=85-84=140-92=48, and so on. 

Thus, the first five terms of the series are 8, 18, 28, 38 and 48. 
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Example 4.' -Suin the series : 1+5+12+22+35+&C. to n terms. 

[Xhe peouliaiity of the series is that the successive dlfierences of the terms are 
in A. B.] , 

Let S deifote the required sum and let denote the nth term of 
the series. Then, we have 

• ’ 'S=l+5+12+22+-+'t„; 

also 5=0+1+ 5+ 12+ ■■■ + in-i + in. 

Hence, by suhtraction, 

^ 0=l+4+7+10+&c.+(iii— 

“{1+4+7+10+&C. to n terms}-i„ ; 

i.e.j'the nth term of the given series 
Hence,' the 1st term='f.l®-^.l, 

2nd « =|.2=-4.2, 

3rd » =f.3®-i.3, and so on. 

Hence, S=f(l® + 2“ + 3® + &o.+n^) - ^(1 + 2 + 3 + &c. + n) 

3 «(7i+l)(2n+l) 1 nOt+l) n(n+l) „ n®{7t+l) 

~2‘ 6 2' 2 4 2 


Examples. Sum the series ^+^+^+&c. to 7t terms. 

Let 5 denote the suih to n terms. 

Now, we have 

1.2 ^ 2 ’ 

, _ 

2.3~2 3’ 

'®“3.4 3 4’ 


Hence, 


5=1- 


&c., ' 

^1 __X 

n(7t+l) 71 n+1 

1 n 


&c., &c., 

tn= ^ 


7Z. + 1 71 + 1 

Examples. Divide 15 into three parts which are in A. P. and 
whose product =120. 

Let a-P,a and a+/? be the numbers 
then, we have 
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From (2), 3a=15, a=5. 

From (1). a(a®-|5®)=120. 5.(25-/?®) =120, 

^®=1. /5=±1. 

Hence, the numbers are 4, 5, 6 

Example 7- K o®. A P., then 

111 


25-p®=24, 


h+c c+a Oi+b 


are in A. P. 


Evidently 


CT" * ^ 

b+o o + a a + b 


if 


i.e.. 


e+a b+c a+b c+a 

b- a c-b 

^ (fi-¥a](jb+c) (ffl+h)(c-I-o)’ 
if (6-ffl)(i+a)=(c-h)(c+h), 


t.e., if h^ — a^ 
but, this is true by hypothesis. 

T^' ~^are m A. P. 
b+c o+a a+b 

Example 8. If a, b and c be respectively the pth, gth and rth terms 
of an A. P., prove that aiq—7‘)+b{r—p)+c{p~Q)~^ 

Let d denote the first term and ^ ’the common difference of the 
A. P., of which a, b and c are the pth, gth and rth terms , then, we 

must have , 

a=a + (p-l)^ •” . • ■ w 

~ h=a + (g-l)^ - - 2 

c=a + (r-l)^ " •• 

Now, we have to eliminate a and P from these three equa ions 

Subtracting (2) from (1), and (3) from (2), we have 
a-6=(p-g)iS. &-c=(g-v)^. 

Hence, (a— ii)(g— r)=(h-cXP“9)* 

or, a[q—r) + b{i—p) + <^~9^~^- 

, Ex™.ple9, Ape»o.toa.E,.lOT 
no interest and also to recover the will the loan bo 

decreasing successively by Es. 2 In how ma y ^ i920.] 

paid up, if the first instalment be Bs. bl - 

Let M=the number of months • a p 

the successive instalments are evidently in A. i . , 

■ whose 1st term =64. 
and whose common difference— 
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Since, the sum of the n instalments =Bs. 1000. 

The sum of the 1st n terms of this A. P. = 1000, 

le., |i2x64 + (m-l)(-2)H1000. 

or, (65re — M®)=1000, 
or, n® -65)1+1000= 0, 
or, (n - 25)(» - 40) = 0. 

Hence, w=25, or, 40. 

Blit n cannot be 40, since in that ease the 40th instalment 
=the 40th term of the A. P. 
=64+(-2)(40-l)=-14, 

which is inadmissible, as no instalment can be negative ; 

.*. 71 must be 25. • 

EXERCISE 143 

1. The (7i+l)th term of a series in A. P, is required the 

CL ““ 0 

sum of the series to (2n+l) terms. 

2. Find the first five terms of the series of which the sum to 
71 terms is 2?!® + 7«. 

3. The sum to 7i terms of an A. P. is 3)1® + lOw ; find the first term 
and the common difference. 

4. Find the 3dth term of the series of which the sum to n terms 

is 71® + 71. 

5. Sum the series : 1 + 3+6+10+15+&C. to ti terms. 

6. Sum the series : 2+5 + 10+17+&C. to ti terms. 

7. Sum the series : 2 + 7 + 14 + 23 + 34 + &o. to ti terms. 

8. , Sum the series : (i) ” terms. 

0(0^) (a +6Xa+^)'*' {a + 26)\a + 36) 

9. Find 4 numbers in A. P., such that their sum shall be 56, and 
the sum of their squares 864. 

[Let a—Sp, a — p, a+P and a+SP be the numbers.] 

10. The sum of three numbers in A. P. is 15, and the sum of the 
squares of the two extremes is 58. What are the numbers ? 

11. - There are four numbers in A. P., the sum of the two extremes 
is 8, and the product of the means is 15. What are the numbers ? 

12. Find six numbers in A. P., such that the sum of the two 
extremes'may be 16 and the product of the two middle terms 63. 

[Let a-sp, a-sp; a~p, a+P, a + Sp, a + pp be the numbers.] 
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; are in A. P. 


b — c o — a'a-b' 

(ii) If a, b, c be in A. P., show that, 

bo’ ca’ ah A. P. b + c, c + a, a + b are in A. P. 

(3) a®(6+c), 6®(c+fl), c®(a+Zi) are in A. P. 

ail'll)’ Hi +1)' l(~+l)>^ro in A. 

“(I c a )’ ‘^(fl + I) in A. P. 

r,k^ii to respectively the sums of p, ? and r terms of 

an A. if., prove that 

|(9-»-)+|(r-p)+ ^(p-5)=0. 

^ X? js a and the gth term, h. Show that 

the sum of the first (p.+ g) terms is * 

[M.U. 1887.3 
[See Example' 2, Art. 275.} 

16. There are n Arithmetic means between 3 and 64, such that the 
8th mean ; (n-2)th mean =3 : 5 ; find n. 

ft, sums of n terms of three Arithmetic series, 

the first term of each being 1 and the respective common difference 1, 2, 
3, prove that Si + S 3 - 2Ss. 

18. If there be r Arithmetic Progressions, each beginning from 
nnity, whose common differences are 1, 2, 3, &o., t, show that the sum 
of their nth terms is=i}{»-l).r®+(M+l).r3. > 

19. Sum the series : 7i.l + (n— l). 2 +{ 7 f- 2).3 + (7t-3).4+&c.+l.n. 

[The rth term oI the series =*{a—(r— 1)1. r=(»i+l). »-i“. Henoe, theregd. 

si«n=(H+l){n.2+3+...+„}-{r+2«+3>+.>.+a*}=&o.J 

. 20. On the ground aro placed n stones ; the distance between the 
first and second is one yard, between the 2nd end 3rd three yards, 
between the 3rd and 4th five yards, and so on. How far will a person 
travel who shall bring them, one by one, to a basket placed at 
the'first stone ? 

,, 21. A class consists of a number of boys whose ages are in A. P.. 
the common difference being four months. If the youngest boy is just 
sight years old, and if the sum of the ages is 168 years, find the number 
of boys in the class. [0. H. Bntr. Paper, 1872.] 

22. The interior angles of a rectilineal figure are in A. P. If the 
Bast angle is 42“ and the common difference is 33“. find the number of 
siaes. 
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282. DeUnition- Quantities are said to be in Geometrical 
Progression when each is equal to the product of the preceding and some 
constant factor. 

The constant factor is called the common ratio of the series, and 
it is found by dividing anp term by that which immediately precedes it. 

Thus, each of the following series forms a Geometrical Progression : 


1, 

2. 

4. 

8. 

16, 

&o. 

1. 

1. 

1 

4» 


3^1 

&o. 

1. 


1 

9> 


t 

"Sii 

&c. 

a, 

ar, 

fflr®. 

ar®. 

ar*. 

&c. 


Id the first example the common ratio is 2, in the second in the 
third and in the fourth r. 

N. B. ‘Geometrical Progression' ts briefly written as G.P. 

283. To find the nth term of sr G. P. 

If a be the first term and r the common ratio of a Geometric series, 
we have the 2nd term=a.r, the 3rd term=a.r®, ,the Ath tarm=a.r®. 


the 10th term =a.r®,! the 21st term =a.r““, and so on. Hence, the 

nth term =a.r"'\ , i 


Example. Find the 6th term of the series 2, 6, 18, 5i, &o. 

Here, a=2 and common ratio=f =8 ; 

. ■ . The 6th term = 2 x (3)® "^ = 486. 

284. Given any two terms of a G. P., to find the series 
completely. 

Example 1. Find the G. P. whosd 5th term is 81 and whose 8th 
term is 2187. . , , * 

Let a=the 1st term, and r=the common ratio, 

81=a.r®"^=ar*, — (1) 

and 2187=fflr®"^ = arL ■■■ (2) 

Dividing, r® = ^^f^=27 ; r=3. 

81 

Hence, ar*=a.3^=81, or, a=g 4 =l. 

Thus, the series is 1, 3, 9, 27, &o. 

Example 2. If c and d be the pth and gth terms respectively of 
a G. P., to determine it completely. 

Let a=the 1st term, and ?'=the common ratio. 



[chap. XSXVIII.] GEOMETHIOA Ii PROSBESSIOM 


509 


c=the jitih term of the G. P. = 
Similarly, d=ar’~^. 


By division, r’~'= — I 
c 

Substituting for r in (1), we have 





Hence, the 1st term and the common ratio being known, the 
complete series may be written down. 


EXERCISE 144 

1. Find the 8th term of the series 4, 12, 36, &c. 

2. Find the 6th term of the series Sf, 2}^, 1^, &c 

3. Find the 9th term of the series 1, 4, 16, 64, &c. 

4. Find the 6th term of the series 1, -3, 9, -27, &o. 

6. Find the 5th term and the (» - l)th term of the series f , - 1, f , &a. 

6. Find the 7th term of the series -21, 14, -9J^, &c. 

7. The first two terms of a series in G. P., are 125 and 25, 
what are the 6th and 7th terms ? 

8. Find the series (i) whose 6th and 11th terms are respectively 
192 and 6144 ; (ii) whose 2nd and 8th terms are 9 and Vr respectively ; 
(lii) whose 5th and 8th terms are 8 and respectively. 

9. The pth and gth terms of a G. P. are c and d respectively. 
Find the nth term. , 

10. If every term of a G. P. ts multiplied or divided by the same 
quantity, the resulting series is also a G.P, 

11. In a G. P., if the (p+g)th, term=j;i and the {p-g)th term=H, 

find the pth and gib terms. . [B. U. 1888.] 

12. In a G. P., prove that the product of any pair of terms equi- 
distant from the beginning and the end is constant. 

285. To find the sum of a number of terms in Geometricaf 
Progression. 

Let a be the first term, r the common ratio, n the number of terms- 
and 8 the sum required ; then 

S = a + ar + ar® +ar® + &o. + 

Sr= or+or® + ar® + &c.+or""^ + or”. 
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\ 


Hence, by subtraction, 

Sr-S=ar”-a, 

r-1) 

1-r 


S(r-l) = o(r"-l), 


or. 


(1] 

( 2 ) 

Cor. If Z denote the last (or the nth] term of the series, we have 

Z=a?^-^ ; hence, from (1), ••• (3) 

Note. The formula (3) may conveniently be used in all cases except when r it 
positive and greater than 1, 

Example 1. Eind the sum of 1+^- &c. to 7 terms. 

The common ratio = — f 

Hence, by formula (2), the 

= if ^ ^ f = fSf “ ^3^. 

Example 2. Eind the sum of 3+4f +6f +&o. to 5 terms. 

The common ratio •■4i-*-3=|x 

Hence, if S denote the required sum, we have by formula (1), 

X x2=W=39A. 

T“J. Tf 

EXERCaSE 145 


1. Bum 1+3+9+27+ &c. to 12 terms. 

2. Sum 81 - 27 + 9 - &o. to 8 terms. 

3. Sum 2— 4+8-&C. to 10 terms. 

4. Sum i +4 -&c. to 5 terms. 

5. Sum 2 - 4 + 8 - &o. to 2r terms. 

6. Sum 24 — 1 + f — &o. to 71 terms. 

7. Show that the sum of n terms of a G. F. beginning with the 
j)th term, is 7*”'’ times the sum of an equal number of terms of the same 
series beginning with the gth term. 

286 . If n be an integer and r a given proper fraction, to prove 
that r” diminishes as n increases. 

LBtr=^. Now, since f of any number is undoubtedly less than 
-.that number. 

(f)® is less than f, because (f}®'=f of f ; 

(f)“ is less than (f)®, because (t)® of (f)® ; 

(4)* is less than (f)®, because (f]*=| of (fj® ; 
and so on. 
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i Bence, ifc is clear that in the series r, (t)®. (t)®. ff)* each term 

! IS less thanrthe preceding ; which is briefly expressed by saying that (^)'' 

I diminishes as n increases. 

Similarly, the proposition may be proved for any other value of r 
which is less than 1. 

Hence, generally speaking, if r has a given value less than 1, r" 
diminishes as n increases. 

Note. Wrom the above %i w quite clear that if r be a proper fraction, r" ts very 
small when n is infinitely large. 

287. The snm of a Geometrical series continued to infinity. 

Lot us consider the series a, ar, or“, ar®, &o. 

If S denote the sum to n terms, we have 
o_a(l-r")_ a ar” 

^ 1-r 1-r 1-r' 

If then r be a proper /raction, the larger n is, the smaller will be 
(r" and .’.) ; hence by suflBcieniiy increasing the value of n we can 

* at” 

make less than any assigned quantity, however small ; and there- 
fore by sufficiently increasing the value of n, the sum of n terms of the 
series can he made to differ from by as small a quantity as we please. 

This statement is usually put thus : the sum of an infinite number 
of terms of the Geometnoal Progression is j—’ or more briefly, the sum 

to infinity is YZTf' 

Let us apply all these remarks to a particular example. 

Consider the series 1, i, i, i, &c. 

Hera, o=l, r=^ ; hence the sum to n terms 

Now, by taking n large enough, 2"'^ can be made as large as wo 
please, and therefore, as small as we please. 

Hence, wo may say that by tahing n large enough, the sum of 
n terms of the senes can be made to differ from 2 by as small a quantity 
as we please ; or briefly, the sum of an infinite number of terms of this 
series is 2. 

N, B. It must be brone in mind that the sum of n terms of a Geometrical Pro- 
gression approaches a fixed limit as n increases indefinitely only when r is less 
than unity, if r be greater than unity there is no such fixed limit. 
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^ Example 1. Prove that in a decreasing Geometrical Progression 
continued to infinity each term hears a constant ratio to the sum of all 
which follow it. 

Let the series be a, ar, ar^, ar^, &c., where r is less than unity. 
Then, the n”' term=ar"~^ and the sum of all the terms which follow 

this 

=ar’'(l+r+r®+r® + &o. to infinity) 



Hence, the ratio of the mth term to the sum of all which follow it 

Now, this is constant whatove}- value n may have, which proves the 
proposition. 

Example 2. Sum to infinity f— 

Here, a=|, and r= = 

Hence, the required sum = r-^— = ? x ij = ij. 

i+v 


EXERCISE 146 

Sum to infinity each of the following series ; 

1. ■^+i+'jr+jV+&c. 2. 1— J+i— J+&C. 3. 

a. 


•J'+B+f +/s-+&c. 


4. l-f+|-&c. 

O 0 

6 . 


2 . 3 ; 2 . 3 . . 
5 ■^5'^'*'5®'’'5*'’'* 


3f+2)-+lH&c. 

[Split this up into two series.] 


7- ^ +i^+ip+^+&o> 8. »y3 + -^g + g^g+&c. 

9. (V2+l) + l + (V2-l) + &c. 

10. Find the common ratio of a G. P., continued to infinity in 
which each term is ten times the sum of all the terms which follow it. 


288. Recurring Decimals. Recurring decimals furnish a 
illustration of infinite Geometrical Progressions. 

Thus, for example, ■234='234343434' 

\ 2 , 34 . 34 , 34 


good 


= -2 


< , VUC I VX . n 


+ 034 
+ ■00034 
+ •0000034 
+ ‘&o., &c. - 


Here the terms after 3 ^ constitute a G. P., of which the first term 
is and the common ratio ' 
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Hence, wemay take •234=i|+^-*-{l- j^}=l|+^=|§. which 

agrees with the value found by the usual Arithmetical rule. 

289. Geometric means. Definition 1- When three quantities 
are in Geometrical Progression the middle one is called the Geometric 
mean between the other two. 

Definition 2. When any number of quantities asi, xs, Xs, &o., are 
such that a, Xi, Xs, Xa, &e., b are in G.P., then Xi, Xa, Xa, &o., are called 
Geometric means between a and b. 

(i) To find the Geometric means between two given quantities. 

Let a and b be the two given quantities ; G the Geometric mean. 

n h 

Then since, a, G, b are in G. P., we must have “ “ g ' each being 
equal to the common ratio. G®=o6, and .'. G= 

(ii) To insert a given number of Geometric means between two 
given quantities. 

Let a and b be the two given quantities ; and «!, Xa, Xa, Xi, &o., x„, 
the n means to be inserted. 

Then a, Xi, Xs, ®s, Ac.; b are in 6. P. 

Let r denote the common ratio of the series ; 

then 6=the (n+2)th term=a.»"+^, 

. ..1 h , . 

. = — , and . . r=j -) 

o * \x / 

' 1 g 3 

( b / b I b 

-I ; land so on. 

JBixampIe. Insert 3 Geometric means between i and 123. 

Let xi,X 2 , Xa be the means. 

Then, i, Xi, xe, xa, 128 are in G. P. 

Hence, if r be the common ratio of the series, 
we must have 128 = the 5tb term = ^.r* ; 

. ■ . r* = 256, whence r = i. 

Hence, xi=^.4 = 2 ' 

a:o=^.4®= 8 
®3=^.4®=32 . 

290. The AritJmettc mean of my two positive quantities is greater 
than their Geometric' mean. 

Let a and b be two positive quantities. 

.*. Their Arithmetic mean=2^^i and Geometric maan= ijab 


1-33 
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Now, ^-Jab= ila - 2 ^/fl. ^/6 + b ] = Ja ~ ^/b)* 
= a positive quantity. 


1 . 

2 . 

3. 

4. 
6 . 


EXERCISE 147 

Insert 2 Geometric means between 3 and 24. 

Insert 3 Geometric means between 2[- and t . 

Insert 4 Geometric moans between 5 and — SyV- 
Insert 5 Geometric means between 3f and dOi. 

If a, b and c be in G. P., and x, y be the Arithmetic means 


between a, b and b, c respectively, prove that 


a , c n j 1 . 1 2 

- + - =2 and — + - = ^ • 
X y X y b 


P?. G. 1892] 


6. The Arithmetic mean of a and b is to their G eometric mean as 

'm to 7i ; show that a : 6*=7re+ • m— ijm~ —,n^. ' [A. G. 1889] 

7. If the Arithmetic and Geometric means between two quantities 
be respectively A and B, prove that the quantities are 

A+ and A - s/A^-l^, 

[Let the numbers be a and b. Suppose a >6, .*. a+&=2A, (1) 

and \/ob=B. Nowj (a— bl’^fc+b)’— 4nb=4{A* — B'), 

or, a—b=2>jA''—B^, "• ••• (3) 

(taking the positive root, since, a > b, 
i.e., a—b is positive.) 

Adding (1) and (2), Za=ZA+2 or, o=A+ JA'-B*. 

Also, subtracting (2) from (1), b= A — ] 

291. Miscellaneous Series and Examples. 

Example 1. If x < 1, sum the series 

H-2a:+3x® + 4x® + &o., to infinity. ^ 

Let S denote the required sum ; then , 

S=l+2a:+3®®+4®®+&0. 
and Sx= ®+2x®+3x® + &o. 

Hence, by subtraction, 

S(l-®)=l+.'E + »®+®® + &c., to infinity 
1 . 


S = 


1 -® 

1 

(!-«)= 
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then 


Example 2 . Sum to n terms 5 + 56 + 555 + &c. 
Let S denote tba requited sum ; then 


<S= 5 + 55 + 655 +&c. > ton terms 
= 5 { 1 + 11 + 111 + &o. to n terms} 

X 9 } 1 + 11 + 111 + &c. to n teriis} 

'=^9 + 99 + 999 + &c. to » terms} 

=-Ml 0 -l)+{ 10 ®-l)+( 10 ®-l)+&o., to n terms} 
=|{( 10 + 10 ®+ 10 *+(Sic. to»terms)^«} 


Example Sum to n terms 1+5+13+29+&C. 

Let in denote the nth term of the series and S the required sum ; 
S=l + 5+13+29+”‘ + <„ ; 
and S='0+1+ 6+13+“- + t»-, + ti>- . 

Therefore, hy eubtraction, 

0=(l+4+8+16+&o. to n tei*ms)-tn ; 
t»=l+{4+8+16+&o. to (n-1) terms} 

= 1 + = 1 + 2”.(2- ^ - 1) = 2“+^ - 3. 

Hence, the let term = 2® - 3, 

” 2nd " =2®— 3, 

■V 3rd » =2* — 3, 
and so on. 

Hence, (2* - 3) + (2® - 3) + (2* - 3) + &(J. + (2”+^ - 3) 

«=(2® + 2®+2* + &c. to n terms) -3n 

= - 3» ■= 4(2" - 1) - 3w. 

Example 4, If a, b, o, d be in G. P., show that 
(a-d)®=(6-c)®+(c-a)®+(tf-6)“. 

We have - = 1 each of them being equal to the common 

■a 0 c 

5®=ac, c® = 5d, and 5c=od. (a) 

(&-c)®+(o-a)®+(d-5)® 

»(6® +c®-26o)+(c® +a® - 2ca)+(d® + 5® “ 2d5) • 

2(6® — ac) + 2(c® — bd) + a® + < 2 ® — 26c 
=2x0+2K0+ffl®-f-d®-2ad [byct] 

=>(o-d)®. 


ratio-; 

Hence, 



, 518 ALGBBEA MADE EASY [gHAP. 

26. _ If there be n terms in G. P., prove that the roth root of their 
product is equal to the square root of the product of the first and last 
terms. 

27. If n Geometrical means be foundj between two quantities 

a and c, show that their, product will be.(ac)®. , 

28. If o, 6, c, d are in G. P., shew that the reciprocals of a“ - 6®^ 
6® -c®, c^-d^ are also in G. P. 

29. If Si, Sa, Sa, &o., Sn are the snms-of infinite Geometric series,, 
whose first terms are 1, 2, 3, &c., n, and whose common ratios are 
ii i, h &C.1 respectively, prove that 

Si + S2 + Sa + &c. + Sb = ^ (59+ 3 ). 

30. Find the sum of the infinite series— 

l+(l + a)r+(l+o+a®)r® + (l+o+o® + a®}7.® + &c., v and, a being 
proper fractions. 


OHAPTEB XXXIX ' 

VARIATION 

292. Definition. One quantity is said to vary directly as 
another when the two quantities are so related that if one of them be 
changed, the other is changed in the same ratio ; or, in other words, if 
• a, o' be any two values of a quanti^ A, and b, b' the corresponding values 
of a second quantity B, then A is said tO' vary directly as B when 
a : a'^^b : ft'. 

For instance, suppose the measure of the area of a triangle is 
when that of the base is ft ; now if tbe height remaining imchanged, 
the base be increased to 2ft, then as we know from Geometry the area, 
will become 2 a ; if the base becomes Sft. the area will be So ; and so on. 
Thus, the height remaining the same if the base 'is doubled, trebled,, 
quadrupled, &o., the area also becomes doubled, trebled, quadrupled, &c., 
{i.e., the area changes in the same ratio as the base) and so we say that. 
if the height of a triangle remains unaltered , tbe area' vanes directly 
as the base. 

Note 1. The word directly is often omitted, so that when we say A varies 
at Bit is implied that A varies directly as B. 

Note 2, The symbol ec istised to express variation; thus, A a B' stands for 
"A varies as B". 
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293. If A vanes as B, then the numerical measure of any 
value ofi4 and that of the corresponding value offi are in a 
constant ratio. 


® 8 i & 0 ., be the measures of a series of values of A, and 
let Oi, be, be, &c,, be the measures of the corresponding values of B, 

Then, by definition, ; and so on. 

uA O 2 OfS Oa 0>^ 0^ 

Hence, which proves the proposition. 


Note. PuUingm/or each of the above ratios, we ’have a,=inb,, ai=mb,, 
a,=mb,, and so on. Thus, when A vanes as B, the numeneal measure of any value 
of A is equal to that of the corresponding value of B multiplied bp a corutant. This 
result is briefly expressed as follows: “If A a B, then A=mB, where m is a 
eonslant." 


294. Definition. (1) One quantity A is said to vary inversely 
as another B, when A varies directly as the reciprocal of B. 

Thus, if A varies inversely as B, A'=^i where m is constant. 

Ulustration : If 20 men do a certain work in 4 hours, 10 men 
would do it in 8 hoim, 40 men in 2 hours ; and so on. Thus, when the 
number of men diminishes, the time proportionally increases and vice 
versa. This is expressed by saying that if the amount of work to be 
done remains constant, the number of men varies inversely as the time. 

(2) One quantity is said .to vary jointly as a number of others, 
whan it varies directly as their product. Thus, if A varies jointly as B 
and C, 'A=m BO, where m is constant. 

Illustration : The monthly income of a day labourer varies 
jointly as his daily earning and the number of days he works in a month. 

(3) A is said to vary directly as B and inversely as _ 0 when 
A varies jointly as B and the reciprocal of 0, that is, when 

A =m'^i where m is constant. 

Illustration 5 The time of travelling a distance varies directly as 
the distance and inversely as the speed of travelling. 

296. An Important Theorem. 

' If A varies as B when C is constant, and A varies as C when B is 
constant, then will A vary as BO when both B and 0 vary. 

Suppose di is the value of A when 61 is that of B, and Ci that of 
0. Suppose also that as is the value of A when ba is that of B, and cs 
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that of 0 . Then the proposition will be proved if we can show that 

ffll ! I 5262. 

Now, the change of A from a± to a& is due to two causes, namely’, 

( 1 ) the change of B from 61 to 62, and ( 2 ) the change of C from 
Cl to Cs» 

Hence, it is clear that if 07 ie only of those causes be present {i.e., 
if either B or 0 alone undergoes the supposed change), A will change 
from a± to some value which is different from 02. Let, therefore, a be 
the value of A when hs is that of B, and Ci that of C. 

Thus, we have the value of A 

, = Oi when those of B and 0 are respectivelj" &i and Cl "-(I) 

=a' when those of B and C are respectively 62 and Ci ••■( 2 ) 
=fli2 when those of B and G are respectively 62 and C2 ■■■ 13 ) 

Hence, from ( 1 ) and ( 2 ), we see that A changes from fli to a', when 
B changes from 61 to hs, 0 remaining constant (i.e., retaining the 
value C)J, and, therefore, by hypothesis, 

... ... — (a) 

a' ~b!t 

and from ( 2 ) and ( 3 ), we see that A changes from a' to 02 when C 
changes from ci to 02, B remaining constant {i.c., retaining the value as), 
and, therefore, by hypothesis, 

«!=<??•. ... ..• 05 ) 

(I2 Cs 


Hence, from (a) and (fi), 

X ^ or, which proves the proposition. 

" " - Cs C2 C&2 O3C2 


Uq 


Illustration ; ( 1 ) Suppose that a number of plants have to be 
watered ; the quantity of water bestowed evidently varies directly as tne 
number of men employed if the time for watering remains ^ wioliangea , 
and also it varies directly as the number of boms for which the men 
can work, */ the number of men engaged remain the same ; hence, 11 
number of men and the number of hours be both variable, the quanti^ 
of water will vary as the procluct of the number of men and the numnei 
of hours. 

( 2 ) The area of a triangle varies directly, “S the base when Je 
height is constant, and it also varies directly, as the ... 

bese is constant ; hence when both the base and the height are 'a , 
‘ the area varies as the product of the numbers which express the Jiasa 
and the height. 

Cor. If there be any number of .quantities B, C, *9:5 
\whioh varies as another A when the rest are constant , then if thej are 
'Variable, A varies as their product. 



XXSIS.] 


VABIATION 


521 


296 , Some result worth remembering. 

(1) If Al«JB andB“C, thani.«0. 

Pot, let and B=»C, where JB and n are constants; then 

A —mnO ; andf-.’. as mn is constant, C. 

(2) KAkG, and B-x C, then 4±Boc 0, and ^/AB«= G. 

A .5=710, where m and n are constants; then 

4+B=(7B+7i)0.and.d-B=(ro-7t)0; U±B)«C. 

Also JAB = s/miiG^ = G Jim ; JAB’^G.' 

(3) If AoeJBC, then and 

For, let A =mBG, then B = - -4 5 B «= 4 - 

7B O U 

Similarly, 0 « 4- 

Jo * 

(4) If AocB, and 0«B, then AG’x.BD. 

For, let A=7nB, and 0=7z2), then AG-mnBB ; AO^BD. 

(5) If A « B, then A" « B". 

For, let A“7»B, then A“=7n"B”. A'^B”. 

(6) If A«£, then AP<xBP, where B is any quantity variable 
or invariable. 

For, let A=7nB, then AP=7nBP ; AP»BP. 

297 , Examples. Application of the principles explained _ in 
some of the preceding articles will be illustrated by the following 
examples. 

Example 1. If y varies as i, and y =5 when a: =12, find the value 
of y when *=18. 

By supposition, y=mx, where 7?i is constant. 

Putting i/=5, ®=12, we have 5=7 b12, .'. 7»=3?b. 

Hence, * and yare connected by the relation y^T^ei. 

Hence, when ®=18, we have y = 2^.18 

Fxample 2. If ar varies as jxr+y, and if if=3 when ®=1, y=2, and 
a=5 when ®=2 and y = 3, findp. 

By supposition, z—mijpx+y), where m is constant. 

Putting 0 = 3, ai=l,y=2,wohave3=77i(p+2). ••• — (1) 
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Again patting z=5, x’=% y=Z, we have5=TO(2p+3). ••• 
Hence, from (1) and (2J, by division, whence p=l 


[OHAP. 

( 2 ) 


Example 3- If y=»the sum of 3 quantities, of which the 1st “ a®, 
the 2nd « x, and the 3rd is constant ; and when x—l, 2, 3 ; y=6, 11, 18 
respectively, find the equation between x and y. 


By supposition, y’=mx~+nx-¥p, where to, n, p are constants- 
Now, since j/=6, when *=1, we have 
6=TO+Ji+p. 

Similarly, ll=4TO+2n+p, 
and 18=9m+37i+p. 

From (1) and (2), by subtraction, 3m+n=5. 

Similarly, from (2) and (3), 5 to+71=7. 

Now, subtracting (4) from (5), we have 

2to=2; TO*=1; 

hence, from (4), «= 2 ; from(l), p=3. 

Hence, the equation between x and y is i/'=a:® + 2x+3. 

Example 4. If a+b « a-b, prove that a®+6® « ab ; 

and if a « i, prove that a‘-b’‘ « ab, 

(i) By supposition, a + b’=m{a-b), where to is constant. 

Hence, (a + i)®«=TO®(o-i))®, ' 

or, o® + 6®+2a6=TO®{o"+5®-2ffl&) : 

(TO®-l){o® + 5“)=2a&(l+7»®) ; 

o= + 6==?^^-o5. 

TO “1 


But jg constant ; 

TO -1 


a®+6® « ab. 


(ii) Since a=mb, 

multiplying both sides by a, we have a~=m.ab 
and also multiplying both sides by we have = ~ • 

Tfv 

Subtracting (2) from(l), 

o® - 52 = 1 7JJ _ ^ j .ffbj where | to - ^ j is constant, 
a"-b^ « ab. 


( 1 )] 

( 2 ) 

(3) , 

(4) 

(5) 


( 1 ) 

( 2 ) 
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Ezflmple 6 . The wages of S men for 6 weeks being JB14. 5 s., how 
many weeks will 4 men work for £19 ? 

Let X denote the wages (in pounds), earned by y men in z weeks. 

Then, evidently a « j/, when z is constant, 
and also when y is constant ; 

.'. when 3 / and JE are both variable, 

X oc J/z, 

i.e., x=tti.yz, when vi is constant. 

Now, since a*=14i-, when v=5 and 2=6 ; 

.‘. 14i •=• 771 X 5 X 6 . ••• ••• (3) 

Also, if 2 i denote the required number of weeks, then, since the 
corresponding values of a and y are respectively 19 and 4, we have 

19 = 771X4X21. ••• ••• (4) 

Hence, dividing (3) hy (4), 

3 5x6 I .,/N 

4 “ 4 ^’"^'’®°“ *1 = 10 ; 

i.e., the required time =10 weeks. 

Example 6 . Assuming that the quantity of work done varies ns 
the cube root of the number of agents when the time is the same, and 
varies as the square root of the time when the number of agents is the 
same ; find how long 3 men would take to do one- fifth of the work which 
24 men can do in 25 hours. 

Lot a denote the quantity of work done by y men in s bouts. 

Then, by supposition, 

a « when z and .’. z^ is constant, 
and also, x <x. z^ when y and .'. is constant. 

Hence, when both y and s and .'. y^ and z^ are variable, _ 
a « 1 /^ 2 ®, 

7.C., a = fc.3/^2^, when k is constant. 

Now, since by the problem, 

a=l, when 3/=24 and 2=25, 

.-. l=fc.?^.V^. - ••• ( 1 > 

Also, if 2 i bo the required number of hours, since the corresponding 
values of a and y are respectively ^ and 3, we have 

i=k.VB.j^. - - - 
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Hence, dividing,(l) by (2), ’ 

is/ii=2 and Zi=i‘, 
i.e., the required time =4 hours. 

Example 7. A sphere of metal is knomi to have a hollow space 
about its centre in the form of a concentric sphere, and its weight is i 
of the weight of a solid sphere of the same substance and pdius ; 
compare the inner and outer radii, having given that the weights of 
spheres of the same substance <« (radii)^. 

Let JB be the outer radius and W the weight of a solid sphere of 
the given metal of radius B ; also let r be the inner radius (f.e., radius 
of the spherical cavity), and w the weight of a solid sphere of the given 
metal of radius r. 

Then, by hypothesis, 

W=SB^, 

and w=Kr^, where is constant. 

Now, since (TF— lo) is the weight of the given sphere, we have, by 
the question, W-io^^W ; hence, we must have 

whence 


Example 8. A point moves with a speed which is different in 
different miles, but invariable in the same mile, and its speed in any 
mile varies inversely as the number of miles travelled before it 
commences this mile. If the second mile be described in 2 hours, find 
the time occupied in describing the nth mile. 

Evidently, the time of describing any mile varies inversely as the 
speed in that mile ; hence, if denote the speed in ?ith mile and tn the 
number of hours required to describe the nth mile, we must have 

f„=— , where m is constant. 

Wi. 


\ jr 

Also, by hypothesis, Vn=- — y, where it is constant ; 

71' “ X 


hence, f 




Evidently, then is known if ^is known ; and since the time of 
describing the 2nd mile is two hours (i.e., fn=2, when n=2), we have 



Hence. 

i.e., the nth mile is described in 2(7^r 1) hours. 
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Example 9. A locomotive engine ' without a train can go 24 miles 
an horn;, and its speed is diminished by a quantity which varies as the 
square root of the number of waggons attached. With four waggons its 
speed is 20 miles an hour. Find the greatest number of waggons which 
the engine can move. 

Let a; = the number of waggons attached. 

Then the mmher of miles travelled by the train per hour (i.e., its 
speod)=24-m,Ja;, where m is a constant. 

Now, since the speed is 20 miles per hour when a!=4, we must have 
20= 24-mAyi=24-2m ; m=2. 

Hence, the speed of the en^ne with a; waggons °= 24-2 >\/is ; evi~ 
dently, therefore, the speed diminishes as x increases. 

Now, let us see for what value of x the speed is reduced to nothing. 
If Xi be this value, we must have 

0=24-2^a:i, iya:i = 12, and a:i.=144. 

nihus, when 144 waggons are attached, the engine just fails to. 
move the train. 

Hence, the greatest- number of waggons which the engine can 
move =143. 

Example 10. If x, ]/, s be variable quantities such that y+z-x 
is constant, and that {x+y-z){,x+z-y) varies as yz, prove that x+y+z 
varies as yz. 

By supposition^ we have y+z—x=Jc, (1) 

and {x+y-z){x+z-y)'=myz, ••• (2)) 

where h and m are constants. 

Now, from (2), wo have -{y-z^~=myz, 

x°-{y+z)°=im~i)yz, 
or, {x+y+z){x-y-z)={.m-^)yz. 

Hence, from (1), 

{x-i-y+z){-k)=‘{m-i)yz, 

x+y + z=l—^^yz, *.c.,=(a constant) xya.. 


Hence, x+y + z yz. 



526 


ALGE&BA MADE EAST 


[chap. 


EXERCISE 149 

1. If y « X, and i/ = 5 when x=15, .find the equation between 
X and j/. 

2. If 9 <x X, and y=10 when s=25, find y when s*=35. 

3. If P varies inversely as Q, and Q=10 when P= 2, what will 
P become when Q=8 ? 

4. If P « QB, and the three corresponding values of P, Q, B be 
6, 9, 10 respectively, find the value of P when Q=5 and 2? = 3. 

5. If the square of x vary as the cube of y, and »= 2, when y= 3, 
(find the equation between x and y. 

6. Given that y varies as the sum of two quantities, one of which 
varies as X directly, the other as x inversely and that j/=4 when x*=l, 
.and y=5 when x=2, find the equation between x and y. 

7. If xi/oea;®+'y®, and i/=4 when x= 3, -find the equoifow between 
X and y. 

S. Given that y is equiil to the sum of two quantities, one of 
which varies as x, and the other varies inversely ns x®, and when 
a;=l, 2, y =6, 5 respectively, find the equation between x and y. 

9. If y^the sum of 3 quantities of which the 1st is constant, the 
'2nd « X, and the 3rd « x®, also when, x = 3, 5, 7, y=0, —12, -32 
respectively, find the equation between x and y. 

10. Given that y® « o^-x® :and whenx= y=-is.find 

the equation between x and y. 

11- If y=r+5, whilst r « x, and s « Jx; and if, when x=4, y=5, 
and when x=9, y=10, show that 6y=6(x+ ,Jx). 

12. Assuming that the time of oscillation of a pendulum varies as 
the square root of its length ; if the length of a pendulum which 
oscillates once in a second be 39'2 inches, find the length of one which 
oscillates 56 times in a minute. ‘ 

13- If 13 men earn £7 in 15 days of 8 hours each, what will be the 
wages of 52 men for 12^ days, of 9 hours each ? 

14. Given that the volume of a sphere varies as the cube of its 
radius, prove that the volume of a sphere whose radius is 6 inches is 
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equal to the sum of the volumes of three spheres whose radii are 3, 4, 5 
inches. 

16. The volume of a pyramid varies jointly as its height and the 
area of its base ; and when the area of the base is 60 square feet and the 
height 14 feet, the volume is 280 cubic feet. What is the area of the 
base of a pyramid whose volume is 390 cubic feet and whose height 
is 26 feet ? 

16. Given that the area of a circle varies as the square of its 
radius, and that the area of a circle is 154 square feet, when the radius 
is 7 feet ; find the area of a circle whose radius is 10 feet 6 inches. 

17. If the volume of a cone whose height is 12 inches and base 
30 square inches be 120 cubic inches, find the volume of another whose 
height is 20 inches and baso 1 square foot ; the volume of a cone varying 
as the height and base jointly. 

18. The volume of a circular cylinder varies as the square of the 
radius of the bass when the height is the same and as the height when 
the base is the same. The volume is 88 cubic feet when the height is 
7 feet, and the radius of the base is 2 feet ; what will be the height of a 
cylinder on a base of a radius 9 feet, when the volume is 396 cubic feet 1 

19. Two circular gold plates, each an inch thick, the diameters of 
which are 6 inches and 8 inches respectively, are melted and formed 
into a single circular plate one inch thick. Pind its diameter, having 
given that the area of a circle varies as the square of its diameter. 

20. Given that the illustration from a source of light vanes 
inversely as the square of the distance, how much further from a candle 
must a book, which is now three inches off, bo removed, so as to receive 
just half as much light ? 

21. A solid spherical mass of glass, 1 inch in diameter, is blown 
into a shell bounded by two concentric spheres, the diameter of the 
outer one being 3 inches. Calculate the thickness of the shell. (The 
volume of a sphere varies directly as the cube of its diameter.) 

22. When a body falls from rest, its distance from the starting 
point varies as the square of time it has been falling | if a body falls 
through 402^ feet in 5 seconds, how far does it fall in 10 seconds ? Also 
how far does it fall in the 10th second ? 



528 


ALGEBRA MADE EAST 


[chap. XXXIX.] 


23. If 10 mea can reap a field of 7-^ acres, in 3 days of 12 hours 
each, how long will it take 8 men to reap 9 acres, working 16 hours 
a day ? 


24. The square of the time of a planet's revolution varies as the 
cube of its distance from the Sun ; find the time of Yenus’s revolution, 
assuming the distance of the Harth and Venus from the Sun to be 
91i and 16 millions of miles respectively. 

[If P be the time of revolution measured in days, and D the distance 
n millions of miles, we have P^=KD‘, where Xis a constant, &c.] 


26. The value of a silver coin varies directly as the square of its 
diameter while its thickness remains the same, and directly as its 
thickness while its diameter remains the same. Two silver coins have 
their diameters in the ratio of 4 : 3 ; find the ratio of their thickness if 
the value of the first be four times the value of the second. 

[B. U. P. E. 1885] 

26. The value of diamonds « the square of their weights, and the 
square of the value of rubies « the cube of their weights. A diamond 
of a carats is worth m times the value of a ruby of 6 carats, and both 
together are worth £c. Bequired the values of a diamond and of a 
ruby, each weighing n carats. 

27. If a « 6 and b c, show that (a® + 6®)^ k c®. 

28. If x+y « x-y, show that a;®+f/® « xy and + “ xy{x±y). 

29. Given that a:+i/« 2 + ^ . and that!C-y«s- -■ find the rela- 

z s 

tion between x and z, provided that «=2, when .t;= 3, and y=l. 

[B. U. P. E. 1888] 


30. If ^ I prove that ® +y is least when x—y. 

[We have isj/ = a constant.] 

31. The consumption of coal by a locomotive varies as the square 

of the velocity ; when the speed is 16 miles an hour the consumption of 
coal per hour is 2 tons ; if the price of coal be 10s. per ton and the other 
expenses of the engine be lls. 3d. an hour, find the least cost of a 
journey of 100 miles. [Apply the preceding example.] 

32. If z '« y, and y x, show that 

x+y+z cc ( 2 ^ 2 )^+M“+(a:j/)l 
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Exercise 1. [Pages 2-3] 


1. 

100. 

2. 

10. 

3. 12 miles. 

4. 

8 miles. 

5. 

9. 

6. 

12. 

7. 45 minntes. 

8. 

15 minutes. 

9. 

32. 

10. 

4s ; 20J. 

11. 5 sq. yds. 

12. 

7s. 6d 


13. 

20. 

14. 

9. 

15. 28. 


16. 

4. 


17. 

4480. 

18. 

900. 

19. 1962. 


20. 

720. 





Exercise 2. [Pages 8-9] 




1. 

34. 

2. 

0. 

3. 4. 

4. 

1. 

5. 

5J. 

6 . 

li. 

7. 

6. 

8. 4. 

9. 

12. 

10. 

8. 

11. 

2. 

12. 

h 

13. 5. 

14. 

80. 

15. 

29. 

16. 

325. 

17. 

0. 

18. 14. 

19. 

114. 

20. 

4. 

21. 

69. 

22. 

19. 

23. 0. 

24. 

325. 

25. 

9. 




Exercise 3. [Page 11] 




1. 

24. 

2. 

37^. 

3. 4. 

4. 

720. 

5. 

3J. 

6. 


7. 

1. 

8, 40. 

9. 


10. 


11. 

0. 

12, 

50. . 

13. 1. 

14. 

75. 

15. 

100. 

16. 

200. 

17. 

1520. 

18. 41-626. 

19. 

22680. 

20. 

845000. 


Exercise 4. [Page 14] 


1. 

4. 

2. 

2. 

3. 

6. 

4. 

18. 

5. 

8. 

6. 

16. 

7. 

32. 

8. 

256. 

9. 

11. 

10. 

21. 

11. 

11. 

12. 

9. 

13. 

3. 

14. 

162. 

15. 

18. 

16. 

9. 

17. 

0. 

18. 

21. 

19. 

23. 

20. 

1. 

21. 

98. 

22. 

60. 

23. 

9. 

24. 

42. 

25. 

61. 

26. 

2805. 

27. 

7. 

28. 

171. 

29. 

2401. 

30. 

192. 

31. 

1029. 

32. 

1218. 

33. 

48. 

34. 

143. 

35. 

18760. 

36. 

16. 

37. 

160. 

38. 

78. 

39. 

7. 

40. 

2. 


1—34 
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Exercise 5- [Pages 17-18] 

1. 4’s loss =£100. 2. -70. 3. -25. 4. -100. 5. -30. 

6. 4, -3, 5. 7. 15,-10,-20,30. 8. -15,10,20,-30. 

I 

Exercise 6. [Page 20] 

1. -22. 2. -18. 3. -31, -41. 4. -19. 5. -1180. 

6. -222. 7. -2034. 8. 653. 9. -7128. 10. -220416417. 

Exercise 7. [Pages 21-22] 

1. 3. 2. -5. 3. -4. 4. -47. 5. -14. 

6. -51. 7. 16. 8. -8. 9. -32. 10. 1. 

Exercise 8. [Pages 24-25] 

1. -a+j/. 2. 3. c°+a“fe-a“. 

4. 2ahD—Zmnjf . 5. 2a®6-96®c®-2(^f. 

6. -&ii^y~llxyz~lQx-y". 7. ^arhc-b-ca+c^ah). 

8. — 25a®J7zn+l&»®!i®. 9. —14. 10. —234. 


11. 92. 

12. 5. 13. 177. 


14. -4653. 

16. -12015. 

16. — 6a+6— 3c. 


17. 2a -s. 

18. 2®=+ 9a® +7. 

19. -a+26— 8(i. 


20. 2a=-32/®. 

21. 153. 22. -125. 23. 200. 24. 120. 

25. 

. 400. 


Exercise 9. [Page 27] 



1. -10. 2. 

10. 3. -6. 4. 

-22. 

5. 0. 

6. -291. 7. 

1 

00 

03 

17. 

10. 177. 


Exercise 10. [Page 29] 



1. 2a +36 -2c. 

2. — 3a+36+4c. 

3. 

3x+2y-3z. 

4. 2wr-2?»-4. 

- 5.. 2a®+7/-s=. 

6. 

3a®-2y®-7ay. 

7. 4a®-7o6-6®. 

8. 76o— 7c®+10a2/. 

9. 

— a®+a®-a+2. 

10. -(a+2i/). 

11. dx-iy+Sz. 

12. 

1 

Cl 

I 

13. -(3o®6+3o6®). 

14. 2a=6®. 

15. 

3ff6®-3a®6. 


Exercise 11. [Pages 31-32] 


1. -4a +86. 2. 

7x-4y. 3. -2a. 4. 

-4a+26. 5. 5a+26. 

6. 26. 7. 

6. 8. 8. 9. 

-2a +76. 10. 0. 
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11. -2a:+Si(+7z. 12. -2c. 13. 15x~15y. 14. 8a-86. 

15. 11m— 7»i. 16. 6a — 6b— 18c. 17. 6a: — 6y — 20z. 18. a:— 2/-13z. 

19. -Zx-y-z. 20. a-115+17c. 21. 2a:-122/+202. 

22. da-d+llc. 23. x-3y+2z. 24. lla-26-16c. 

25. a-(l>+c—d)+(-m+n-x)+y—z. 

26. a—{b+c — d+m+(—n+x—y+z)}, 

27. {a—b—(c—d+m)l—{—n — (—x+y—z}i. 

28. -{-a-(-6-c)}-{-d-(-m+«)}-{a:-(i/-z)}. 


Exercise 12. [Page 33] 


1. 

15. 2. 

18. 

3. 36. 4. -32. 5. 

-45. 

6. 

7. 

-24. 8. 

-35. 9. -45. 10. 36. 11. 

60. 

12. 64. 




Exercise 13. [Pages 34-35] 



1. 

54. 2. 

47. 

3. -8.- 4. -393. 


5. -111. 

6. 

30. 7. 

0. 

8. 1136. 9. -280. 






Exercise 15. [Page 39] 



14. 

— Ga:"?/®. 


15. 21a»b*c®. 

16. 

40®*’’"^®^*. 

17. 

-166a:*°i/®z 

6 

18. 140a:«y^z®°. 

19. 

-4a:“j/®. 

20. 

-70ai*6^®. 


21. 48a:i®j/*''z". 

22. 

24a:®j/®s". 


' Exercise 16. [Page 40] 

, 1. -10a:’". 2. -20a*b®. 3. 21m V. 4. -18a:*?/. 

5. 3d'’b^°. 6. -40m®?/. 7. 50a:®/z®. 8. -24a:*j^*z*. 

9. 48a:=i/®z®. 10. 25a®6®ci®. 11. -24a;»y»z«. 

12. 32a®b“a:=j/®. 13. 35a®6®z*. 14. ,-60a®a:"i^®. 

15. TOx^y^s. 16. -18a®6V. 17. 63a®a:®i/=. 

18. 160x^*i^"z'". 19. 65o*®6**c®°. 20. 112o*®a;i“y®z". 

Exercise 17. [Pages 42-43] 

1. a:j/-2a:®. 2. -5a®-)-10ab-15ac. 3. 8a:®2/-12a:y“. 

4. 2a®6c-3ob®c-abc®. 5. — 3a:?y®+6a:®2/®-f3a:j/*. 

6. 7a®6®-7ob*+21a®6*-35a®6®. 7. -6a*a:-l-8a®a:®-10a®a;. 

8. -8m*?j-H2m®?i®-20m®»®. 9. o®b®c®-a®6®c®-a®b®c®. 

10. x^ye+xy^z+xyz^-xyV-x^ye^-x^y^s. 
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11. 12c*d''-18c®d’+30c'’d«+24c*d*. 

12. -16a’6»+12a«5*-10a*6''+8o'6®. 13. 7x*-2x-. 14. 0. 

15. ■9a!®-25y*. 16. x^+4x=. 17. o‘°6«+4a*i=. 

18. 4a“6“+81o®6*. 19. 3a=y. 20. (i) fl;=+2/'‘+2''-3a!^2 ; (ii) 0. 




Exercise 

18. [Page 46] 


1. 

-4®®. 

2. -32!*. 

3. 4a*®®. 

4. 3®®j/®. 

5. 

2a®6®. 

6. —2p~g'. 

7. bx^y*‘z. 

8. -8a®c®. 

9. 

— 3ni®7i®3J. 

10. 3a=c=. 

11. -5x*y~. 

12. 3a®®®j/*s®. 

13. 

a*^ 

14. -7®“. 

15. -7m“. 

16. -7a*^6“®, 



Exercise 

19. (Pages 46-47] 


1. 

3a — 26. 

2. 36®-2a=. 

3. 2a® -36®. 

4. 3®®-4®2/. 

5. 

3j/®-2a:®. 

6, n-~ 

3ron+4m®. 7. 

a®-2®®+3o®. 

8. 

— 3ai®+2a® 

- 5a®. 9. 2m® 

n®-3m*-4n*. 10. 

-3J®+|j)9+|g®, 


11. -2iz:j/®+3rB®-4i/*. 12. |a!®-|o®-fc®a:. 13. 3sa+-^o®-4a:®. 

14. 5mV-7m®M*-8i)®. 15. 6Va:®!/=-2a®c=2/®2“+3a“6“a;=2“. 


MiBcellaneous Exercises I 


[Pages 47-62] 

I 

1. 10 ; i. 2. 8. 3. 15 ; 2a ; 7ab- ; IGm-pq. 

4. 6. 5. -i. ' 8. 9, 7, 5,2. -1, -3, -4, -8, -12. 


1. 0,25.46,45. 2. 16. 

5. -7x^y, -560* 6. 

7. -23a+306+13c. 


n 

3. ( Va) X (^®) = o, &c. ; 35. 

16a;*-8a:»/®+24a;®3/“-fi/*-32a:®i/ ; 81. 

8 . x-^+z. 


Ill 

1. (i) c(o+6)=a:-frir2 ; {ii) {x+y)’‘=x^+y^+2xy •, 

(iii) < ijx+ -Jy ; (iv) a>b, 3a >36. 

2. 5, -4, -10. 3. -1000. 5. 66. 

7. — 6a® + 6c— 9a!® +16. 8. a. 
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1 . - 11 ; 1 . 

7. tt®+6=+c®. 


IV 


3» 5> 9. 6> 3®+2fli+&. 

8. 7ic®-tf®-2a!y. 


3. 2,a,h.a-¥b. 


2. 536. 


V 

4. 7i 5. 505. 7. y. 

VI 

6, 60. 8. 3808. 


8. 32. 


VII 

2. 2;0. 4. 1+® ; 3ai+&-5c. 5. (i) (a+5)(a-fc)=o®-6® ; 

(ii) (a+6)®-(ai»+6®)=2a6. 6. 0. 7. a+6+c. 

8« 2tt— -§5 +■!<!— 


vin 


2. 2771 ; 2». S. fitffi + 7 ?i 6 + na + 7 i 6 ; a®+2a6+6®. 

4. 0:0. 6.-+i + i- 

X y z 

7. 36a«5^®c®®®'VV®+90a‘®6®V®®®i/»2®+10a^«6^V^a!®i/®z“. 

8. 26®c^®a*l/® +5a®6®-®®®3* +3a^‘*c*j;*2®. 


Exercise 20. [Pages 53-54] 

1. ®®+8a;+16. 2. 9a®+12(i+4. 3. ®®+4a!j/+4i/®. 

4. 4iB®+28®y-H497/®. 5. 9a®-J-24aJ>+166®. 6. 25a®+70£t&+496®. 

7. a®y°-)-6a6®y+96®®®. 8. a*+4a®6c+46®c®. 

9. 9®*+12®®y®+4y*. 10. 16®* +8®®^®+!/'. 

11. o®-^46®-^-^c®+4a6+6^^c+126c. 12. tt®6®+6®c®-^c®a®-^2a6®o 

+2a®6c+2a6c®. 13. 42J®+9g®+16r®+12pg-H6p7‘+24gr. 

14. ®*-^y*+z*^-2®®y®-^2®®^®+2J/®z®. 15. 4®®+9^/®-^lGz® 

+12®j/+16®z+24sz. 16. ®*+i/®+z®H-2®®2/®+2®®z*+2y®z*. 

17. ®® + y® + 4a® + 96® 2®y -f 4®a + 6®6 + 4ya + 6yb + 12a6. 

18. 9a® + 166® + c® + 4d® -t- 24a6 + 6ao -t- 12a(2 + 86o -t- 166(2 -f 4c(Z. 

19. 4a® + ®®+ IGy® + 9z® 4a® + 16ay + 12az + 8®y + 6®z -I- 24yz. 

20. 16771® +971®, +9^7®-^•4g®-^2477l7l+2477^p +167»g + ISTip + 127ig+ 12fg. 

21. 4®®. 22. 4z®. 23. 16o®. 24. a®+4o6+46®. 

26. ®®+2®y+y®. 26. 1. 27. 0. 28. 4. 

29. 9. 30. 1. 31. 16. 32. 26. 
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Exercise 21. [Page 55] 

1. a:=-6a:+9. 2. 4a!=-20j;+25. 3. Qx--^0xy-¥2by^. 

4. a~x^-2abxy+b^y^. 5. 64»i®-48nHt+9»®. 

6 . 2}®TO“-%i5nMi+g“w®. 7. p* -2p-mn+m-n- , 

8. x*y^-2x’‘y^+x-y^. 9. a:®-4a!*a+4a:-s®, 

10. 9a® -30a® 6® +266®. 11. x^y-s^+2abcxyz+a-b=c-. 

12. £i:V2“-2a:®?/®z®+a!®2/*s®. 13. a*®®-2a®6=xV + 6‘l/®- 

14. a=+46®+4c®-4a6-4ac+86c. 15. 4a:®+9r + 162®-12a:2/-16a:£r 

+Q4pz. 16. 9m®+16»“+25g®— 24j7m— 30?ng+407!g. 

17. a^+96®+25fl*-6a=6®-10a=c®+306®c“. 18. ®®+i/=+a“+6® 



-Qxy- 

- 2a:a - 2!e6 + 2ya +2yb+2ab. 

19- 

a®+4a:®+96® 


+16y- 

- 4aa: - 6a6 - Bay + 12xb + 16a:2/ + 246y . 


20. 

7921- 

21. 

13689. 

22. 248004. 

23. 986049. 24. 

366®. 

25. 

1 

Cl 

CO 

26. 

49a®. 

27. 121a^ 

28. 256®c® + 106c®a + c®a®. 

29. 

4. 

30. 

81. 

31. 16. 

32. 25. 33. 

144. 




Exercise 22. [Page 57] 

1, »®-9. 2. 25x=-169. 3. ®®-4a=. 4. h~x--b^y-. 

5. 6. x^y~-y~z^. 7. ®*-4j/®z®. 8. x"y*‘-x*y-. 

9. a;*-l. 10. a®-6®. ^ 11. a®+2a6+6®-c®. 

12. a®-6®-26c-c®. 13. TO*+m®n®+?7*. 14. a*+4i/*. 

15. a®rB“-6®y®+26c2/«-c®r®. 16. b-y-+c-z’‘-a-x°+2bcyz. 

17. 6Sre®-c*7i®-a*2J®+2c®a®wp. 18. o® -646® -729c® +4326®c®. 

19. a*£C*+^. 20. a®a:®+a*®*+l. 21. m*+n*. 22. a:®-!. 

23. 4o(6-c). 24. 4a(3o-26). 25. ixy{x-+y-). 26. 4a:(y-a+6). 

27. 8a(36-5c+7d). 28. 9376. 29. 1069840. 30. 4985645. 

81. (5a!+6)(5a:— 6). 32. (3a+4o){3a— 4c). 33. (47 ?i+770[4?»-77j). 

34. (2j)+9g)(22J-9g). 35. (aa;+86)[oa!-86). 

36. (6a:®+ll77®)(6»®-n!/®). 37. (7+8i)(7-8£?). 

38. a2c+5d)(12c-5i). 39. (a+6+c)(a+6-c). 

40. (a+26+5c)(a+26-5c). 41. (2a:+3a-46)(2a!-3o+46). 

42. (a+26-3o)(a-26+3c). 43. (a®+96®)(a+36)(a-36). 

44. (x-y+a-b)ix-y-a+b). 45. (9a:®+25y®)(3a!+577)(3a:-62^). 

46.. (7a-6)(a+156). 47. {bx-2y){x+i3/y). 48. {2a+36-4c)(6-2c). 

49. {2771+ 571 -^)(2?»+re-8j7). 50. {5a:-77/+122)(a:-y+22:). 
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Exercise 23. [Page 59] 

1. x^+9!c"+27x+27. 2. 8!c®+12a!°+6a;+l. 

3. 27a°+27a~d + 9ab~+d^. 4. 64®® +144®=?/+ 10812/= +27i/». 

5. ®«+6®*t/+12®Sj/S+82/®. 6. a®2/® + 3®=2/®a+3®i/®s=+2/®s®. 

7. a®5®+3a^5®c=d+3a=6o‘d=+c®d®. 8 . a® + 6 ® + 8c® + 3a“5 

+3a&=+6a=c+12ac®+6J®c+12ic®+12a6c. 9. 8®®+272/®+2®+36®®j/ 

+ 64®j/® +-12® ®2 + 6®s® + 27j/®3 + Q/zs® + SBxye. 


10. 

®® + 3® ®y ® + 3®®?/* +2/®, 

11. 125?tt®. 

12. 

® ® + 3® ®y + 3aj/® + 1/® . 

13. 

275®. 

14. a® +3®= 

+3®+l. 

15. 

®®+6®®+12®+8. 

16. 

8a®. 

17. 90. 

18. 175. 

20. 

52. 21. 0. . 

22. 

-1. 

23. 0. 

24. 10. 




Exercise 24. [Pages 60-61] 

1. ®®-6®®+12®-8. 2. 8®®-12®®+6®-l. 

3. 8-86«+54a=-27a®. 4. 27-10Sa+144a='-64a®. 

6. 8a®-36a=6+54fl6®-27b®. 6. 126m®-300m®»+240ro»=-64n®. 

7. 8®®-60®«j/+lS0®2/®-125j/®. 8. 8a®-5®-c®-12a®6 

+6o5®“12a®c+6oo®-35®c-35c=+12fl6c. 9. 8®®-273/®-2® 

— 36®®2/+54aj/®— 12®®2+6®2® — 272/®2— 9y2®+36B2/z. 10. j)® 

-(f®-?-®-3p®(2=+3p=®*-3pV® + 3p®r*-32V-3cf®r*+6p®(z®r®. 

11. 645®. 12. ®®-3®=j/+3®2/®-y®. 13. 8®», 14. 0. 

15. 343. 16. -505. 17. 27. 18. 36. 19. 140. 


Exercise 25. [Page 62] 

1. ®®+l. 2. 1+8®*. 3. I25i>®+1. 4. 343a®+645®. * 

5. 512®®+27y®. 6. a®5®+64c®. 7. a®®® +1255®. 

8. 125a*+7296®. 9. (a +1){<1® -«+!]. 10. {®+2)(®®-2®+4). 

11. (2®+l)(4®®-2®+l). ■ 12. (3a+2X9a®-ea+4). 

13. (2m+4)(477i=-87»+16]. 14. (4i)+5)(16p®-20p+25). 

15. (2®+6x/X 4®®-12®2/+362/®). 16. (3a+7y)(9fl® -21fljr+492/=). 

1 7. (6a® + i/)(36a®® ® - 6axy + y®]. 

18. {3a5+4®2/)(9a®5®-12a5®y+16s®s®}. 

19. {9abo + 10®yz)(81a®5®c® - 90abc3:yz + 100®®x/“2®). 

20. (Ila5®®® + 9c2/®s®)(121a=5*®® - 99ab°cx^v’‘z^ + 81c®2/*2®). 
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Exercise 26. [Page 62] 

1. 1-8®®. 2. ®®-27. 3. 64a® -1. 4. ®®-8y®5®. 

5. 27m®-8»®s®. 6. (5a-l)(25a®+5a+l). 

7. (7®-2y®](49®®+14®y®+4i/*). 8. (6fc-5iX36ft®+30H+25Z®). 

9. (l-8iXl+8A+64^:®). 10. (9m-4o»®X8lOT®+36TOare®+16a®n*). 

r 

Exercise 27. [Pages 63-64] 

1. »®+3®+2. 2. a!®+ll®+18. 3. ®®-^®-30. 

4. ®=-14®+33. 5. a®-J-5a-176. 6. m‘+12m-133. 

7. p®+2p-143. 8. p^-5p-20i. 9. ®®+6®-36. 

10. ®®-15®-l-50. 11. ®®-7®-60. 12. i®-ll&-26. 

13. fl®+19a+70. 14. to®-8j»-84. 15. ®®-18»+65. 

16. «®+19a+84. 17. a®-14a+33. 18. ®®-9®-52. 

19. 77i=-llm-80. 20. ®®-18®+g0. 21. o®-6a-72. 

22. ^»=-^6?ra-91. 23. ®®-26®+160. ' 24. ®®-13»-90. 

25. »=-6®-160, 

Exercise 28. [Pages 67-68] 

1. 4. 2. -5. 3. -4, 4. -6. 5. -5. 6. -60. 

7. '13. 8. 5. 9. -2. 10. -2. 11. 1. 12. 2. 

13. 3. 14. -4. 15. 0. 16. 7. 17. -2. 18. -1. 19. 7. 

20. 3. 21 5. 22. 7. 23. -6. 24. 0. 25. -8. 26. 9. 

27. -2. 28. i 29. 1. 30. -1. 31. 12. 32. 30. 33. 12. 

Exercise 29. [Pages 69-70] 

1. 15-®. 2. ®-20. 3. ®-^25, 4. 25-jf. 

5. y-2®. 6. — • 7. 100-3®. . 8. 4®-3y. 

iC 

9. (Sy, 10. I boars. 11. (®+20) yeara ; (®-3) years. 

12. —miles. 13. — • 14. rapees. 15. .®-2, ®-l, 

® ® * 

», »+l, ®+2. 16. 3®. 17. 2?»+3. 18. 2®-2. 

19. days. 20. 3ab. 21. 22. 

23. ^ boars. 24. (®-H5) years ; (®+ 45) years. 

25. lOy-l-®. 26. lOOi+lOp-Hs. 27. 100s+10y+®. 
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Exercise 30. [Pages 71-72] 


1. 

6 ft. and 3 ft. 

2. 

20. 

3. 

40 and 10. 

4. 

80. 

5. 

12. - 

6. 

60. 

7. 

40. 

8. 

96. 

9. 

42, 43, 44. 

10. 

33. 

11. 

25, 65. 

12. 

15 and 24. 

13. 

36. 

14. 

72. 

15. 

10, 11. 

16. 

£600, £250. 

17. 

£120, £300. 

18. 

£3. 10s. 

19. 

35, 25. 

20. 

30, 10. 


Exercise 31. [Pages 75-76] 

2. Take BE equal to AD ; by guess let F be the middle point of 
DE. Then F is very approximately the middle point of AB, the error, 
if any, being indefinitely small. 

7. 2-56, 1-68. 3-79, 2 39, 1*40. 


Exercise 32. [Pages 78-79] 


1. 

6j units of length. 

2. 

7i feet. 

3. 75 yards. 4. 

3‘5 inches. 

5. 

3*6 feat. 

6. 

^ feet. 

^ 7. 

5 yards. 

8. 

65 feet. 

9. 

17 feet. 

10. 

28*3 feet. 


Exercise 34. [Page 84] 

1. (i) (11, 8) ; (-9, 11) ; (-5. -6) ; (9, -10). 

(ii) (2-2, 1-6): (-1-8, 2-2); (-1, -r2); (PS, -2). 

2. (31, 25) ; (-3, 35) ; (-If, -2) ; (3, -35). 5. 20. 

6. 13. 7. 50. 8. 11; -13. 9. 17-5:36. 

10. 12 : 8. 11. 12’5 uriits of area. 12. 16 units of area. 

13. 1 unit of area. 14. 40 units of area ; 7, 4*5. 15. (i) 83 ; 

(ii) 78 : (iii) 420 ; (iv) 72. 16. 30 sq. om. ; 5 cm. ; 90®. 

17. 2-5 cm. 18. 6, 7. 19. 5. 20. 32 units of area ; 7, 5. 

Miscellaneous Exercises II 
[Pages 87-88] 

1 . x^+y~+z^-2i:ij+2yz-2zx. 

8. 27®®-93!ry-66v=. 

1. -4. 2. -1. 3. 3. 

6. 7. 7. 11. 8. 5. 


I 

7. 7n®+Ji®+9p®+2«m+3np+3p7tt. 

9. 217. 

II 

a’ ‘ mnp 

9. f. 10. 1^. 
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m 

1. 7. ' 2. 126. 3. Es. 1500. 

4. £2250 ; £900 ; £750 ; JG300. 5. 40 ; 20; 36. 6. £52 ; £2. 12s. 


Exercise 35. [Pages 93-95] 

1. —5x^-2oay-y^—2x-y — 2. 2. Aa’^b. 3. —m^n^ -mnp 

-mV. 4. aVx^. 5. a*bV. 6. aV -b^c^ +cV -aVc=. 

7. a®-t-6®-l-c®-3fl6c. 8. 2{x+y+z). 9. 2(x+y+z). 

10 . x^y+y^g+z^x. 11 . a^b + b^c+c^a+ab^+bo^+ca^. 12 . abc^ 

+ baa^ +cab^ +a^d+b‘d+c^d. 13. —^(x+y+z). 14. —'^(x+y+z). 

15. 0. 16. 0. 17. 0. 18. 1280. 19. 1280. 20. 0. 

21. (a® - 1 6 ®)(m +n+p+q + l)+{fl^ - 6®)(m -fn-ljj-t-g-J-A:)-! c®(? +m+ n). 

22. 4(aa;®-^il/®-^c^®). 23. 0. 24. 3(^I® + 6®-^c®-a6-5o-cffl). 

25. 

Exercise 36. [Pages 96-98] 

1. 10»®-lla!^3/-H0a;®2/®+6a:*y®-3y®. 2. 2m^nx-Vxm 

-H2®®?7Mi-t-7m®K®!c-}-8re®a:®OT. 3. lias® - 3**2/ - 50aj*j^® -M5®®y® 

-^26a:®2/^-19a:2/®+40J/®. 4. bax^ -^^x^ +Byzbc^+2y^zbc+^iz%c. 

5. ~2~x^y^z+2xy’^z^+2x^z^y+^^y^z^-Zxyz*'. 6. 4a:^2/®a® 

-80a;®2/*z® + 28a:®2/®a^ - 22a!®2/®z* 102 ** 2 / V -t- 155a;®2/V. 

7. -12**2/*^® - 100**2/®^* + 58a:*2/*2® 92**2/®^® + 39**2/®^* 

-38**2/^^!®. 8.^ -4*® -1-5*2/ -72/®— 82/2. 9* 6*®-12*®2/®+2a®6* 
-1xby^-2xyab. 10. -2**-l-6*®2/-2*®2/®+8*2/®+72/*. 

11. - 2*« -1- 3**2/- 10*®^® -4*®2/®- 133:2/* + 502/®. 12. ffl® + 6a6-86®. 

13. 4*®-8*2/+2/®-12*-152/+9. 14. 2a®-4a®6+7a6®-156®. 

13. -12*®2/+7*®2/®“8*®+17y-29. 16. 5a®-4a6-56c+116®. 

17. -2*® -32/® -5*2/ -3* -2. 18. -3a®-116®c-6ac®-55®, 

19. -4*® -22*2/® -452/® -11*® -24*2/ -15. 20. Hx+^^^+^z. 

21. ' ^ax+^^+^nz. 22. r2a®c*+30'08c®52/ 

+ ’45e®a. 23. -^^c^<?x—^a^l}^y — h^<^z+lx—^y—b7iz. 

24. (i) 1’2*+2'32/-'6 z ; (ii) 35*-24'72/-^z ; 

(iii) 3-4ffl+ 19-04?®+ 20m® + 30i7. 25. 2(5e®+cffl®+a6®). 26. 0. 

27. 0. 28. ax+hy+cz. 29. 2ax+12by-cz, 80. 14»+442/+7z. 
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Exercise 37. [Pago 100] 

1. 2a“+5a6+36®. 2. 2m®— 5mn.+37i®. 3. ffl®+6®+c®+2a& 

+2ac+26c. 4. a®+6®+c* — 2a6+2ac— 2bc. 6. a®+6®+c®— 2o6 

-2ac+26c. 6. 2a®+26® + 3o®-5a6-7oc+56c. 7. 2a:®+3!/®+4z= 

—5xy — &xz+'Iye. 8. 5x®-2a®-36®+3a:a-2Eb+5ab. 9. 

-a:®3/-a!®s+a!i/®-j/®2+a!3®-3®i/. 10. x^y" -y^z^ -s^x^ -2yz"x. 

Exercise 38. [Pages 103-106] 

1. 27o®-75a6®+45a®6-1256®. 2. 4o®-9b®-f246c-16c®. 

3. a:*-h3®®+4. 4. ffl*-2o=b®-t-b*. 5. ®»+a:*+l. 

6. a!®-a!*j/*-^2a:®l/®+^/®. 7. m®+«®. 8. p®-g®. 

9. a® -26a®b® + 25ab^. 10. a:®-5x® + 5x®— 1. 11. ®*-2a®!C®+a®. 

12. a®-3a*i®-t-3a®6*-i®. 13. ®®+10x-33. 14. fl:®-2®®+l. 

15. a®+a®b®-^-a®b*'+a®b*-^b®. 16. s®-t-i/®-f2®-3xt/z 

17. a®+b®+c®-3a6c. 18. 2a®-a®b-14a*b®-H3a®b®-43a®b‘ 

+23fflb®-206®. 19. apx^+[bp-ag)x^-{cp+bg)x+oq. 

20. mn®®-(n®+m7’)®®+»'®. 21. o®*-(l+a)6»®+ (c+6®-ac)®®-c®. 

22. obs® - (b® ac)x* -t- (2bc+ad)®® - {26d! -t- c®)x® + 2ctfx-d®. 

23. 7n.pa;® - (mg - mr + 7ipj»*+(m5+7ig-7ir— ps)a;® + {q~r—n)sx—s-. 

24. oZ®® -t- (27iZ + om)®®j/ + (bl + 2Ji77i)xi/® + bm 2 /® + 077®® + 2777i®y+67ii/®. 

25. Z®^®* + m^px^y + n°px’‘y° -h (Z®g+2g®p)B® -t- (77i®g + 2f‘p)x^y 

+n^qxy^ + (c®p -H 2g®g + l^r)x^ + {m®7•-^2/®g)®l/+7^®r^/®+(2g®r+c®g]» 
+2/®rj/+o®r. 26. ®® + lMf®*ff+3»il®®!/® + 2?-SS®®V®+2^®j/*+P®. 

27. ®® + l|®«j/ 3A®®1/® -f iS®*!/® + 4|S»®1/* + A®J/® + 17®. 

28. '621®^® -t- 3197®^® + 20’7a® + ’406®® + -3321®’ + 2'035®® 

+ 16-0872®® +ir07®*+5'8675®®+ 29 25®=+ 6-95® 45. 29. ‘3990® 

+7-289o^b+16-71a®b= + 32-867a®b= + 23-789ob®+25-2b®. 30. 2-3Z®® 

+ (315Z + 2,'Bm)x^y + (1-17Z + O’IStti + 2’Bn)x^y= + (2-07Z+ 1-17771 
+3-157t)®®7/® + (2-07771 +l-177i]®y* +2-07712/®. 31. a=®*-7^ab®®i/ 

+ (Wfflc - b®)®®2/® + a^bc + fad)x^y^ + (p^-^bd)xy* + -gcdi/®. 

32. 2'25ffl®77i" + (3-9ac-l-44b®)7?i®7i®-(3-846tZ-l-69c®)77i®77* - 2-56d=7i®. 

33. 16<i*-81b*. 34. 625o*®*- 1296b® j/*. 35. x^"-y^", 

36. ®®+49®V+6262/®. 37.' a^*®®-®-6“2/^®. 51. -6®=. 
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52, 53. 54. 15®^. 55. -3a6-=. 56. -ay^. 

57. 12a®6®c®. 58. 15®y^. 59. -30a®5c-^. 60. 

61. fl+2a“6“ + 6. 62. a-2a“6^'+6. 63. 9®^-162/^. 64. a+b. 

65. x-y. ^ 66. 67. 4s^-37®M+9j/i 

68. a^ — b". 69. ®°— y", 70. a-b-. 71. x+y+z—3x^y^s^, 
72. 73. a-''-6ffl-*5+13a-®6=-13a-®6®+6a-^6*-6®. 

74. ®-®-5®-®y»+4y«. 75. 4a-^®+12a'^6"'49a-'‘i-*-256-®. 

76. 6®®+19®=+42®+45, 77. 2®® -7®= -24® +45. 

78. 3®®+9®*+11®®+21®®+28®+12. 79. px*+qx^+p^x’‘ 

+p{q+r)x+qr. 80. ^®“+^^®+7x®.r®*+4i®®+16]®®+5®+10. 

Exercise 39. [Pages 110-111] 

1. ®-2. 2. x-5. 3. 3®+4. , 4. 5®-7. 

5. 2a-35. 6. x~~xy+y^. 7. 2®-3a. 8. x~-ax+a". 

9. a® + 2ai-6®. 10. ®+3. 11. 2®-l. 12. 2ay-b. 

13. am+Sn. 14. 2®®+3®y-4y®. 15. 3y®-®®y+2®®. 

16.- 47»®-6nMi+8ra®. 17. a®-3a®y-y®. 18. 27(2+®). 19. 2-®. 

20. ®*+2a®® + 3tt®®® + 2a®®+®*. 21. ®*-2®®y + 3®“y®-2®y®+y*. 

22. ®®+(fl+6)®+a6. 23. x-c. 24. a+b+c. 25. ab+ao+bc. 
26, ab+ao—bc. 27. ®® — (a— 6)®— ®fc. 

28. a^ + b^+o^-ab-ac-bc. 29. ®®+y®+l-®y+®+y. 

30. ®®+4y®+92® + 2®y+3®2-6y2. 31. x^+y^ +z'+xy-xz+y3. 

32. 2®-3y-2. 33. ab-aa-bc+o^. 34. ®+c. 

35. ®+a. 36. o®+a6— 5c— c“. 37. 06— ac+5c-5®. 

38. y®®+2y®2+y®®-2j/2®-®®2-®2®. 39. x~-ax+a~. 

40. c+®-5. 41. 2{a+6)®. 42. ®+y+2+®y2. 

43. 16®*-8®®{2y=+o®)+(4y®-a=)=. 48. a^b. 49. 06-^c^. 

50. -3®^y®2"'^. 51. 3®^-4y^. 52. 

53. o^-a^6'^+5^. 54. 2®^-5®^y^-3A 

55. a* +0^6^+ <1^6+ 6“ . ' 56. 2c6-®+3®'^6 ^+56"®‘ 
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67. 3a;'*-5ar^y"^+7ff“^. 58. 

59. 


+ a®6^+ + o6 + a^b^ + 5®. 


Exercise 40. [Page 113] 

1. TO®-3wm+27t=. 2. a®-3ffl6+5». 3. 2a:®-3!ry-2y®. 

4. a®-4o!c-2aj®. 5. 3 +2® -2®®+ a®. 6. ®®-2a!+3. 

7. 2a®+3o6-46®. 8. ffl®-2a®+4®®, 9. a®-2a6+25®. 

10. 2®®-3®-8. 11. !r®+3a!®+9®+27. 

12. a*+2a®+4o®+8a+16. 13'. 3-®®+2®®. 

14. 3®®— 4a!+5. 15. 32+16aj+8®®+4»®+2®*+®®. 

16. ®*+2iC® + 3®® + 2®+l. 17. 2a®-3o6+45®. 

18. a®+3a6-56®. 19. ®®+2a!®fls+2®a®+a®. 

20. a®-3a®5-6®. 21. ®^+2i;®®+8y®®® + 2i;®®+i;*. 

22. ®+6+^g' 28. ®®+ia:2/+il/“+^£- 24. r. 

25. ^+ia;+Jf®®+||®® is the quotient and |f®* is th® remainder. 

Exercise 41. [Page 115] 

13. ®®+®®+®+l. 14. ®®-®®y+®i/®-y®. 

15. ®*+®®+®®+®+l. 16. ®*-®®j/+®®i/®-®i7®+»*. 

17. ®®+®*+®®+®®+®+l. 18. ®®-®*17+®®I/®-®®l/®+®l/*-!/^ 

19; ®®+®®+®*+®®+®®+®+l. 

20. ®® -®®i/+®*»® -®®i/® +®®ff* -®y® +1/®. 

< Exercise 42. [Pages 118-119] 

1. 25®®-t-90®y+81y®. 2. 256a®-416a6+1695®. 

3. ®®-f-200®-H0O0O. 4. y=-HOOOy+ 250000. 

5. ffl®+ 1998a +998001. 6. y®+20002y+ 100020001. 

7. 976144. 8. 1024144. 9. 10100-25. 10. 9920-16. 

11. 8»®+60®®+150®+125. 12. 1157625. 13. 985074-875. 

14. 513152864-216. 15. (i) 50000032 ; (ii) 2000288. 

16. (i) (3®+3y)®-(®-3/)® ; (ii) (5s+8y)®-(®+2y)® j 

(iii) (®+100)®-2® ; (iv) (500)®-5® ; (v) (2® +100)® -(-4)®. 
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17. a^-x^. 18. 16a* -81. 19. a® + a* 6 *+ 6 «. 20. 99999984. 

21. 99999744. 22. 8a®+12a®a: + 6 aa:® + a:®. 23. a® - 12a* + 48a® -64. 

24. a:® +64. 25. 82 /® -27. 26. a;® -64. 27. 4a:® + 240a: +1575. 

28. 36a:® + 108a: -1075. 29. 36a;®^-408a;+]075. 30. 100a®. 

31. a;=+ 2 ^®+ 2 a:y. 32. 8000a®. 33. 125a®. 34. 1331a®. 

35. 5a;®. 36. (a:+2Xa:+3). 37. 6 ( 2 /+ 8 )(y+ 5 ). 

38. (a® + 2a6+25®)(a®-2a5+26®). 39. (a:+j/+3)Ca;+y+12). 

40. (9a+86+8Xa+85-4). 41. (2a:+52/X4a:®-10a:2/+25j/®). 

42. (6a + 13a: - 4){(8a+ 13a:)® + 4(8o + 13a) + 16}. 

43. (15a+36+2)(15a+35-2). 44. 5a(a:+2t/)(s-3j/). 45. 225. 

46. 512. 47. 10000. 48. 8099’999996. 49. 92355. 50. 1. 

51. (2+5a+3a®)(2^5a-a:®). 52. a®6®(a;=+l)=-(a®+6®)®®®. 

53. (lla®+28a+10)®-(a®+a+5)®. 54. (49a®+9Bo®+39a®)®+(5a®)®. 


Exercise 43. [Pages 126-127] 

1. (i) 121 ; (ii) 49 \ (iii) 4. 3. 144 sq. ft. 4. 15 sq. ft. < 

5. 55 sq. yds. 6. 84 sq. yds. 7. 500 sq. yds. 8. 50. 

9. 76. 10. 171 sq. yds. 


Exercise 44. [Page 128] 


1. a(5+e). 2. 

4 . 2a2/2(a+2y-3s). 5. 

6. aa®{j/-5aay® + 3a).' 7. 

8. 14a®6®(2a®-36®). 9. 


10. 13a®6«c®(36®c®-5o®a®-7a=6®). 


a®i®{6+a). 3. a®j/®(j/-2a). 

2a®5(2a=-3a&-46=). 

3a®y®2®(a®y - 42/“^ + 7z®®). 
36a®y®{2a®+3y®). 


1. (3a+46)(3a-46). 

8. (6a®+l)(6a®-l). 

.5. s(4a:® + 3)(4a® - 3). 

7. (l+4a®)(l + 2a)(l-2a). 

9. {6+a:®a)(6-®®a). 

11 . (11 + TO®)( 11 -OT®). 

13. {a6+5cd)(a6-5cd). 

15. i;®(g®+10)(?®-10). 


a(2a + 5a)(2a - 5a). 

4. (4a®+l)(2a+l)(2a-l). 

6. ®(4a“+9)(2a+3)(2a-3). 

8. a®(l+9a®){l+3®)(l-3a). 
10. (8a=+7a®)(8a®-7a®). 

12. (7a®a®+9)(7a®a®-9). 

14. (9a®+8a®)(9a®-8o®). 

16. a®(12a®+5a®)(12®“-5a®). 


Exercise 45. [Page 128] 
2 . 
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17. 3a®(8a“+9a:®X8ffl“-9a!=). 18. 2aa:(7fla:=“+8X7aa:=-8). 

19. 4®®oS(9fl:«a“+ll)(9®®a“-ll). 20. 6j?i“n^{7m^»i®+ll)(7m*w®-ll). 

21. (a+36+5c)(fl[+35— 6c). 22. (a+36— 6o)(a— 36+5c). 23. 4sy. 

24. (5a+3a!)(o+a:). 25. (2a-26+3c-3£?)(2a-26-3c + 3£?). 

26. (7ri:+67y-3^)(7a;-5y+32). 27.^ 12{5a:-l)(a:+2). 28. 4a(6-c). 

29. (3a+6-c)(a-76+9c). 30. (14a+2l!t-23y)(2fl+27!r-41i/). 

31. -9(®+a)(a:-fl)(a:=+fl!=). 32. 28fl(5a-3) 

Exercise 46. [Pages 129-130] 

1. (®®+®+l)(®®-®+l). 2. (®®+a+l)(®®-®+l)(®*-®®+l). 

3. {a"+ax+<D~'^a~ — ax-¥x-), 

4. (a® + a® + ® ®)(ffi® - a® x~)l,a* - a‘x~ + ®*). 

6. (®“+4®-f-8)(®®-4®-H8). 6. {2®®+6®+9)(2®“-6®+9). 

7. 9(®®+2®-^2)(®=-2®+2). 8. (a®-^2a+3)(ffl®-2a+3). 

9. (®®+®-3)(®®-®-3). 10. (2®®+2®+3)(2®®-2®+3). 

11. (2®®+2®-3)(2®®-2®-3). 12. (2®»+3®+3)(2®®-3®+3). 

13. (2a®+5a-3)(2a®-5a-3). 14. (2a®+10a+26)(2a®-10a+26). 

15. (3®®+®-(-4)(3®®-®+4). 16. {3a®-l-a-4)(3®®-o-4). 

17. (3®®+3®-4)(3®®-3®-4). 18. (3a®+6a+4)(3a®-5a+4). 

19. (4®®+6®a+5a®)[4®®-6®o+5a®). 

20. (3®° + 7a® + 6®®)(3a® - 7a® + 5®®). 21. (®® + 4® + 12)(®® - 4® -I- 12). 

22. (a®-h5o6-56®)[o®-5a&-66®). 23. (6a®+2o&-6®)(6a®-2a6-6®). 

24. {7m®+2!7i7i-4n®)[7m®-277ijs-4?t®). , < 

26. (8a= + 12o®+9®®)(8o®-12a®+9®®). 

26. (2®®+14®a+49o®)(2®®-14®o+49a®). 27. {x+y-s){x-v+z). 

28. (2a+6-3c){2a-6 + 3c). 29. '(3®+2y-3s)(3®-22/+3a). 

30. (o+26-5c)(a-26+5c). 31. (4j/+3®-53)(4i/-3®+5z). 

32. (a-26+3c-2rf)(a-26-3c+2<i). 33. {x-2y+z)(x-z). 

34. (2®+3a-l-56+l)(2®-h3o-55+l). 

35. (3®+2y-7z-6)(3®-2y + 7z-5J. 

36. (4a+36— 4c-3)(4a-36-^4o— 3). 

37. (®-7j^+5z-2)(®-7j/-5z+2). 

38. (4® + 5a + Sy - 76)(4®+ 6a -3t^+ 76). 

39. (7®-4i/+ 83-1){7®— 42^-8z-f-l). 


40. (a+b-o-d%a-b+e-d). 
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Exercise 47. [Page 131] 

1. (o-2b)(a°+2a6+46°). 2. aia-3x)^a°+^ax+^x% 

3. {2x+l){ix^-2x+l)[6ix^ -8x^+1). 4. (o-26Xa=+2fl5+4i=) 

(a®+8a®5®+646®). 5. {3o®+5a:=)(9a*-15a=a:=+25aJ*). 

6. 7. (Ix-i-Qy) 

(49a;=-66®2/+643/®). 8. (2x=-l)(2a:®+lX4a:*+2®=+lX4a:*-2a:=+l). 

9. (ffl— 2a:®X®+2®®X®"+2fl®®+4®*X®”~2fl®®+4iC*X 10. (5®®— 6fl®) 

(25®'' + S0®®a®+36o®). 11. o6(4a*+7i*Xl6a®-28o*5* + 495®). 

12. x-yH3x^ + 22/®X3®® - 2i/®X9^“ - + 42/“)(9®'> +6x^y^+iy% 

13. (a+b)‘‘(a*-2a^d+6a~d~-2ad^+d^). 14. 2(x+yXx-y) 

{4®*-14®=jy®+13j/). 15. 2(a-tXa-+a&+i“X4o®-2o»6®+6®). ' 


Exercise 48. [Pages 135-136] 


1. 

(®-H1X®+2). 

2. 

(®-t-2X®+3). 

3. 

(a+lXo+3). 

4. 

(®-4X®-l). 

5. 

(®-t-2X®+5). 

6. 

(®-3X®-4). 

7. 

(®-h5X®+3). 

8. 

(®-5)(®+3). 

9. 

(®-4X®-9). 

10. 

(®-f-4X®“9). 

11. 

(®-2Xa:-12). 

12. 

(®-2X®-20). 

13. 

(®•^10Xa:-3). 

14. 

(®+8X»~6). 

15. 

(®-H8X®-2). 

16. 

(®-H2X®-3). 

17. 

(®-H4X®-3). 

18. 

(®+18)f®-4). 

19. 

(®-8X®-l-5). 

20. 

(®-16X®+5). 

21. 

(®-32X®+3). 

22. 

{®-14X®+4). 

23. 

(®-7X®+6). 

24. 

{®-9X®+8). 

25. 

(®'-H0)(®+12). 

26. 

(®+20X®-4). 

27. 

(®-24X®+3). 

28. 

{®+12X®-7).' 

29. 

(®-12X®-8). 

30. 

{®-l-26X®-3). 

31. 

(®-12X®+6J. 

32. 

(®-2lX®-4). 

33. 

(®-22X®-4). 

34. 

(®-H5X®-8). 

35. 

(s-10X®+8). 

36. 

(®-J-14X®-6). 

37. 

(a-8Xa+7). 

38. 

(to-15Xot+6). 

39. 

(a+20Xa-3). 

40. 

(a-9Xa-6). 

41. 

(p-24Xp+2). 

42. 

(m-H9XTO-8]. 

43. 

(7»+30X»»-3). 

44. 

(a-24Xa-6). 

45. 

(®-H3X®“6). 

46. 

(a-5lXo+2). 

47. 

(a-15Xa-4). 

48. 

(®+l6X®“4). 

49. 

(o-30Xffl+4). 

50. 

(®4-15X®-7]. 

51. 

{®-72i'X®+6y). 

52. 

{a-86)(a-46). 

53. 

(m+6»X’^“570. 

54. 

(a+45X®“35). 

55. 

(a-5b)(a+3b). 

56. 

(®-82/X®+1/). 

57. 

(®+8y)(®-5j/). 

58. 

(p-6gXp~8g). 

59. 

(l3-H03)(i>-8g). 

60. 

(®+24j/X»“4j/). 

61. 

(a+lXa-l)(a‘‘+5). 


62. (®®-l-5Xa 

!®-3). 
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68. (a!+2)(®-2)(!c®+7). 64. (a:-l)(®=+a:+l)(!r»+3). 

65. (a-2Xo®+2a+4)(a®-2). 66. (!B-l)(®+3)(®®+a:+lXs=-3a:+9). 

67. (o-lXo+2Xa“ + atlXa®-2a+4). 

68. (®®+2X®®-2X®+2X®-2Xri:=+4). 69. (a+2Xa-2Xa’’+4Xo*+5). 

70. (a:=+lX!c=-2Xa!*-a!= + lXa:*+2a:=+4). 71. (a+l)V= + 2a-2). 

72. (®+lX®+2Xa:°+3» + l). 73. (a:-l)®(®+lX®“3). 

74. (<i+lXa~4Xa®-8a+l). 75. («+1X®-5X«®~4!B+1). 

76. (®+lX®-2X®+2X®-3). 77. (®-2Xs-3X®-lX®-4). 

78. {a-2Xo+9)(<i+2Xa+5). 79. (o-4Xo+10Xa+2Xa+4). 

80. (®+lX®-9X®+2X®-10). 81. (2®-5X®+3). 

82. {3o-5){2a+3). 83. (4 to+3){2w- 3). 84. (2s-'3y)(3x+8t/). 

85. (6a- 36X2a— 76). 86. (3m— 4»)(4?B+5n). 87. (2®+5y)(6®-i/). 

88. (4a+5b)(5a-6b). 89. (3x-5uK6x-7y). 90. ( 4 ®- 3 i/)( 3 ®+ 82 /). 

Exercise 49. [Page 138] 

1. (®+3){®+l). 2. (®+5)(«+l). 3. {®+5)(®+3). 

4. (®-7)(®-3). 5. (®-8)(®+6). 6. (®-9)(®+6). 

7. {*-8)(®-4). 8. (s-llX®+6). 9. (a+26-c)(o+c). 

10. (»+?/)(» - 3 / +2). 11. (®+y+l)(®-y+6). 12. (a+66-cXa-6+c). 
13. (x-y-sKm-Sy+z). 14. (®-2y-2s)(®-8!/+2s). 

15. (a+6 — 3c)(a— 136 + 3c). 16. (®+ 122 /— 3zX®+3z). 

17. (®+y-6s)(®-15y+5z). 18. (2®+l)(®-3). 

19. {3®+l)(®-2). 20. (3»+2X®+4). 21. (4®-l)(®+2). 

22. (2®-l){3®+2). 23. (2®+l)(3®-4). 24. (3®-lX2®+3). 

25. (2®+3)(4®-6). 26. (2«-5){2®+7). 27. (2®-3X3®+4). 

28. (3®+2)(®-6). 29. (2®+5)(®-7). 30. (2®-7X®+6). 

31. (3®-6)(®+6). 3^ (3®-2X4®+3). 33. (o+56)(2a-36). 

34. (2®-3ff)(3®-2i/). 3K (3m+2fi)(2m-6?t). 36. (323-43)(p+33). 

37. (2a-56)(4a+36). 38. (5m-2n)(2OT+3n). 39. (4a-i/)(3®+4y). 

40. (3a-46X5a+36). 41. (2a-6)(o-26). 42. (a-36)(3a+6). 

43. (®+33/)(3®-3/). 44. (o+4X4o-l). 45. (a-46X4a-6). 

46. (®-5)(6®+l). 47. (x-bytbx-y). 48. (®+6)(6®+l). 

49. (o+66)(6a-6). 50. (a-66X6a+6). 51. (o-76)(7o-6). 

52. (a+76)(7a-6). 53, (a-76X7o+6). 54. ( 8 ®- 3 /)(®+ 8 y). 

55. (9®-3/)(®-9y). 56, (10®-y)(®+102/). 57. (2a+26-lXa+6+2). 
58, (®-i/F(2x®+2i/®+®3/). 59. (a+6)®(2o®+26®+a6). 

60. (»-4y)(4®-y)(®®+y®). fil- (®+2)(®-2)(2®®+3). 

1-35 



546 


ALGEBKA MADE EAST 


62. (2a+36X2o-36)(2a= + 6®). 63. (3a+46X3a-46)(a= + 25“). 

64. (x-2)i2x-l)lx’‘ +2x+i)iix’‘ +Qx+1). 

65. (2o= + b''X2a"-?>=Xa“+26=Xfl“-26=). 

Miscellaneous Exercises III 
[Pages 146-149] 

I 

1 . (j) v%x-2z)-y^xz+y[xz- -x^ -2z^)+{x^z-xs ^) ; 

(ii) {xy^ -x^y) + z{x^ - xy" - 2y^)+z’‘xy -z\x+ 2y). 

2. 94. 4. x* + x^y+x^y°+x7j^+y*. 5. 8a& ; 128. 

6. %c^+y-+z^-yz-zx-xy). 7. (o-^■c)®-{fc-^^)®. 

8. (2a)-l-3i/X2a:+3»/-4). 

• II 

1. %iZax^+ax^y + ^axv~+’ldy^]. 2. m(ojtt+6X’»‘*+2). 

1 

3. x-2x^+l. 5. a:^-(a-^fc+c)a:"+(aZ)-^-6o■^ca)a:-ffl6c. 

6. a!*-(p-l)»*+(g-p+l)a!®-(p-l)®+l. 7. a*+a=ft“-t-6*. 

8 . (a - &)(5 - c) ; (6 + 2a + 3c)(6 - 2a - 3c). 

III 

1. i 2. -36®. 3. 392. 4. 16. 

5. x^-xy-xz+yz. 6. (4a-l)(16a®+8a+3). 

IV 

1 . - l*r ® + Ql^mwr - 2i ®7i® - 3Z®TO®ra® — + Qlm^n -2m^. 

2. 3a®a!*+6a®6a!® + 3o6®®®-f-46®a:-H2. 3. a® -646®. 

4. (i) a®-3o6o-^-(6®-^c®) ; (ii) a®(6-c)-o(6®-c®)+(6®c-6c®)’; 

(iii) a*(6 - o) - o(6* - c*) + (6*c- 6c*). 

5. x^+{a+b+o)x^+{ab + bo+Ga)x-¥dbc ■, -11; -68. 

8. o-(-26+3c. 

V 

1. 121. 2. i{ax'‘+bx*y-ox^y°-dx°y^+cxy*-fy^). 

4 1 8a®-^■12a®c-^6oc®+c®. 5. 8®°+4®®+12®* — 8a;®-t-24®— 32 

7. a* -t- a® 6^ + a* 6^ +6^. 8. (i) a®®(a-»)(6o®+l) ; (ii) (®+ 2 / 2 )(i/+z.'i:). 

VI 

1 . 87669405, 2. -125. 4. ®®-t-l. 5. (®® -7®+9)®+(6)®. 

6 . {a+b + o+d){a-b-c+d){a+b-o-d]{a-b+c-d). 
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7. (i) (a-i.Xa-6+2); (ii) (2a-5X3a+6+3) ; 

(iii) [5x+5y)(3x—2y-i-Q). 8. (2x—y)a~+{x+y)ax—x^. 

■VII 

1. 7. 3. x^+y^+s^—3x-‘y'^z-‘. 4. a;+a. 

2a!V+2y“2=+2s=a:»-a:*-i/*-2*. 7. (i) (2a;-3X3a;+5) ; 

(ii) (5x -5y- 3){7x - 7j/ - 4) ; (iii) (a: - 3y°){llx - 21i/“). 

Yin 

1. l + (a+5)a!+^^^tW^±izi)a,2. 2. 55. 4. 2(a+6)i. 

5. a® -2; a® -3a; a* -4a® + 2. 8. (a;®-3a:j/-2/®)(a;®+3a:y-y®). 

IS 

1. a*+a®a:®+a!*. 4. a:®+6a;+ — + ^a* 

a: ® 

6. a?f6-c)-a(6 ®— c®)+ 6c(6-c). 8. 3. 

X 

1. 2(a+m)(o+Ji)+26<i. 2. 16. 5. a^+6+c^-3a-6®o’‘. 

«. (3a:-7)(6»-2). 7. 17. 8. £125 each. 

Exercise 61. [Page 151] 

1- a®6® 2. 4a®. 3. dxy’^. 4. 5o®3/®. 

5. 9m®J»®. 6. 4aa:.. 7. 1277jp. 8. 15aJ®i/®s®. 

8. 18a®c®. 10. 24c®. 11. 122 ®. 12. 15ot®»®jj®2®. 

13. 18o®5®c®d=. 14. 6. 15. 8a:=y®. 

Exercise' 52. [Page 153] 

1. o{a4-6). 2. x^yHx+y). 3. 3(®+3). 

4. 4a®(a®+5o). 5. 6. oa:(2c+3a;). 

7. 2a®&®(3a+45). 8. 3x"-y^[x-2y). 9. 2o6(o+26). 

10. 16!C®a®(a®-a®). 11. 8(a:=+oa:+o=). 12. 8a:a®(®®+o=). 

13. 6(a+3&). 14. 4®{s-5). 15. ®y(®+6y). 16. a®®®(o+2®). 

17. 2®+3. 18. a-26. 19. ®-2. 20. 18(a+2o). 

21. 0 — 6. 22. ®+2. 23. 4a6(3a+6). 24. ®®+6®+6. 

Exercise 53. [Page 156] 

1. o®fc®. 2. a®i®c. 3. 30®®j/*. 4. 287H*n®5J. 

5. 24®®s®s®. 6. 140a=5®c®. 7. 120a®5®c®. 8. 180®*y®3=fl®- 
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9. 10. 24(a:®-i/®)=. 

12. a®(o-a:)(a+3iBXa-2a;). 

14. 

16. (!B-3)(®+5)(a;+4Xa:+7). 

18. (8a®+276»X8a®-276®). 

20. {22-3o)®(9a!=-a®). 

22. 6(3a-®)®(a®-4a!°). 

24. (!C-2j/Xa;-4y)(a:-3j/Xa:+52/). 

26. , (l-4aj=Xl + 22!+4a!2Xl+2a;-4a!®). 


11. (a;-lXs-2Xar-3). 

13. a®(fl5-2Xa+2)(a+4). 

15. 48(a;-2X®+5X®+6). 

17. 3a®(4a*-9&®Xa“-i®)- 
19. 12a:®(4a:® - 25j^®)(2® - y). 
21. 2®(4a:*+81). 

23. (2s- 1)=(42;=-1X®+3).' 
25. (®+2)C2a;-lX3®+l). 

27. (®®-3)®(9®=-lX9®*-l). 


Exercise 54. [Pages 158-159] 


1. 

1 

26' 

2. 

41/* 

3. 

2a 

5® 

4. 

3X2 

5i/“' 

5. 

M.. 

3ab 

6. 

2ttz 

5®!/' 

7. 

3a 

8. 

3npq 

5m 

9. 

x-a 

X 

10. 

1_^ 

®+3 

11. 

2® -3a 

12. 

a 

13. 

3a 

14. 

2®“ 

15. 

4® 

2® 

~a+45 

®-f 4a’ 

«“-2a“ 

®+3‘ 

16. 

®-2_ 

»-3 

17. 

®-3 

®+4' 

18. 

a-ib 

a-5b‘ 

19. 

o“ 

a+b 

20. 

1-4® 

1-5® 

21. 

®~y.. 

®+7!/ 

22. 

l-2a“ 

l-f-3a“ 

23. 

®®-13 
®^-4 ' 

24. 

So® 
a-; 3® 

25. 

2® -1-3 

3® -1-4 

26. 

x—a 

®-^a 

27. 

®-»-5a 

®-^7a 

28. 

2®-5 

3®-2 

29. 

2®-5a 

3® -7a’ 

30. 

2- 3a® 
l-5o® 

31. 

x-a 

®“+a 

32. 

3a-H66 

3e-l 

33. 

2®4-3a 

3®+2a’ 

34. 

2o-fe 

a“-l 

35. 

a-b-c 

a-¥b-o 


Exercise 

H 2(idf 3bcf ibde 
ibd/ mf ibdf 
„ l&c^di IQxybc Gy^ca 
60®®!/“’ 60®“!/“' 60®“!/“' 
r ®“(a-25) ay^{a+2b) 

, ■ a(a“-45“)’ a(a“-46“)’ 

„ 2a(a+6) — 36(a+6) 4c{a— 6) 

a“-6®’ a“-fc“ ’ a=-6“ 

3c^a"y[a+x) 4£i“6“z 

a“5“c“(a“ - ®“)’ a“6“c“(o“ - ®“)' 

2 


®2/(4®“ -9i^“) 


55. [Pages 160-161] 

■„ 6ag“ ibyr 3cg“ 
12a5c’ 12a5c’ 12abc 
, a“(a+6) o5(c5-6) c{a-b) 

a(a“-6“)’ a(a“-6“/ a(a“-5-)' 
g, 2a“ c-a 
, ■ a(a-5) a(a-5)' 

n 26“c“®(a-a) 
a“6“c“(a“^’ 

_ a“.^;(2®-^3!/) 6“!/(2®-3i/) 

* ®!/(^“-9!/“J’ ®i/(^“-9!/®)’ 

^ a“(®“-z+l ) 5“(®“+g+l ) 

®*+®“+l ’ ®*-^®“-H 


i 




i 
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IL 


18. 


. 14 . 

n. 


1 , 

5. 


«. 


11 . 


14. 


17. 

20 . 

28. 

r 

26. 

29. 

: 32 . 


1 . 


• 6 . 


11 . 


3[a! + 3) 4(a;+l) -46^ abo 

s^+2x^~Sx-6 ®^+2®®-6a!-6’ a*+8a&®’ a*+8o6® 

a(q^+3ab+9b°) b(a—3b) c 

a®-276« ’ 

a^(a-b+o] b^(a~b-c) a6c 

a6(a® +6**— c®-2a6)' ai(a^ + 6® — c® — 2a6)’ o6(a®+Z>® -c® -2a6) 

fc-g)® (a -5)® (6-c)® 

(a-bXb-oXo-a)' (a-6)(6-c)(c-a)’ (g-Z>)(6--c)(c-gy 


Exercise 


a® +6® 

2. 

a& 

a+b 


2(a~b) 

6« 

2a® 

9. 


2 

12. 

a!®+10a;+16 

0. 

15. 

a;® 

18. 

6(®®-9) 

Ba’h 

21. 


iab 

24. 

48a® 

27. 

®*-10a®®®-h9o'‘ 

4 

®®— 6®-^5 

30. 


0 - 1 + fc ^' 


56. [Pages 163-164] 


0. 3. 1. 

4. 

12x1/ 

4«®-9y® 

7. 

1 

(a-iK*-c) 

10. 

Qxv 

8a:®+27i/®' 

13. 

8®®t/® 

x*~y* 

16. 

25 

l-16a®6® 

19. 

108®* 

81®*- y* 

22. 

6®® -12 
®*— 8®®+4 

26. 

, 2® 

28. 

®*-l 


4 

®®-H4ax+13o®’ 

31. 

12®* 

36. 


Exercise 67. [Pages 165-166] 


7. 3. 

1 . 12 . 1 . 


3 . xye. 


8 . 


13. 


g®-6® 

a 

a ®- h 6 ® 

a 



4ab 

a^-b^' 

o®-2g5-6® 

(g+5)®(a-5) 

2 

®®-4a:+8 

2 a 5 

g®-5®‘ 

-64ga;® 

a*-i6®** 

4®* 

®*-16a*' 

9 ga !(®+ g ) 

®*-81a*’ 

6g®®- 

4 a :*- 5 o ®«®- hg * 

® -c 

(x-dX^-b) 

2 

®+3‘ 

66 a ®® 

16®« -6561a®’ 


5. 


10 . 


15. 


8?»y ’ 
a ®— 1 
iB ® — ®-6 
®+2 
®+3 
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550 . 

X 

20 . 1 . 


1 . 

5. 

'9. 


17. 18. 1^+8+!-;. ■ 18. 


21 . 


x+b—c 


22 . 1 . 


a+b+c 

Exercise 58. [Pages 167-168] 


6ax 

6bv' 

2. 

0 

3. 

x-1 

x-5 

4. 

m—n 

m+2n 

6. {m-nf. 

7. 

1. 

8. 

x^+y^ 

./j x^-8x+12 

11. 

1 

12. 

2xy 

x^-lQx+2l 

p’‘ + q^' 

xy. 

14. ab. 15. 2x. 

16. 

1. 

17. 


18. - 


a^+a^b^ + b* 
ab[a-by'‘- ' 


19. 


a-b 


20. a® -6®. 


_®V_. 
x’‘+y" 

21. a-b. 




Exercise 

59. 

[Pages 

171-172] 



1. 

2. 

2. 2. 

3. 

-5. 

. 4. 

1. 

5. 

2. 

6. 

i- 

.7. 3. 

8. 

-5. 

9. 

6. 

10. 

a+6- 

11. 

2a. 

12. ^a+b). 


13. 

a+6. 


14. 

m-%. 

15. 

a+b. 

16. i(a-hip). 


17. 

2a6 _ 
a+6 


18. 

12a6, 

a+36' 

19. 

o+d. 

20. J(a+6+c). 

21. 

— J(a + 6 + c). 

22. 

ab. 

23. 

ab 

2^. 13. 

25. 

16. 

26. 

20. 

27:' 

-3. 

28. 

8. 

29. 10. 

30. 

9. 

31. 

9. 

32. 

5. 

33. 

8. 

34. 5. 

35. 

7. 

36. 

8a 

25’ 

37. 

24. 

• 

00 

CO 

18. 

39. -f- 

40. 

56. 

41. 

4i. 

42. 

6- 

43. 

10|. 


45. 

1 

< 1 

46. 

8. 

47. 

11. 

48. 

2. 

49. 25a +246. 

50. 

2a6. 

a+6 

51. 

72. 

52. 

, 74. 



Exercise 60. [Page 173] 




1. 

27. 

2. 5. 

3. 

20. 

4, 

. 2. 


5. 10. 

6. 

6. 

7. 6. 

8. 

5. 

9, 

. 7. 


10. 5- 
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1 . 

6 . 3 . 

10 . 0 . 


Exercise 61. [Pages 174-175] ^ 

2. S. 3. 2^. 4. 4:-05. 5. 3. 

7. lOJ. 8. ar + b"+c^. 9- Uab+bo+ca). 

11. a® + b®-l-c®-3o6c. 12. 0. 

Exercise 62. [Pages 178-180] 

1. 90x180:100 x 230. 2. 15 it., 12 it. 3. £33. 

5. 20 men, 16 women. 6. 4, 84 miles and B, 70 miles m 66 hours. 

7. 28 days. 8. £2. 15s. 9. 24 ft. 10. Worked for 22 days. 

11. 4 days. 12. £52 ; 62s. 13. £162; B, £118 ;0, £104. 

14. 34 sheep; £70. 15. 98| miles from London ;10f hours. 

16. 44. • 17. 32. 18. 72. 19. 23. 

21. 19,5,4.32. 

Exercise 63. [Page 182] 

2. a:=5\ 


20. 6,8,2,24. 


1 . a :=21 

y=*3l 

„ ao+b^ 

1, a:=8\ 
y=5j 


a=51 

y=2J 


8 . 


ab~c 
9. a:=6’ 


3. a!=71 
1/=6J 
6. a !=21 
1^=3] 


22. 22,31,9,54. 


.. 35 = 41 
1/=7J 
7. fl;=40\ 
1/=16J 


a .=61 10. ®=61 

y=4J V = 8J 

Exercise 64. [Page 184] 


1. 35 = 31 
y=2j 

6. 35 = 13 
3/= 3. 


1 } 


7. 35 = 


35=21 
ff=3J 
a? ==61 

3. 

8. 

35=71 

y=2J 

35=51 

4 . 

9. 

35 = 31 
y=7/ 
a5=2|l 

5. 

10. 

35 = ' 

y= 

55 = 1 

y=5j 


y-^l 


i/=H/ 


i/ = 


Exercise 65. [Pages 186-187] 


1. 35=31 
t/=2J 
5. 35 = 41 
. !/=2J 

9. 35=51 
j/=2J 
13. 35 = 11 
!7=4/ 

6c-c“ _■ go - c!~ 
o6-5" 


2. 35=41 

y=ll 
6. ®=61 
ff = il 
10. 35 = 11 
1/=3J 

14. 35= -51 
j/= 2J 


3. 35 = 


11. 35 = 


35 = 71 
1/=4J 

35 = 21 

y=lj 
35 = 11 
y=2j 


4 ; ' 35=21 
l/=3) 

8. 35= -2' 

t/= 3/ 


15. 35= -2' 
V 

18. 35=7 

y 


55=71 

^=9; 


?} 


1 } 

35= 51 

y= 11 J 
19. 35=11- 
t/=iJ 


12. 35 

y 

16. 
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20. 


21. *=21 

22. 

a!=71 

23. 

a: =101 


y=2} 

V“3/ 


l/='4/ 


y= 5/ 

24. 

x= 41 

25. *=21 

26. 

A -r A 

a' -O' 

a® 

-6= 


2^=10/ 

y=3/ 

X= j-i 

am -bn, 

«= — 
" an 

-hm’ 

27. 

®=i 2/=f. 

28. x= 

h y^i. 

29. ‘ 

a;=4. 

y=2. 

30. 

!0'=is- y=18. 








Exercise 66. 

[Pages 191-193] 



1. 

f. 2. 7, 

9. 3. 6, 

2. 4. 

60, 15. 

5. 

24, 15. 

6. 

ik- 7. S. 

8. f. 

9. Bs. 

, 15 ; Bs. 24. 

10. 

3, 5. 

11. 

6 miles and 3 

miles per hour. 

12. 

8; 16. 

13. 

20 days. 

14. 

480 sq. yds. 

15. 

Tea .2s. 8d. and coffee 

Is. 6d 

per lb. 

16. 

3 miles, 4f miles per hour. 


17. -22 

! and 26. 

18. 

A, Bs. 500 : B, Es. 400 ; C. : 

Bs. 200. 

' 19. 75. 


20. 65. 

21. 

21, 40. 

22. A horse, 

£24 ; a cow, £12. 

23. 

5s., 3s. 

24. 

A, 24 days ; 

B, 48 days. 25. 

26. 15 miles. 

27. 72. 

28. 

76s., 35s. 

29. 34 sheep 

; £70. 

30. 27. 




Exercise 67. [Page 199] 

7. (1) 6aj-6j/=0 ; (2) 5®+7!/=35 ; (3) a!+j/+2-0 : 

(4) 21«-5j/+124=0; (5) 5x+9v+55=0. 

Exercise 68. [Pages 201-202] 


1. 

3,-3. 

2. 

a, -a. 

3. 14,-14. 

4. 2J,-2i 

•5. 5,-5. 

6. 

3,-3. 

7. 

5.-5. 

8. 2o,-2a. 

9. a, -a. 

10. 6,-6. 

11. 

1,-1. 

12. 

2,-2. 

13. 6 yds. 

14. 9 yds. 

15. 5 fb. each. 




Exercise 69. [Page 203] 


1. 

2. 4. 

2. 

5,-4. 

3. 1,-4. 

4. 4,-13. 

5. 3. -i. 

6. 


7. 

7,-i 

8. 2, 4. 

9. 2.-*. 

10. a, b. 

11. 

19,21. 

12. 

16,-6. 

13. 3, 13. 

14. 40 years 

. 15. Es. 75. 


Miscellaneous Exercises IV 
[Pages 204-207] 

I 

1. maOb*o'‘x^y^ 2. {x-BT. (®-3)(4a;-H) ; aj-S. 

3. (a— fc)(6-c)(&-2a— 3o)(2^l-^6+3c), 

4. (»-hi/-l)(«®+j/®-a;j/+ic+y+l). 


6. .'i!*-t-2. 
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7. »= 


a^-db+b' 


S* * 


^-ab+b^' 


8* nth >s. 

a+b ab~bc—(ic 


1 . 

4. 

1 . 

5. 

7. 

2 . 

6. 

1 . 

4. 

1 . 

7. 

1 . 

5. 


1 . 

4. 

7. 

10 . 


x—3. 
a*‘^b*‘ 
a^b- ' 


n 

2. (a!-fflXjB+iXa!°+a). 

7. 9. 8. 


e 5(®-3) 


3. (i) fa:®!/® ; 
2a 


(ii) 8. 


c®+o=-5® 

®=— vi--~ > !/= 


25 


(o-6X®+fl)- 

8 


III 

2. ®®-l. B. a+3. 
2(5-1) 


6 . 


2a5— (a+5)’ ^^2ab — [a+b) 


4. (®+o)(a-5)(a+5). 
2 ( 0 - 1 ) 


dE2800 and £1200. 8. 3,-3. 


IV 


x-y. 

3 1 . 

4 _-_l .... 

*=-3®+2 


345. 

7. 

8. 8,-8. 


V 


*®-(o+5)*+a5. 2. 280*= “-128*® -37.* +6. 3. 1. 

1 

8. 4,-4. 


o+c 

1 



VI 


*-2. 

2. abc(x-a}[x-bXx-o). 

4. 0. 6. 2. 

12s. 

8. 4,-4. 



vn 


®=+5. 

2. (a-5)(5-c)(c-o). 

4 - 

" *®-4*+8 

a^+b"- 

2ab 

7. »=10, !/=I5. 

8. 4,-4. 

• 

Exercise 70. [Page 209] 


»®+6*=+ll*+6. 2. ®®+14®®+59*+70. 

3. .*=-*= -24* -36. 

*=-*=-70*- 

•200. 5. *»-4*=-29*-24. 

6. *®+®=-46*+80, 

*=-37* +84. 

8. ®»-6*®-37*+210. 9. 

*«-23*®+167a-3S5. 


«®- 18*® +99® -162. 11. ®»- 13*= -8* +240. 12. **+25*= 


+199*+495. 13. 

.*=-52* +96. 

14. *®-23*®+151* 

15. a® +13*® -144 

16. 

*=-7*=-138*+1030. 

17. ®=-S®=-73»+315. 

18. 

*= + 35*= +396* + 1440. 

19. *=-148* -672. 

20. 

*=-31*=+ 290* -800. 
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Exercise 71. [Pages 210-211] 

1 . x^+y- + z’‘ + 2x}/—2xz~2vz. 2. x^+y’‘ + z’‘-2xv + 2xz-2yz. 

3. a;®+j/°-t-z®-2a:y-2®s+2j/z. 4. x^+y^+z^ + 2xy-2xz-2yz. 

5. x°+y’‘+z^-2zy-2xz+2yz. 6. a^+x^+y^+z^-2ax + 2ay 

-2az-2xy+2xz-2ijz. 7. a^+x^+y’‘+z^-2ax-2ay~2az+2xy 
+2xz+2yz. 8 . m^+n‘‘+p-+g^+r^+2mn+2mp+2'mq+2imr+2np 

-^-27^g-^2?^r-^22^g-^22^r+2g9■. 9. p- + q^-hr^+x°+y^ — 2pq+^r 

-2px-2py-2qr+2gx+2qy-2rx—2ry+2xy. 10. a^ + b^+c’^ 

+x^+y^+z^ -2ab + 2ac-2ax+2ay+2az - 2bc+2bx-2by - 2bz-2cx+ 
2cy+2oz—2xy-2xz+2yz. 11 . a^+ix^+^y^+1&z^—^aa — &ay 

—Baz+12aiy+lQxz+2iyz. 12. 4a"-^6® + 4c®-^^^^-4aJ-^8ac-4a^^ 

-ibc+2ibd-4£d. 13. 49. 14. 9. 15. 0. 16. 144. 17. 1635. 

18. 1. 19. 63. 20. 0. 21. 47. 22, 69. 

I 

Exercise 72, [Pages 213-214] 

1. a:®-l-5a:*-f-10j:®-t-10a:®-}-5a:-H. 2. ;B®+6a:®+15®*+20a:®-H5r® 

+6®-H. 3, ffl®+8a''h+28a®5®-f5Ba®5®+70a*5*+56a“5®+28a®5® + 

m' + b^. 4. ^s"-^9a«5-f•36fl!^6®-^84a®6»+126a®5*+126«*5®+84a®5® 

•+-36a®6'^+9o5®-l-6®, 5. x^ -bx*y+10x^y~—lQx^y^-¥5xy*‘-y^. 

6. m’ - 7m®Ji + 21wi®7i® - 35 »»*m® -^ 35?re®w* - 2l7n®7i® + Imn^ - n’’. 

7. a:^-f8.ii®+24a:® -1-321+16. 8. a;®+103:*+40x®+80a:®+8ai:+32. 

9. a:®+8a:^+28a;®+56a:® + 70a:*+56a!® + 28a:®+8a:+l. 10. ®*+12a:® 

+54®®+ 108a! +81. 11. a'-Sa^+lO®® -10®®+5®-l. 

12. 64-192z+2403®-160s® + 60z*-12z®+s®. 13. 16a:* -32®® +24®® 

-8®+l. 14. ®®-9®®2/+36®’y®-84®®®®+126®®i/*-126®*i/®+84®®j/® 

-36®®7i’'+9®2/®-i/®. 15. 243®® -810®* +.1080®® -720®® +240® -32. 

16. l-8a+28ffl®-56ci® + 70a*-56a®+28a®-8a^ + o®. 17. l-7c 

+21c®-35c®+35c*-21c®+7o®-c^. 18. 1-18® +135®® -540®® 

+ 1215®* -1458®® +729®®. 19. 1-14® +84®= -280®® +560®* -672®® 

+448®®-l28®’. 20. 256®®-1024®^a+1792®®a®-1792®®a®+1120®*a* 
-448®®a®+112®=a®-16®a''+a®. 21. ®^®-10®®a+45®®a=-120®’ffl® 

+ 210®®a* - 252® ®a= + 210®*o® - 120®®a’' + 45®®a® - 10®a® + a^°. 22. 243®® 
-810®*a+1080®®a®-720®=a®+240®a*-32a®. 23. 10®* +20®® +2. 

24. 2®® +30®* + 30®= +2. 25. 14®®a+70®*a®+42®®fl®+2o^. 

26. 16. 27. 32. 28. 64. 29. 128. 30. 256. 31. 30. 

32. 3. 33. ,0. 34. 16. 36. 0. 
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Exercise 73. [Page 216] 

1. x^+y^-z^+dxyz. 2. 

3. 8x^~21y’‘-z^-18xyz. 4. a®-8i®+27+18a6. 

5. 27a®— 1256®-;64~180a6. 6. {x—y — l)[x^+y^+l+xy+x—y'). 

7. (a!-y + 2)(!B®+y®+4+aj/-2a!+2|^).* 

8. {x-2y-8zXx’‘+4;y^+Qz^+2xy+3xz-6yz). 9. 0. 

10. 0. ,11. 0. 16. 0 17. 392000 

Exercise 74. [Page 216] 

3. 8(c-6)(a-6)(a-c). 4. {y-zix-z\y~x) 5. 0. 6. 0, 

Exercise 75. [Page 218] ' 

1. 2x^y-¥Zx^z+ 12j/®z +4y^x+Qz^x+ 18z®2/ + 12xyz. 

2. Qix^y + 320a!®z +5y’‘z+ Qy^x + 2002®® + 25{/2 ® + &)xyz 

3. 2a®6 + 3a®c + 19&®c + 4a6® +9ac® + 186c® + 12a6c. 

4. 9x^y + 90®®2 + lOy ®2 + 3xy^ + 3002®® + lOOz’^y + 90xyz. 

5. 2(®® + 3/® + 2®) + 7(®®y + ®®2 + 3/®2 + j/®® 4- 2®® + 2®J/) + 16®J^2. 

6. 2a®6 - 3a®c - 126®o - 4a6® - 9ac® + 186c® + 12o6c. 

7. 4a6c. 8. 4a6c. 9. 0. 10. 27a6c. 

Exercise 76. [Pages 219-220] , 

4. 0. 8. 84a6c. 9. Zxyz. .10. 3{y+z-x)[Zx-2y+z)[x+y-2z). 

11. 3i2x+By + 3z)(,3x+^j+2z){3x+dy+2z). 12. 2567. 13. 16800. 

14. 1280. 15. 1331. 

Exercise 77. [Page 223] 

1. {x‘+y’‘+z’‘+yz+zx-xy){x+y-z). 

2. (jj - 2g - T')(2J® -t- 4g® -Hr® + 2j>g +pr- 2qr). 

3. (2® ~3y- 2X4®® -H 9j/® -H 2® - 3yz + 2zx + Gxy). 

4. (a-H26-HlXa®-H46®-Hl-26-a-2o6). 

5. (2o-»-36-4X4o®+96®-Hl6-Hl26-H8a-6a6). ' 

6. x^+y^+i+^-2x+xy. 7. (®®-®+2Xa:*+a:®-fl:®+2®-H4)- 

8. 2{,z-yX^x’‘+y^+z’‘+yz-Bzx-3xy). 

9. (a®-H3a+5Xa*-3a®+4a®-16o-H25). lOf. x~5y+S. 

11. a®-H6®-Hc®-a6+ac-H6c. 12. x^+y^-i-l+xy+x-y. 

13. ®®-H4j/®-Hgs®-H2®2/-32®-H6y2. 14. 2a-36-c. 

15. {2a-6X7a®+8a6-H46®). 
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Exercise 78. [Page 227] 

1. (5-c)(ffi-c)(a-5){ffl® + 6®+c®+5c+ac+fl6). 2. (b+o)(b-c) 

'(a+c)(a-c)(a+6)(ff-5). 3. (5-cXa-c)(a-5Xa° + &®+c® + a®6+a®c 

+5®a+6®c+c®a+c®6 + ffl6c). 4. -{6-cXc-oXtt“&X®®+^°+c'+6c 
+Cffi+a6). 5. (b-o)(a-e)(a-bXbc+ca+ab). 6. (y+zX^+ccXx+y). 
7. (y-i;X^'~»X®~!/Xj/2+2®+icy). 8- 5(y-zXe-siX^-y)y^ 

ix^-Vy^+z^-yz'-zx-xy). 9. -(y-zX^-xX^-y). 

10 . ~{b-cXc~a)[a-b). 11 . -{b-cXc-c^ia—b). 

12 . lffi+5+cX5c+oa+a5). 18 . 3{2a!-2/+sX®“^'X®+2/)- 

14. - (6 - c)(c - aXa - 5)(5® + bc+ c®Xo® +ca+ a®)(o® + at + 6®). 

'15. -(j/-«X«~®X®~2/X!/+2X^+a:Xa+2/X!/“^'“+^®®®+®®2/“)- 

16. 3(2a+i+cXa+26+cX®+i+2c). 17. (y+z-xXz+x-yXa!+y-z)- 

18. -(v-0X^“®X®“!/). 19- -(y-rX^-a;X®-yX®+y+'®+3)- 

20 . (y-zXs-xXx-yXx+y+z). 

21 . (o® + ti/ 4- csX^j/ +cz~ axXcz +ax- byXax +by- oz). 

22. (® + 2j/ + 3zX^y +3z- xX3z + ® - 2yXx +2y~ 3s). 

23. 4200. 24. 249. 26. 1950. 


Exercise 79 [Pages 233-234] 

1. (®-t-l)(®® + l). 2. (»+l)®{®-l). 3. (®+l){®-l)®. 

4. (a6+c)(ac+t). 5. (®-a)(.‘z;4-t){®®“t®+6®). 6. {ax+byXbx-i-ay). 
7. {x-zXx+y+z). 8. (x+aXb-c). 9. (®®-ot)(2a-3t). 


10. (a-t)(o+6+c). 

12 . (ax-byXax+by+oz). 

14. (4.'c-6o){4®+5o+36). , 

16.’ (to - «)(to® - mu + TO®) 

18. (x+yXiv-y^. 

20. (®-5){.'5®-122:+25). 

22. (x-yXx-y-1). 

'24. (®® + o®)(® - o)® . 

26. (a+2t)(a+'t+c). 

■28. (to - 2to)(to - 3» + 2p). 

30. (®+4a)(2«-3a+46). 

32. l3x+yXx-3y+2). 

34. (®-2j/-h3s)(®4-2j/-33+4). 
36. (a+6)(a-6)(®+a)(®-a)(2®® 

33. (®+o)(®-a)(a + t)®. 


11. (2o-3t)(2a+36+4c). 

13. (®® - 7/s)(®® +yz+ y®). 

15. (a+6)(a®+at + fc®). 

17. (o-t)(o+fc)®. 

19. (a+2)(o®+3o+4). 

21. (2a-36)(4a + 3t)(a+3t). 

23. ba-t)(2o-&-3). 

25. (a®+26®)(a-t)(a-26). 

. 27. (x-~3yXx-y+z). 

29. (a~3bXa~7b+5c). 

SI. (a-46)(o-2t+3). 

33. (a — t— 

35. (3x-4y~2zX3x-4y+2z-5). 
3a®). ' 37 . (2®-3t)(®®+a®-6). 

39. (a-l)®(2a®-a + 2). 
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40. (a-l)(a® — 6o + lXa® + 3a+l). 41. (2a! + 2j/ + sXa! + 22^ + 2r;. 

42. (a!-3/-zX2a:+3i/+4 43. Co“+l)"(a*-7a=*+l). 

44. (2a!+^-3zX2a;-3y+3z). 45. {x-a){x^-i-ax+a^){x^-ax+a-]- 

46. {a: + lXa: + 2Xa! + 4). 

Exercise 80. [Pages 236-237] 

1. (x+lXx+3)(x+4) 2. (x+2Xs+3)(x+4). 3. (x-l)(x-2Xx-3X 

4. (a!-2Xa; + 3Xa!+4). 6. (ir-l)(®“-3a:-2). 6. (® + lX®®+4®-6). 

7. {®-2Xa:““4ic-t-5). 8. (®-2X®+2X®®-3®-5). 

9. (®-lX®+2X®“-4®+5). 10. (®+lX®-3X®®-3®-2). 

11. (®-2X®+3X®®+4®-6). 12. (®+2X®-4X®®-5®-^7). 

13. (®-6X®®“2®-f3). 14. (®-f3X®®-3®+4). 16. (®-t-2X®“4)®.. 

16. (®-2X2®®-H®-f2). 17. {x+2y){x^-2xy-5y^). 

18. (o-h36Xa®+a6-36®J. 19. (a-26X5a®-h7a&+146“). 

20. (2®-l)(4®*-f-2®+3). 21. (®-lX®+3X2®-H). 

22. (®-H)®(®-2). 23. (a-b){2a,^+ab-i-b^). 

24. C®-lX3®=+ll®+3). 26. [® + 3i/X®®-3sy+3i/®). 

26. (®-^d— 6X®“®+26). 27. {®®-h(a-f 6)®i/®{{®+(a-6)2/{{®-(a-6)i/{. 
28. {a®+(®+^)*6®Ha®-h(®-y)®6®}. 29. (a+2x-yXa-x+2y). 

30. (®+2a+6)(®-tt+26). 31. lx+3y-z){x+y+'z). 

32. (2a+6-3cX2a-36+3c). 33. (®®+4®-3)(®®+2®+3). 

34. 'la^+ab—b^){a^—5ab+b^). 36. (2®®— 4® -3X2®®— 6® +3). 

36. {®-l)®(®=+l). 37. {o® + 3a-5Xa°-3a+5) 

38. {a-bx){a-bx-cx^). 39. {x^y^+xy-z+l)(x^y“-xy+z-i-l) 

40. Xt/+®)®~y+sH(i/~®)®+»+®K 

41. {(a -H 6}® + (a - 6)!/}Ka - 6)® (a + b}yi. 

42. (®® — 2® — 1)(®® — 2® — 4). 43. (a® — 3a + 5)(a® — 3a + 1). 

44. (2®* +3® -3X2®“ + 3® -4). 46. ix^-xy+y°){x'‘-4xy+y^). 

46. (®®-2®+4X®®-3®-f4). 47. (a®-2a&+2&®Xa®-5a&+2&=).- 

48. (®®— 3®+5X®®+7®+5). 49. (a— 6)®(a®+6ai-^i®). 

50. (®®+4®-H0X®®+4®-2). 51. (®®-3®-5X®“-3®-17). 

52. (®-lX®+8X®®+7®+30). 53. (®- 3X2® +3X2®“ -3® 4 7). 

54. 0. 55. 0. 56. 0. 57. 300. 58. 5. 

' , Exercise 82. [Pages 256-257] 

1. 179. 2. 3. 3. 6-5. 4. -8|-. 5. ^{ad-bc).. 

W 

17. a=0, or, IJ. 


16. 5B®-lla+15=0. 
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18. 2m, Tsrhere r is any positive integer. 

•29. {b-c^a-c^a-h)[ab+bc+ca). 36. l+®+a:® + -"+a;®®+®®\ 

"33. 11111111. 41. 42. a:® -a!^y+a!®y® 

-x^y^+xy^-y^. 43. x’^+x^y+x^y^+x^y^+x'^y^-i-xy^+y’^. 

44. -a;’'®y® +!C^° 2 /* -a;®y® + a:®j/® +a:®y^® 

46. x^^-^x^^y+ -{-xy^^+y^^. 46. p=12;a=J. 49. 0. 50. 1. 

Exercise 83. [Pages 262-263] 

1. 2a:-l. 2. 3®-2. 3. 2s+5a. . 4, 43a:+4j. 

5. 3a-l. 6. 2»-36. 7. 2!®+®+!. 8. x^~xy+v'. 

9 . *(2®®+.®+!). ’ 10. ®®+3®+l. 11. ®®+4®+l. 

12. ®®4-2£M5+3ffl®. 13. x“+Sax+5a~. 14, 2®®— So® +7®®. 

15. 2-3®+5®®. 16. l+4®-7®®. 17, ®®(2®“+3®a+4a®). 

18. 2(ffl®+5a+2). 19. ®®+3®-2. 20. ®®-3®+5. 

"21. ffi®+o®-hl. 22. ®®+2®+4. 23. ®®+3®+5. 

24. 2(®®-2fl®+2a®). 25. 3®®+2®y+4y®. 26. ®=+2®+3. 

27. 4a® + 2a -5. 28. ®®+2®+3. 

Exercise 84. [Page 265] 

1. ®®-5®+6. 2. 2®®-17®+12. 3. ®®+3®+4. 

4. 3®®--6®®+7. 5. 6®®-ll®-t-4. 6. 2®®+16®-8. 

7. 3®® + 5®— 1. 8. 5®®— 3®— 1. 9. 2®® + 3®— 1. 

10. 3®®-2®+l. 11. ®®+®+2. 12. ®®+3®-2. 

Exercise 85. [Page 267] 

1, a;+4. 2. 2®-l. 3. 2®-3. 4. 2®®+l. 

5. 3a -26. 6. 3a -56. 7. 3® -4. 8. 2®® -3. 

Exercise 86. [Page 269] 

1. 9®* + 30®® -17®® -76® +32. 2. 18®* +3®® -109®® -84® +32. 

3. 48®®-64®*-120®®+160®®+27®-36. 4. 45®* -24®® -123s® 

+40®+80. 5. 12®* -14s® -94®® + 63® +180. 6. 12®®+8®® 

+25®*+ 34s® +15®® + 18® +8. 7. 32®® -24s® -8®* +18®® -48®“ 

+27® -18. 8. 12®® +24®® +95®*+ 118s® +249®® +144® +216. 

' Exercise 87. [Page 270] , 

1. 12®* -100®®+ 195®® + 70® -72. 2. 6®* -79s® +273®® 

-188s -96. 3. 48®* -92®® -128®® +157® -30. 

4. 16®® + 40s® + 20®® + 38®® - 20®* - 39®® - 16®“ - 9® + 9. 
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1 . 

5. 
9. 
12. 

15. 
18. 

1 . 

4. 

7. 

10 . 

13. 

16. 
19. 
22 . 

1 . 

6 . 

11 . 

16. 


Exercise 88. [Pages 272-273] 


3g-2y „ 

®^+3^+7a° 
2s®-3aa!-f5o®* 
2(a=- 505-1-75®) 
3(0® -1-605-1- 75=)' 
4a;(2g®-3y°) 
5j/(3x® - 2j/®i' 
g-l-x-2;/ 

4(y-l-g) 


iB-f3 

x-f5 

l-l-2x— 3x® 
l-2x-l-3x® 


“■ 0-45 

7 

x®-3x-H 


, x®-ox-f5®. 

‘‘ x®-l-ox-5® 

, x°-l-3x-l-5 
x®-l-3x-5' 
3x®-ox-2o® 
3x®-l-ox-2a® 


<.j 3(3x®-f4x-l-5) o(3o®-5®) 

4(2x®-t-3x-l-4)‘ 2o=-5®' 


4(2x®-t-3x-l-4) 
16. ,2{o-l-5-l-c). 

19. 2. 


17. 1-1-xys. 


7x - 2y 

5x®-3x2/-t-2j/® 


Exercise 89. [Pages 276-277] 


lOSx* 

81x*-v*' 

6x®-12 

4 

x®-l-14ox-H3a® 

4x® 

l■^x*-l-x“' 

3 

(x-l-a)(x-f4a) 

1 

(x-f2)® 

1. 23. 0, 


„ 9ax(x-t-a) 
x^-81a^' 

K 6o®x 

4x*-5o®®®-l-a*’ 


2 _ 
x•^3 
12x* 
x«-64' 
o-d! 

(x-f oXx-l-ii) 

5 

(x-3){x-4)(x-5) 
24. 0. 2 


a 4o5 
( 0 - 6 )® 

fi 48o® . . 

x‘-10o®x®+9a* 

q , ^ 

X"— 6x+6 

12 . 0 . 

^ 96ax® 

16x® -65615®’ 

1R 60-11 

(o-l)(a-2)(a-3) 

21 . 


Q Q S 


(x-o)(x-5){x-c)(x-d) 

Exercise 90. [Pages 279-280] 

1 Q 1 4 (5+c-fo)° . g i±«!. 

25c **• l-l-o 


i* 7. X. 8. 0-5. 9. 


1 

3(x-2) 


x*-l-’x®i/®-l- v*. 

xy{x~y)". 


adf+ae 

bdf+be+cf 

1. 17. i 


12. X®. 13. o®-l-6®. 14. m. 15. ixy. 


19. 1. 


20. a. 


o 
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Exercise 91. [Pages 288*291] 


21. 

0. 

24. 

3. 

25. 

a* 

a* 

-10a®6-6ob®-6* 

-l-10a®6+6o6®-6* 

26. 1. 

27. 

a—b 

a+b 

28. 

0. 

29. 

®® 

+2. 

30. 

1. 31. 

3(a+b) 

32. 

1. 

34. 

0. 







a-'b 




35. 

3. 

36. 

®+j/4-z. 

37. 

a® + 6*4-c 

38. 

a+b^^ 

c. 

39. 

0. 

42. 

0. 


43. 

- 1. 


44. 2. 

45. 

1. 


46. 

0. 

47 

-L. 





1 

aq ^ 

X 





xyz 




(®^ 

■a)(x-b)(x- 

■c)-^®- (X 

-fflX®- 

6)5- 

■c) 



c/| 1-^ x^+lix-^k 

{x-a){x-b\x-c)‘ ‘ (a!-ffl){ic— 6)(a!-c)' 


56. oj®. 


Miscellaneous Exercises V 


[Pages 291-295] 

I 

1. (i) (a:® + 20ic + 95)® - 16 ; (ii) (®® -I- 6® + 5)® - 16. 

2. 3(z+®)(i/+2z+®)(z4-2j:-j/). 3. 18(a®6®+6®c®4-c®a®). 7. 0. 




II 



1. 

P 

p 

> 

(a- 5)®. 
a6 

6. 

2a+36+c. 

7. 

18®*-45®® + 37®®-19®-t-6. 

8. 

(a - b)(b - c)(o 


1 

m 



1. 

®®+10®=+40®+-+^+^- 

X X‘‘ X® 

3. 

0. 

5. 2®-l; 


(®— 3X2®— 1)(3® — 2). 6. ®® — 2®-t-3. 7. ab+bc+ca. 

17 

1. 242. 2. ia-b){2a-h)[a+bXa+2b){,a^ + b^). 3. 2628000. 

7. {x- 5y){x - 3y){x + 2^)(» + 7y ) : 

8 . 0 . ' 

V 

(i) (3a®-4a6 + 36®)(2a®-H7ffl6-^2J®): 
(ii) (3®®.- 7® + 3)(4®® - 3® -i- 4) ; (iii) (a®® +bx+ a)(6®® + c® + b). 

7. (i)®-a; (ii) x~y~z. 

71 

4. (x+y)*+e*. 5. 3(x~+y^+s% 6. (i) x‘‘+(2m-3)x-6m ; 

- (ii)®-3. -7. 2®®-3®+l; 2®«-3®®-7®*-h28®®-36®®+20®-4. 


a®+6® 

a®-2a6-5®' 

(® - 3y)(x + 2i/)(® + 77/). 

‘ ( 

3. 1;— 5. 
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YII 


1. ®®+acff + y®-l. 2. X. 4. (i)a+6; 

5. (6®+2y)‘‘ + 4(2a!-6y)® ; j)=5, g=2. 
(®-2)(2s-lX3®-l)(2a;+l). 7. -42. 


{l+®){l.+2®=) 
6. (2®-l)(3®-l) : 


4. (a+5+o+dXffl + 6— c— d)(a — 6— c+d)(a — 5h^c— d). 
6. 0. 8. ®=+l; (®“+l)={®“-l). 

Exercise 92. pPages 298-299] 

1. -5i. 2. 3. Ma-ffi-fc). 


3. 


5. -1. 


2(a -h 5 c) 


7. 4. 8. 5. 9. li 10. 4. 11. 4. 


12. 

7. 13. 

1. 

14. 4. 

15. 

2. 

16. n- 


17. 3. 18. 

2. 

19. 

f. 

20. 

2f. 

21. 26i. 

22. 

13. 

23. 

65J. 

24. 

-M. 

25. 

“fti- 

26. - 

•Y. 

27. 

15. 

28. 

3^. 

29. 

4 

30 

ab(a + b- 

-2fl) 


31 


— o&+6®)c+o5 


B* 

tl\l« 

a^ + b ^ac- be 


OX*/ 


o6(c+l) 


82. 

nb-am 

171— n 

33. 

a^-bc 

b+o—9a 

34. 

3a5 

-a’‘-b^ 

a+b 


85. 3b. * 



Exercise 93. [Pages 301-302] 


1. 

§. 

2. 

, - 

3. 

3. 

- 

M. 

4. 

2. 


5. 

1. 


6. 

2. , 

7. 

h 

8. 

- 

V. 

9. 

2. 


10. 

i. 


11. 

1. 


12. 

Ift^. 

18. 

h 

14. 

h 


15. 

44. 

16. 

6. 


17. 

7. 


18. 

44. 

19. 

“4. 

20. 

1. 


21. 

- 

3. 

22. 

34. 











Exercise 

94. 

[Page 304] 


- 




1. 

24. 


2. 

-b. 


3. 

-i. 



4. 

2. 



5. 

7. 

6. 

a+b 

• 

7. 

ah 

o-hi 


8. 

o6{c-hd)- 

ab- 

■edia+b) 

■cd 

9. 

2. 

10. 

3 

2a^’ 

11. 

4. 


12. 

a^+b^ 

a+b 

13. 

3. 



14. 

2. 


15. 

ab 

a-b' 

16. 

25. 


17. 

3. 


18. 

2(a®-f&*) 

a-b 

• 

19. 

6. 


20. 

4(b 

-6). 


Exercise 95. [Pages 311-314] 

1. IGiV minutes past 3. 2, 27^ minutes past 5. 3. (i) minutes 

past 7 ; (ii) 21A and 54^ minutes past 7 ; (iii) 38ft minutes past 7. 

1—36 
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4. (i) -at 5 A minutes past 7 ; (ii) at 16^ minutes past 6. 5. miles. 

6. 8 miles from the starting place of the faster vralker ; 6 hours. 
8. 36 minutes. 9. 3| and 4^ miles per hour. 10. 160. 11. £6. 
12. 300. 13. Greyhound, 960 ; hare, 1200. 14. 180. 15. 20 ehiUlngs ; 
5 shillings. 16. 40. 17. 76 lbs. of gold and 30 lbs. of silver. 18. 4 hours 
and 6 hours. 19. 42 years. 20. 6§ oz. from the 1st bar, 13^ oz. from 
the 2nd. 21. £450. 8s. 4d . ; £156. 13$. id. 22. 11 pice ; each man of 
the 1st set 6 pice, of the 2nd set 5 pice, of the 3rd set 4 pice, and of the 
4th set 4 pice. 23. 189. 24. 25 oz . ; 8s. per oz, 25. 75. ; 11s. 8d. 
26. 2080. 27. fd. each ; 512. 28. 12. 29. 654. 30. 1504. 


31. 

80. 

32. 736. 33. 4550. 






Exercise 96. [Pages 318-319] 




1. 

®=1, 

l/=2. 2. ®=2, 

9=3. 

3. 

®=3, 

9=4. 

‘4. 

®=4, 

y=5. 6. a=5, 

9=6. 

6. 

»=6, 

9=7. 

7. 

®=7. 

V=8. 8. ®=8, 

9=9. 

9. 

a=4, 

9=2. 

10. 

®=5, 

j/=3. 11. ®=7, 

9=4. 

12. 

®=5, 

9=8. 

13. 

®=^8, 

y=12. 14. 

9 = 14. 

15. 

«=8, 

9=18. 

16. 

®=8, 

V=9. 17. ®=12, 

9=16. 

18. 

»-21, 

9=12. 

19. 

®=21, 

l/=24. 20. ®=18, 

9=28. 

21. 

®=99, 

9=16. 

22. 

®=10, 

y=8. 23. ®=3, 

9=7. 

24. 

®=4, 

9=7. 

25. 

®“3, 

V=5. 

26. ®=1, 

»=2, 

2 = 3. 


27. 

®=2, 

tf=-3, s=l. 

28. ®=3, 

9=4, 

2 = 2. 


29. 

®=2, 

y=6, £!='4. 

30. ®=1, 

9=3, 

2 = 5. 


31. 

®=2, 

V=>3, 2=4. 

32. ®=3, 

9 = 6, 

2 = 9. 


33. 

®*=4, 

1/=10, 2=14. 

34. ®=8, 9=12, 

2=20. 


35. 

®=3, 

y=i, 2=5. 







Exercise 97. [Pages 322-323] 




1. 

«=!, 

y=2, 2=3. 

2. ®=2, 

9 = 3, 

2 = 4. 


3. 

®=2, 

y=3, 2=4. 

4. ®=2, 

9 = 3, 

2 = 4. 


5. 

®=3, 

y=2, 2=1. 

6. ®=3, 

9 = 2, 

2 = 1. 


•7. 

®=4, 

y=3, 2=2. 

8. ®=4, 

9=5, 

2 = 6. 


9. 

®=7, 

l/=5, 2=3. 

10. ®=1, 

9= -2, 

, 2 = 3. 


11. 

®=3, 

y=2, 2=5. 

12. ®=3, 

9=i 

2 = |. 


13. 

»=10, 

y=20, 2=5. 

14. ®=2, 

9= -3, 

, 2 = 4. 


15. 

®=5, 

9=6, 2=7. 

16. ®=2, 

9=4, 

2 = 6. 
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17. 

®=2, tf=5, 8=10. 

18. 

19. 

®= 6 , i/= 12 , 8 = 8 . 

20 . [ 

21 . 

®=7, y=10, 8=9. 

22 . 

23. 

6 »-t-c*-a“ 

®“ 26e ' 

.. c“-»-o=- 6 “ 
® 2 ac 

24. 

»=1, y=2, 8=3. 

26> a=-28, y 


a”+6°-c° 

2a6 


1 ® 

1. *=2- 

2 


y= 


Exercise 98. [Pages 325-326] 

^ <5 n 2 


-I 


2. S' 


o+fc-c’ *^“ 0 - 6 + 0 ’ 


c(a»-f6”) c(o«-h6”) 


" 6-fo-o 

6. a=5, ff=3, «=»1. 
9. a=4, v=5, 8=7. 
i46e 


3 2 o 6 e 2 o 6 e 2tt6c 

* a 6 +ac- 6 c’ ®'°' 6 c-fa 6 -ac’ '”oc+ 6 c-a 6 * 


2^g — . 6. ®=2,\w=4, 8=6. 

7. a=12, f/=10, 8=8. 8. s=13, w=8, 8=9. 

10. a:=^(2^)^ o(26-ffl), 

a—0 o— ‘a 

^ zxuu 

*“ (a-fe)(a-c)’ ‘^“(b-a){b-c)' ®“(c-fe)(c-o)' 

1 1 1 

* ®“(6-c)(a-cj‘ ^'^{a-b)(o-b)' * (c-aX6-a) 

a®6c a6®c __ o&c” 

13- (6-o)(6-c)’ *' lc-6)(c-o) 

14. a=a6c, y=a6-h6c-t-co, s=o-^6+c. 

15. a=i-c, y=c-a, 8=0-6. 

16. 03(6182 — 6381) + 63(0102 — C2O1) + 82(0162 — O261) = 0. 

17. 0=6 . 18. m>= 4, a=12, y=6, s=7. 

19. a=5, y=4, s=3, «;=2, i=l. 20. ®=o6, y=6e, 8=ac. 

Exercise 99. [Pages 333-335] 

1. 375. 2. 50 lbs. ; 28s. per lb. 3. j 1, Us. ; B, 19s. 4. 20,30,60.' 

5. 3s. 6d.. 4s. 2d. 6. ^‘Ss-SSO: 

B, Es. 1540 ; 0, Rs. 2380. 8. 8 hours. 9. 720 miles. 

10. 4 and 3 gallons. 11. 253. 12. 3 half-crowns ; 8s. ; 9 six-pences. 
13. 20 persons ; 6s. 14. Bach of the equal cooks in, 32 hours, and the 
other in 24. 15. 8s. and 5s. respectively. 16. 75 and 25 quarts. 

17. 6 qrs of wheat ; 10 qrs. of barley. 18. 45 and 22^ miles per hour. 
19. 20 bushels of rye, and 52 of wheat. 20. 21 guineas and 21 crowns 
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at first ; 9 guineas and 12 crowns left. 21. 2i miles per hour. 

22. A, 5 B,6 minutes. 23. 10 and 12 miles per hour. 

24. miles per hour. 26. 100 miles. 

■a—c 

Exercise 100. [Page 341] 

1. x=5,y=i. 2. x=7,y=-5. 3. x=8,y=e. 

4. x=9,y=ll. 5. ic =10,1/ =13. 6. [Take ten 

times the side of a small square as the unit of length.] a:=l‘2. 7. ®=7. 
8. x=7. 9. 9. - 10. 4. 11. (-6,4); (8, 2) ; ’ (6, 8) ; 

area =40 units. 12. (5, 4). 13. (i) (3, 0) ; (0, 3) ; (-3, 0) ; 

(0,-3) ; area=18 units. (ii) (1, 5) ; (12, 5) ; (12, 10) ; (1, 10) ; 

area=55 sg. units, (iii) (3, 0) ; (8, 0) ; (0, 6) ; (0, 12) ; area=40‘5 units. 

14. (i) (0, 0). (5, 0), (0, 6) ; area =16 units ; (ii) (2, 1), (2, 4), (5, 1) ; 

area =4‘5 units ; (iii) (4, 6), (—4,2), (2, —4); area=36 units. 

15. ' a;=ll ~ , 16. x= 71 17. a:= 91 

l/=lj l/=-5J 1/=11J 

Exercise 101. [Pages 347-348] 

1. 13 as. 3 pies ; 2 seers 11 ohattaks. 2. Be. 1.' 9 as. 6p. ; 19. 

3. 3^ hours ; 19 miles. 4. 8f feet ; 4^ cubits. 5. 2^ hours after A 
starts ; 7i miles from the place of starting. 6. 4 hours after starting ; 
12 miles from A. 7. Be. 1. 3 as. ; 39. 8. 5. 11. At 4-30 P. M. 13^ 

miles from B. 12. Bs. 434. 13. 16’4 minutes passed 3. 14. Es. 3265 ; 


Bs. 

113. 7as. 

15. 6 hours 59'4 

minutes ; 

10’8 miles 

from Calcutta. 



Exercise 

102. [Page 351] 



1. 


2. 

1 

Jx^ 

3. 

SV®*. 

4. 

3 

V®®' Ja 

6. 

8 

6. 

3VS^ 

7. 

1 

2V® 

8. 


9. 


10. 


11. 

x\ 

12. 

1 

13. 

x^. 

14. 

al 

15. 

A 

16. 

ak 

17. 

h 

18. 

4. 

19. 

27. 

20. 

32. 

21. 


22. 

36. 

23. 

1 

"ST* 

24. 

81. 

25. 

36. 

26. 

a;-”. 


1 
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Exercise 

103. [Pago 354] 


1. 

a-®. 2. fl‘M. 

3. a&®. 

4. o“®6"^. 

5. 

o®6®. 6. x'%*. 

7. 

8. a“\ 

9. 

y. 10. ^®a®. 

11. 

12. ah^o^. 

13. 

14. A‘M. 

16. a*b~. 



Exercise 104. [Pages 357-359] 

1. 

a:-2®-‘+l. 2. a 

-276. 3. 

l+a®6"®+a*6~*. 

4. 

a® + &E 2 '* —iy+ 9z^. 

5. 


6. 

a+ a® - 1 +a~^+ a"^. 

7. 

a: - 3®“|/^2^ + 1 / + 2 . 

8. 

a=™_gj3"+126V-4c®'’. 

9. 

a»-646®. 


10. a+a*x * — 11. ®— a:“. 12. 2+4®“*'+2a!"°. 


13. y+x-v-+x. 


14. a+o“6^-6. 15. a:®"-l+rB" 


16. 4a:-2a:^l/'^+2®^2^+l/'^+l/~^2^+A 

17. x^-x^a^+:^a^-x^a^+a^. 

18. a:="-a®”. 19. a:="“-v=”■^ 20. o"-^ 

21. 22. x^-2x%'^+xv'^+2x^y^-2x^y^+y. 

23. !B"+x-a^+a”. 24. a!^-4iz:^+4a!+2a:^-4®^+a!^. 


25. o^a!'^+o^a:*^+o~^a:^+a 26. 27. 


28. 

a+x 

a‘+3ax+x’‘ 

1 

29. 

1. 30. 

1 1 
x*y^- 

1 q 



.31. 1. 

32. 

a® +6® 
ofo+6) 

33: 

2. 

34. 


36. 

(?- 

<^1 









39. 





37. 

(I 

) • 



38. 

(f) • 

1. 








Exercise 106. [Page 361] 




1. 

3. 

2. 

5. 

3. 

2. 

4. -A. 

5. 6. 

6 . 

6+5, 

o+c 

7. li. 

8. 

2J. 

9. 

2. 

10. 

3. 

11. -4. 

12. 0. 

13. 

®= 

4. 

y=»2. 

14. 

x= 

= -2. 

y=- 

-3. 


15. ®=2, 

1/=3. 

16. 

®= 

■1. 

!/=3. 

17. 

x= 

^2, 

l/=- 

-1. 


18. »=1, 

y^h 

19. 

»•= 

■1. 

!/=2. 
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20 . *--i, ,-i. 21 . -(IP «-(fp- “■ 

28. ®=1, v=2 and a=3. 29. -U, »■= -9J and 0 = -5S. 

30. X’=y’=z=ia. 

Exercise 106. [Page 362] 

1- -s/S. 2. ^ 3. V§6. 4. 

5. VaTb. 6. 7. Vo^. 

Exercise 107. [Page 363] 

1. 3^2. 2. 4^5. 3. 5f/2. 4. 2^4. 5. 3V5. 

6. li/i. 7. 6t/3. 8. a^fjb. 9. 10. -8?/6. 

11 . ~iabl/^. 12 . 5a^xl/4ax. 

Exercise 108. [Page 363] 

1. 7^/3. 2. 7^/2. 3. 8^/5. • 4. 2^/2. - 5. ^2. 6. 5V5. 

7. VS. 8. 3 -s/3. 9. 6-^5. 10. 0. 11. 0. 12. 17^2. 

13. (.7x+y)J^. 14. (®=-2y“+3£“)Vo. 15. 4flVS. 

Exercise 109. [Page 364] 

1. 5/37 and S/4. 2. S/266 and S/125. 3. ^S/8 and S/243. 

4. *^S/27 and 5. and “S/^. 6* The latter, 

• 7. The former. 8. The former. 9. S/4i S/6, ,s/2. 

10. S/IO, t/3, 

Exercise 110. [Pages 365-366] 

1. 5 -s/2. 2. 4^3. 3. 9. 4. 3-s/lD. 5. 30. 6. 6. 7. 3«®S/^ 

8. S/B63. 9. 10. itk- 11. 9n/5. 12. 

13. f/^. 14. ^S/^. 15. =^S^024. 16. 40^3. 17. 288 -s/2. 

18. 480S/3. 19. mabxVx. 20. 2^/|. 21. i. 22. S/f. 

23. S/|. 24. -577. 25. r341. 26. 3-535. 27. 26'833. 

Exercise 111. [Pages 366-367] 

1. a^/b+bja. 2. a-b. 3. 6o-l0s/o. 4. 16x-9y. 

5. 6a:-54. 6. 6+^^. 7. 7+4-s/6. 8. 6-6^5. 

9. 2+6-s/2. 10. 5+3S/I2+3S/I8. 11. 7a-^Jx^-a\ 

12. 182-h80-s/3. 13. 83+12-s^. 14. 2a“ - 2 -s/o^-^- 

15. 29®® - 21i/“ + 20 n/®*^. 
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< Exercise 112. [Pages 368-369] 

j 23-^3^ , 2^ 6+2J6. 3. 24+17^2. 4. 9-^2^/I6. 

5. 6. 7- 8. 6-828. 

9. 6-464. 10. 5-414. 11. 3 650. 12. 6-864. 13. -604. 14. 2*. 
15. V5(l+V2). 16. 2+73. 17. K7§0+273-372). 18. 198. 

19. 20. 2®“. 21. 22. 2V§+S/i§+^- 


Exercise 113. CPages 372-373] 

1. 73-1. 2. 2+73. 3. 3-72. 4. 76+73. 5. 3-75- 
6. 6+73. 7. 4-76. 8. 3+272. 9. 6+75. 10. 6-273. 
11. 277+73. 12. 376-277. 13. 27n+73. 14. 7^“ 

15. 7i-Vfi. 16. 72(72-1). 17. 72(73-1). 18. 73(72+1). 

19. 75( 73+ 72) . 20. 72. 21. 1, or. 473-2. 22^6. 

23. 1B+ 7®^ — ® *. 24. 7®+5+ 7®— 5. 25. 7®+!®+ 74®. 

26. 7®+2+ 7®— 3. 27. 7®+1/+72. 


Exercise 114. [Pages 376-376] 


1. 

9. 

2. 

3. 3. 

, 16 

. 4. 

1 

5. 


6. 

25. 

7. 

8. 

8. 

26. 

9. 

2. 

10. 

a 

4 - 

11. 

(6 -a)®. 

tXh 

12. 

5. 

13. 

9. 

14. 

7. 

15. 

6. 

16. 

6. 

17. 

3. 

18. 

I. 

19. 

81. 

20. 

X' 

=M. 

a 

21. 

o\c 

c® . 

.)■ 

22. 

5. 

23. 

17a 

8 ' 

24. 

4a 

5- 

25. 

36. 

a 

26. 

2o®— 2o6+6® 
2(6-0) 

27. 

4. 

28. 

4f. 

29. 

44. 

30. 

u. 

31. 

( 

ab^ go 

.S-it 

A- 

33. 

1. 

or. - 

-1. 

34. 

2a 

75 

- 35. 

41a® 

40b 

36. 7. 

37. 

. 5. 

38. 


-4a® 

4a 

39. 

5. 

40. 

4. 


Exercise 115. [Page 380] 

1. 2a!2+3y. 2. ®“-2!c+3. 3. a^-a + l. 4. 2a:®-3®+4. 

•6. 2a9+2a*+4fe®. 6. 3*=-^+3!/®. 7. ®®-a+J. 


8. 7®“-|+3. 


6. 3a=-^+3!/®. 

g -.8 _ ®. j . 2 . 

® 2 ^ a 


10. %+f-^- 

2 ® a 
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11. 

a ^ 26 

2b ^ a' 

12. 

1 . ^ 

® 6 ^3a 

13. 

2®®-2®y®-y*. 

14. 

7®_„ 
y 7x 

15. 

® 1 y 
y 2 X 

16. 

2®' ^ 8y 

7y '’^4® 

17. 

x-c^+l. 

18. 

5. i JL 

19. 

a®"’-+l+a"^®. 

20. 

x^-x^y *+y^. 

21. 

3®^ 5 i^2 4 
j®r+5®V 

22. 

a"* -2a". 

23. 

a®’^^+3a'»-5fl”- 

.2 





Exercise 116. [Page 383] 



1. 

5®y-4. 

2. 

7a®® -36®. 

3. 

7a®6*+9a*6®. 

4. 

®*1/® ®®l/® 

2 5 • 

5. 

5a6 c® 

2 3‘ 

6. 

a+6+0. 

7. 

a-6-f c. 

8. 

2a-6-3c. 

9. 

a® +26® -3c®. 

10. 

2a®-36®+5e®. 

11. 

, a 6 
®+3“2' 

12 . 

®- 2--^- 

18. 


14. 

0 a 

15. 

® - 4_ +2f. 

V ^ » 

16. 

3® 1 . a 
a"^+3®‘ 

17. 

, ®-^2+i• 

fl/ 

18. 

./■ff -./'S 

a -a 

19. 

a-b+o-d. 

20. 

a^+b\ 

21. 

a^-b^+c^-d\ 

22. 

o®+a-i. 

23. 

2a{6+c)-t-26c. 




Exercise 117. [Page 386] 

1. a!+9. 2. 3®— 8. 3. 4a— 36. 4. ®®— 3®+2, 

6. 2®®+®-3. 6. l-3®®+2®*. 7. 2»®-3c®+c®. 

Exercise 118. [Pages 389-390] 

1. The latter. 2. The latter. 3. The former. 4. The former. 

5. The latter. 6. a : d. 7. 1: i. 8. 1 : 1. 

9. 75 : 8. 10. 28 : 27. 11. 5 : 7. 12. 8 ; 4. 

13. 63 and 72. 14. 85 and 51. 15. 28 and 35. 16. 42 and 64. 

17. -15. 18. 35. 19. -17. 20. 

23. 76 : 75. 24. 1772 : 1771. 25. B. 

Exercise 119. [Page 391] 

2. 18. 3. 37i 4. 36. 

7. 20. 8. 6. 9. 14.^ 


1. 4. 
6. 60. 


5. 20. 
10. 18. 
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1 . 

4. 

10 . 


26. 


1 . 

5. 

8 . 

, 10 . 

11 . 

12 . 

18. 

16. 

16. 

18. 

20 . 

4. 

7. 

1 . 

8 . 


Exercise 120. [Page 395] 

x=9,y=6. 2. a:=25, 3/=9. 3. a!=56,!/=30. 

f. 5. f. 6. 7. 8. h 9. 2^. 

J2ah-b^. 11. 15. 2. 

Exercise 122. [Pages 400-401] 

0 . 

Exercise 123. [Page 406] 

a^d"=b^c^. 2. 3. n*‘p^=m*‘q^. 4. ad^ -bd+c=0. 

lb° — amb+a°n=0. 6. ibn-cmi(am-bl)={fil-an)^. 7. ab=l. 

35pg=6. 9. (biCa— ci62)(oib2-bia3)®=(ciaa-aiCa)®. 

{biOa - Ci.baYlfli.ha - iiffla) =(eiffl3 “ ffliCa)®. 

(biCa - CxbaY{a%ba - biffla) = (ciffla - ffliCa)*. 

(an® - b7i+em){am^-an+b)={o+amnY- 

(c® + 3ab)(b®— 2ab-ac)=(3a® — 2ac+6c)®. 14. a® + b®=m®+»i®. 

(abi + bciY + + bicY “(cci - aaiY- 
a-n-i-bH=abm,. 17. a6+6c+ca+2o6c=l. 

a+b+c+abo^O. 19. a®+6®+c®=o6o+4. 

d“(a+6+c)+a6o=0. 21. !C®-^y®+2®+2a^^=l. 

Exercise 124. [Page 408] 

x=a,y=b. 5. *=1,1/=!. 6. x=y=a. 

®=1, v=l, 2=0. 8. x=a, y=b. 

Exercise 126. [Page 410] 

8. 2. 7. 3. 6. 4. 5. 33. 6. 2. 7. 

9. IB. 10. i. 11. 16:16. 


1. If. 

{a+bY 


2 . 


Miscellaneous Exercises VI 
[Pages 421-432] 

I 

0. 3. 5b(o+b). 

c gfe 

«. i: — 17' 
o—a 

II 


2. 4®®-6ie-1. 


4. 2®®-4»i/-h52/®. 
8. 5+V6. 


4 0^ 
5 

7. 11. 


1 . 21 . 

5. a®— 3® +2. 


6. i. 


3. 12. 
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1 . 

4. 

1. 

7. 

1 . 

3. 


1 . 

5. 


1 . 

2 . 

3. 
7. 

1 . 

4. 

1 . 

3. 

7. 

2 . 

3. 

6 . 


-30. 

x-a. 

V" 


2 . 


4®“ 


in 


3. (o+6— 3c)(o— 6+3c). 

5. (a-lX®-2)(®-3). 6. ^0^- 7. i. 


IV 


^2- 2. a®+s«j/-aV+a:»"+y*. 3. (i) (®+in®-l) ; 

(iii) (a+l)(a-l)(6+l)(6-l). 5. (64®* -729)(3®+2). 6. 

®=a®5, y=ab^. 

V 

1. 2. o®(b-c)4-i®(<;-o)+c®(a-5)= -(5-c)(c-o)(a-b). 

9(«L +8) . i ^ 6 34V5-18 . , 

VI 

1. 2. 3. *=+(o-6)®-a6. 

3®»+4®+24* ®- 7. ®»3,»-6.r«7. 

vn 

2®V“-3®V 2. oe*+e*+o+l, 4. ^^.5. 7. 7. 80,128. 

ax— by 


(i) (6+c-oK5+c-6a) ; 

ffl+fe 

(o-6+cX6+c-o)' 
®=7i, y=3i, z*=li. 


- 20 . 2 . 
6 . 


vni 


5. -6. 


(ii) (®+2v+aX®-o). 
6. 2®“ -3®"^ +4®"*. 


IX 


3. (a— 5+lXo°+5”+l+fl5— 0+5). 


®=‘-l ■ 

6. ®»=16, j/*=4, 7. 27^ minutes past 8. 


X 

9a® + 45® + 9e® - 66c + 9ca + 6a6. 

{(o + 6)® + (o - h)y\{{a - b)x + (a + b)y\. 
20 days. 

XI 

(i) (a+6-c-dX®“&+C“^) "f 
3® , . o j 1 

480 at 16 a shilling ; 90 at 18. 


2 . 


4. 


®®+2®+3. 
a® -6® 
a® +6® 


6 . 8 . 


(ii) (®+v-«)(a-v+«+l). 
5. a®-6®j/+7tf®. 

7. 1. 
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2 . 

4. 


S. 


3. 

6. 


1 . 


1 . 

5. 

8 . 


1 . 

7. 


2 . 


4. 

8 . 


1 . 


7. 


3. 


7. 


5 . 


4. 

8 . 


xn 

0- 3. (i) (*-6)(s+6-2a) ; (ii) (aj+oXi+fc+c). 

3®-l* 5. 20. 6. 10. 7. 13^/3. 

xm 

0- 4* 0. 5. 30. 6. 1. 7. 46V2. 

XIV 

47. 4. a+b. 5. a5=i(2a+b+c), i/=4(o+26+c), «=i(o+b+2c). 

5 days. 7. {a®+8a®+6a®)®-a*. 

XV 

Qm J.O *1 

a^+jB+i' 2® -36. 5. — • 6. 4. 7. 54 gallons. 

XVI 

»“+2a!+3. 2. 1. 4. ff='2i, y>=li. 

(®tf+flb)(ay®+b*a), 6. -a®-b®-c®+2flb+2oc+26c. 

In the let, the wine is } of the whole, in the seoond, 


xvn 

*®+a+l. 2. ®=16,i/=25. 3. n(n-l). 6. 72. 

a®-2a!+3 

2a!*+6®-3‘ 

xvm 

3. (i) (7®-l)(2s-5) ; (ii) 2(a-c)(l-oc) ; (Hi) 2m®n(?7»+n). 

5. a+b+c. 7-. ®=2, y«=4, xr“6. 


4 
1920. 


(b-d)® (b+d)® 

\ 

3’ 

^/6-2. 


■ 1 . 


XIX 

3. flc-bc— b® + o®. 

8. o® + 6®+c® — 3o6c=0. 

XX 


4. mq '■ np. 


4, -(a®+b®+c®+ob+oc+bc). 6. x—c, or, 


abc 


2 


8. 4 and 3 miles an hour ; 3i miles. 

2a " 2b 2c 

XXI 

(o-b)(a+3b-2c). 6. ®®-®+3. 7. (oc'-a'c)®>=(ba'-6'a)®(6'c-bc'). 

XXII 

1020 yards. 7. s=b+c, »=a+c, e=a+b. 

o* + b® +c® - Sobc^O. 
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2. (3x-l)(7x~2)(4a;-l). 
1 . x=a,y=h,z=c. 


XXIII 
, a=+l>=+c® 


8 


fi 1 4 . 1 - 

0* a “f“ 


a-b-~{a~br 


ab+bc+ca 

XXIV 

2. 54,81,108. 

XXV 

7. (i) abc+2fgh-af^-bg^-ch-<=0 ; (ii) 6c+ca+a6+2ff6c=l. 

a h c\a^b c 

Exercise 127. [Pages 435-436] 

±7. . 2. +§. 3. +2. 4. v+9. 5. +2. 


.7 ,OiJa--i 


6 . ±f- 


2 a 


8. ±Vma&. 9. 10. ±-^5. 

/ a\J 

11. i %/J. 12. + 13. +n|a— • 14. ii. 

Exercise 128. [Page 438] 

1. -1, -12. 2. 15, -14. 3. a, 3a. 4. b, 2a-b. 


5. I' 6. 7. i(5a+35) : M2a+76). 8. f(2a-l-55) ; K6ff-6)- 


13, 


9. Ko+6). -i(a+5). 10. 29. -10. 

a 3a « 2ab~-ac''bc 

14. 4,8. 15. 0, ■ 

17. 2. -§. 18. 2, -¥• 19. 5, 

Exercise 129. [Pages 439-441] 


11. l,-^.- 12. a, -6. 

0 


16. a. |. 
20. 4, 


3. 

in. 

4. 

3f, 2f. 5. 

2i. 2i 

6. Oh, -I5-. 

7. 

li, -2f. 

8. 

•4, -05. 

9. 

2±J^/3. 11. 

9.8. 


12. f,f 

13. 

ff, *• 

14. 

29, -10. 


15. 10, -29. 


17. 

2. -3. 

19. 

10. 

20. 

10, -i 


21. 24, 8f. 


22. 

4*. 

23. 

3. 

24. 

6.3*. 


25. 1, -1?. 


26. 

-ll±^/l3_ 

6 ®- 






Exercise 

130. 

, [Page 442] 



1. 

3.2§. 

2. 

-4, -5. 3. 

. 1 


4. 1-, -1 


5. 2h -i 

6. 

5.f. 

7. 










Exercise 

131, 

. [Page 443] 



1. 

1, -6. 


2. f. -t. 


3. 

*. -8. 

4. 

i '34. 

5. 

9if, -11 


A a 3 

2’c- 


7. 

a6.-f. 
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1 . 

3. 

5. 

7, 

0 . 

11 . 

13. 

IG. 

10 . 

22 . 

1 . 

3. 
5. 
7. 
9 . 

1 . 

4. 

e. 


6 , 

10 , 

13. 

1 . 

4. 

6 . 

10 . 

12 . 

16. 

19. 

23. 


Exercise 132. [Pages 446-447] 

1. 2, 3. 2. 1, i(3+ V17U(3- ^/17). 

1, -i. -3. _ 4^ -1, -2- JlO, -2-^. 

2± ^/3 : 5(1+ J~S). 6. 5(5± ^/~7) ; 1± s/-3. 

-2± ^/6 ; -2± 8. 1 : -8 ; 5(-7+ 

-1+n/ 5; -1+2V3. 10. l±^/2;l±^/5. 

5(3+ J-ll ) ; 4{3± J5). 12. 1 ; 1+ ^/2 ; 5(-l± ^/i7). 

1, -1, + ^/^l. 14. 1, 6. -1, -6. 15. 2 ; 3. 

2 ; 3. 17. 0 ; 1 ; 2. 18. 1 ; -1 ; J(l± 7:^3) . 4(-i+ J^), 

2. -2. 20. 2 ; 5 : 3(5± 21. 2 ; J ; i(9± 

1;2;5(3± 23. 4 ; -G ; -1±472. 24. 2:6; -i; - 5. 

Exercise 183. [Pago 448] 

Peal, irrational and unequal. 2. Imaginary. 

Beal, rational and unequal. 4. Beal, rational and equal. 

Beal, irrational and unequal. 6. Imaginary. 

Imaginary. 8. Beal, irrational and unequal. 

Beal, irrational and unequal. 10. 8. 11. ±12. 

Exercise 184. [Pages 453-465] 
x®-4*+3*=0. 2. ®®+2i-35>=0. 3, Sx^-lOx+B^O. 

(i) ®®-&r+4“0 ; (ii) »®-4aa!+4a®-5*=0. 

(i) sum^O, produot^G ; (ii) Bum*= -9, produot^^ -13 ; 

(iii] sum=^®, product = -5 ; (iv) Bum = J-, product = -f ; 

(v) Bum= -J, product “iV. 

(ii) x~-p~x+2q{p"-2q)’=0 ; (iii) q^x" ~p"qx+2{i)- - 2q)=0 \ 

(iv) q®®+p(q + l)x+(q+l)®'=0. 

(i) Olx^+Bx+S^O ; (ii) c®®+5®+o=0. 

a=12, 6=31, c«181. 14. fc=l. 15. h=a’=>2. 


Exercise 135. [Pages 462-464] 

16 ; £5. 18. 3. 3 inebos. 

yl’s capital =£5 ; B's capital =£120. 5. 6 miles per hour. 

12, 5 : Jg- 7. 5, 3. 8. A, 120 ; B, 80. 9. 7, 2. 

Es. 90. 11. Small wheel 4 foot ; largo wheel 13 feet. 


4ponco. 13. 56. 14 . 20 and 30 miles per hour. 15. £60, or, £40. 
12, 16, 18. 17. 26 and 38 foot. 18. 25, 13, 6. 


40 and 45 miles per hour. 20. 256 sq. yds. 21. 14, 10, 2, 
il, 10 miles per hour : B, 12 miles per hour. 24. 


22. 6400. 
(a -6)* 




\ 
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25. The sides were 30 yds. and 19 yds., and the height 4 yds. 

26. 100 shares at £15 each. 27. 15, 12, 10, 7. 29. 625. 

30. 324 square feet. 

Exercise . 136. [Pages 472-473] 

8. a:=81. !B=6I 9. {b=41. ®=-SI 10. ®=5L ®=61. 

»=6]’ , 3/=8r y=3]* y=-4r y=7j’ y=»6J 

11. ®=-2, or, 6. 12. -2 ; 8. 

14. ®=8,®=-4,y=9; tf=-3. 15. (5,0): (0,6). 

Exercise 137. [Pages 490-491] 


16. 

(i)i; 

(ii) 4 : 

(iii) -7: 


(iv) 2*5. 

17. 

(i) 4; 

(ii) 4; 

(iii) 21 ; 


fiv) 1"5. 

18. 

§ 

II II 

®=11 

y*=4j‘ 

to 

p 

U II 

1 

^ and 

®=-21 
y= 4/ 

21. 

1:3. 

22. 1 : -f. 

23. 1 ; 2-5. 

24 

. 1 ; -f 

25. 

(i) ®=1*21 

and 

(ii) a= -5l 

and 

®=-lL 


'& 

»=- 61 

V-lj 

V=-5f ' 


(iii) a *=01 

and : 

(iv) ®=0l 

and 



y*=0i 

y=2J' 

y“0j 

!/“ir 



Exercise 138. 

[Page 493] 



1. 

(i) 16, 40, 2fl 

1-6; (ii)16,39,2« 

-7; (iii)-=|?. 

-101 

3 ■ 



r ^ “19 < 

(Jv) -ij— - 

57 25-4b 

7’ 7 ’ 

(v) 47, 119, 6»-; 

19. 

2. 

29th, i6th, 1 

(3n-10)fA. 

3. 6. 


4. 98. 

5. 

1 

1 

-40 : 2Dth term =28. 

6. l5<term=13,’ 

18fAtBrm=-38. 

7, 

Isi term =2, 

com. diff.=3. 

g d{p-T)-c{q-r) 
p-q 



Exercise 139. [Pages 495-496] 


1. 325. 2. 900. 3. 504. 4. 88. 5. 6. If 8. 62f 

9. 0. 10. 25452. 11. 12. 

13. 720. 14. 71. 15. n(a+6)*-7i(7t-l)o6. 16. 899. 17. 704. 

18. |{(®-2y)ra+«}. 19. 4080. 20, 21n^“. 

Exercise 140. [Pages 497-498] 

1. 3. 2. 9. 3. 7. 4. 13, or, 7. 5. Last term 3, or, -1 ; 

number of terms 10, or, 12. 6. 18, or, 19. 7. . 8. 1, f f, i, &o. : 

1470. 9. 1. 3. 5, 7, &c. : »*. 10. 2. 11. 4, or. 10. 



ANSWERS 


575 


Exercise 141. [Page 499] 

• 1. (i) 6| ; (ii) 8 ; (iii) m ; (iv) a»+®». 2. (i) %, lOJ ; (ii) f, 7i. 3. 207, 
997,387. 4. -2, -6, -10, -14. 5. 1, -li &o., -39. 6. 14. 


1 . 


4. 

7. 


9. 


10 . 


1 . 


5. 


8 . 


11 . 


20 . 


1 . 


5. 


6 . 


11 . 

1 . 

6 . 


|(6n''+3n-l). 


3. J(4n«+6n-l). 


Exercise 142. [Page 602] 
p + 1)(» + 2)(3n -t-S ) 

12 

n«>(2n»-l). 5. 

n(n+l)(n j: 2)(n+ 3 ) . ^ (9»“+46«®+5lTt-34). 


6 . 


n(n+l)(2ft+l) 

6 


(i) - ^(ii n is even) ; (ii) (if n is odd). 

(i) n is even) ; (ii) (if » is odd). 

Exercise 143. [Pages 506-507] 

2. 9, 13, 17, 21, 25. 3. 13 ; 6. 4. 70. 

6. |(2»'*-h3n+7). 7. |(2»*4-9n+l). 


(2n+l)(ma-n5) 

a-b 

n(n+l)(n+2) 

6 


»SW3)= »• 8-12.16.20. 

1, 3, 5, 7. 12. 3, 6, 7, 9, 11, 13. 16. 16. 19. 

Kn”l)».(2f}-1) yards. 21. 16. 22. 

Exercise 144. [Page 509] 

8748. 2. 4. 3. 65536. 


A; igrrs' + . according ns n is oven or odd. 

-m- 7- tJj- 8. (i) 6, 12, 24, 48. 

(ii) 27, 9, 3, 1. i, or, -27. 9. -3. 1, -i 


(iii) -27,18, -12 9. 

/ n \9* 

pth terni= ,jmn and gfch tiorm=»» I ^ I 

Exercise 145. [Page 510] 
2B5720. ^ 2. 601$. 3. -682. 4. 

+ or, - , according as n is even or odd- 

14 o 


10. 3,5,7. 

n[n+l)(w-i-2) 

6 

6 . 

4. -243. 


5. Kl-2*0. 


I 
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7 . a. 


1 . 6 , 12 . 


1 — • 1 — 


Exercise 146. [Page 512] 

2. f. 3. Bh 4. f. 5. 1%. 
8. 9. i(4+3^/2). , 10. *. 


6. ^ 


10 . 


Exercise 147. [Page 514] 

2. 1, 1 , 1 3. -1. §. -I 4. 8. 12. 18. 27. 


Exercise 148. [Pages 516-518] 


36 ’ -^55 ■ 1665 


• i 2 

t rj • 


l-^a: 

a-xr 

l—x 

(l+a:)=‘ 


(l-2a;)= 


.1 .. (1 + 6x).3x 

• * • o_ ' 


c a(l-a”) na"'*'^ n I -a: 

(l-o)="l-a- • (l+a:r '* 

9. 2''-H2w-l); 2"(2 ji- 3)+3. lO. 

ll. §aO"-l)-|“ 12. 

13, 2'‘+^-2-ra. 14. 2(2'‘-l- 

18. 2,5,8, or, 26. 5, -16. 19. 4,8,16. 

24. ?j.2"+*-2’‘+^-h2. 30. 


8. 4- 


(1-3®)“ 

71 + 2 


5"+^-5-47i 
16x5"-^ ■ 


12. 71 g (l-io")’ 

14. 2(2'‘-l-4?t). 16. •J{4“-1+15»). 


20. 1,4,20. 


(l-r)(l-ar)’ 


Exercise 149. [Pages 526-528] 


1. 

x-3y=0. 2. 

14. 3. 2\. 4. 1. 

5. 27®=-47/=0. 

6. 

y=^\x+ i). 

7. 12®“-25®y+12y®=0. 8. y=2®+;4- 

•C 

9. 

^=3+2®-®“. 

10. 

12. 45 inches. 

13. 

£26. 6s, 

1.5. 45 sq. ft. 

16. 346i sq.ft. 

17. 

960 cubic ins. 

18. l^ ft. 

19. 10 ins. 

20. 

1‘2426 ins. nearly. 

21. -01875 ins. 22. 

1610 ft. ; 305-9 ft. 

23. 

31 days. 

24. 224i days nearly. 

25. 9.-4. 

26. 

"Value of diamond — ; value of 

, £c»^ 

ruby - s. 

(771 + 1)5“ 

29. 

22 ^ 2 
®=i5"+i5i- 

31. The cost is least -when the rate is 12 miles 


an hoar ; and the cost per mile is and fl>r the journey is £9. 7s. 6d. 
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1 . 

a. 


Faotome : (i) o®(6+e)+6®{c+o)+c*{a+5)+2ffl6c; 

(ii) 80»’+97a!2/-28j/’ ; (iii) {lx+ay)’‘ + {ax-byy. 


(a) Simplify 


a^—be b*— ea e*— ab 

(a— b)(a— c) (b— c)(b— a) (c— a)(c— b) 


(b) Solve 3y+4a!=8j:y, "+-1 =7- 

3. At an election there were two eondidatea A and B. I of the electors voted 
for A who was elected by a majority of 200 over B, while J of the electors did not 
vote at aU. How many electors were there altogether ? 


4. A walks at the rate of 4 miles an honr and rests for eighteen minutes at 
the end of every honr. Two hours later B mns at the rate of 6 miles an hour. 
Find graphically when and where they will meet. Find the equation of the 
inclined portion of the graph between the first and second haltage. 


Or, Draw the graphs of the following straight lines : 

(0 4x~y=10 ; (u) 2x-}/=i ; (hi) »=3 ; (iv) y=2. 


Solve graphically the first two simnltaneons equations. 


Draw a straight line which cat ofi intercepts of 3 and 4 on the axes of x and p 
respectively and find its equation. (The same units are taken in all cases.) 


1935 


1. Factorise: (i) (2*— 3y)’ + (8p— e)* + (c— 2®)* ; 

(ii) o’(b— c)+b’(c— ii)+c*((»— b) ; (lii) b® — ^a+ ^ j*+l. 


2 . 


Solve ; (i) 


2 4 5 3 

2s-7“9®-lS 8s-34“3a!-6’ 


(li) |+J=29. 


S+i=ll. 
V * 


8. Tin appears to lose one-seventh of its weight when weighed in water. 
Load appears to lose one-twelfth of its weight under the same conditions. An alloy 
of tin and load, which weighs 270 lbs. in air, appears to weigh only 240 lbs. when 
weighed in water. How much of each metal does it contain ^ 

4. Hxplain clearly what you understand by the graph of an equation. Draw 
the graph of the equation |+|=1 measure its intercept between the two axes. 


1. Factorise : 

• (i) x*+4 ; 

2. Solve : (i) 


1936 

(ii) «x*+(a®-H)®-bo : 
8 9 7 . 

2*— 1 3®— 2 »-H 


(ill) a’(b-c)+y(e—a)+c’(a-b). 

(li) B+6y=5r (1) 

7a-fr=6y. (2) 

5a-h6p-4r=24 (3) 

3. A certain number between 10 and 100 is eight times the sum of its digits 
and if 45 he subtracted from it, the digits will bo reversed. Find the number. 

4. A can do a piece of wort in 6 hours ond H in 8 hours. Find by means of 
a graph the time they wonld take in finishing it working together. 


1 — 37 ' 
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1 . 


2 . 


1937 


Solve : (i) x+y=5xtj 

2x—3y=12xy ; 

Eactorize : (i) s”— 28a:* +27 ; 

(iii) x*+x*+x*+x~. 


a:+l a:+2 x+3'*'a:+4 
(ii) !>*c’(6 — c)+c*a'‘(o— o)+o*6*(a— 6) ; 


3. A can reap a field In five days less than JB, and if they work together they 
can reap it in six days ; find in what time each can reap the field alone. Explain 
the double result. 

4. A train leaves Calcutta at 12 noon and travels 30 miles an hour ; another 
train leaves at 3 P. M. and travels 40 miles an hour. Find graphically when and 
where the second train will overtake the first. 


1938 

1. Factorize: (a) a:’-4a:i/+4p*-l. (6) 8a*-5*+27c*+18a6c. 

(c) {x+y+z){xy+yz+ 2 x)—xyz. 

2. Solve ; (a) |+|=18 : |+f=37 i |+|=31. (6) 

3. A number of three digits remains unaltered when the digits are reversed. 
The sum o! the three digits is 17 and the difference between the first two digits is 4 ; 
find the number. ^ 

4. Solve graphically the equations : a!=2p+5 and Ss— 4j/'=22. 


1939 

1. (o) If find the value of a:* + Jj> 

(6) Factorize : (i) a* +46' ; (ii) ®’+4a:*— lie— 30. 

2. (o) Simplify a:*-8»+15'‘’»»-4e+3'''6i-®*-5' 

€ 1 ^ 

(6) Find the square root of g +~^ +a+ J. 

[The question seams to bo wrong.] 

3. (a) Solve 3Zli+4^:Hr3"'4*+5’ 

(6) A boat goes upstream 30 miles and downstream 44 miles in 10 hours ; it 
also goes upstream 40 miles and downstream 55 miles in 13 hours. Find the rate 
of the stream and of the boat. 

4. A man walks to a town at the rate of 3^ miles per hour, rests there half- 
an-hour, and rides back at the rate of 7^ miles per hour. ' The time occupied is 
4 hours 10 nuns. Find graphically how for he has walked. 


BOMBAY 

1938 

1. (a) What should be added to 

a-J[2(o-3b)-{a-(26-3c)-3(c-d)}-(d-3a)] 

to obtain 2(a— c)— [(2o+3c)— {46— (36— o)+4c}— (2c— 6)]. 

(6) Find the value of fc in Cb'*— 8(31’+ 48a! +7: if x’+2a!— 3bea factor of 
the expression. 
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2 . 


' 3. 


Resolve into factors ' 

(6) 4x»-21x-10. 

SimpUfy (o) 

x-y y+x y*+x' 


(a) (a:’ -6aj-36)' +19a:(a!’ - 6® - 36) - 66®*. 
(c) (s+l)(a+4)(a+7)(»+10)-360. 


(b) 


4®* — (By— 4a)* 


»-d(2a-g)* . 16a*-(a®-3i/)* 


4l2z+ ®) * - gy* (2ai!+3//) ' - 16z* (37/+ 4z)* - 4»* ‘ 

4. (a) The ratio of the present ages of a father and his son is 5 . 3. Fmd 
their present ages if four years hence the father will be twice as old as the son was 
four years back. 

(6) It ®— 7/ be not equal to zero and prove that each of 

these ratios is equal to — 1. Also find x ; y. 

5. [a) If *+ - =1 and 7/ + — =1, prove that z+ — =1. 

y s tD 

(b) The length of a closed rectangular box whose height is 2 ft. exceeds 
the breadth by 1 ft. The difference between the costs of covering the box with sheet 
lead at 8 as. and 0 as. per sq. ft. is Re. 1. 7 as. 6p. Find the remaining dimen- 
sions of the box. 

6. Draw the graph of 2 / =x*. [Plot at least scveii points.] 

With the same axes and the same units, draw the graph of i/=®+12. 

[Units: •6" = 1 for a and *l"=l for 1 /.] 

Give the co-ordinates of the points of intersection of the two graphs. 

7. (a) A person bought a number of sheep for Rs. 360. He kept 4 sheep to 
himself and realized the capital by selling the rest at a profit of Re. 1 per sheep. 
How many sheep did ho buy ? 

(6) Find the H. 0. P. of a*-3ic-70, s*-39®+70, b’-^48®+7. 

8. Solve the following equations . 

(g-2)(g-3) _ (x-6)(a-7) . / jv I ' _ 1 _ ; 

(a-6) " (w-13) • ' ^ ’ _ . , . 1 _ , . 1 


(0 


a+|+- 




»+2 “ »-2 , 

(.ii) = 21 : -^-^=14^. 

' ' x+y x-y x+y x—y 

9 . (a) For what toIuo of p will 4®* — 12® + 29 - ^ + ^, be a perfect square 7 


(b) Find the product of p+l+p p— 1+^' p*— l+^j and p*-l+^ 


If p+^+2=0, find the value of the product. 

_£ ^=-^. show that 

p+22+r p—r p— fij+r p q r 


10. (o) If 


11 . 


(b) If p, q, r, s are in continued proportion, show that 

(o) One o£ the questionfi .set at an. examination was : 

“If o tt ®», b ce i and c «*= i show that c ec "b." 


as 

One candidate answered *tho question as follows : 
“aoc®’. 
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h k 

Similarly 6=— and c=-t* 
X ao 


fcs’. — 

X 


-i- 

kx~ 


b 

k^' 


C oe 1 ." 


Point out the mistake in the above reasoning and give the correct solution. 

(b) If ^ vary directly as a’+ay+j/’ and inversely as a®— aj+j/’, 
show that a'* +a®j/® +y* is constant. 


12. P publishes a book on condition that he receives 50% of the net profit 
realised after the sale of the copies, the rest of the profit going to the author. The 
cost of composing is Bs 2,000 and that of printing and binding each copy is Bs. 2. 
The selling price of each copy is fixed at Bs. 6 but a discount of 1G§% is allowed. 
Eind the total cost of a copies of the book and P's share of the profit after they are 
all sold. 

Draw a graph showing P’s share of the profit for any number of copies up to 
5000. Bead ofi from the graph the number of copies that should bo sold in order 
that P’s share may amount to Bs. 5000. 


1939 

1. (a) When a certain expression is divided by a®— 2a+S, the quotient is 
2a® +a— 5 and the remainder is Sz—i. Find the remainder when the expression is 
divided by a— 2. 

(b) If a® — 3a-i;l=0, find the value of a* — 7 b® +1. 

2. Besolve into factors ; 

(i) 32-162(a— 1)®. (ii) {x+y+s){xy+yB+sx)—xyz, 

(iii) 8(28+ap+62)*-(2x+3p)®-27(p+2s)* -8(8r+8)'. 

3. (o) Ifa— express a) 

in terms of y. 

Hence or otherwise, find the fourth root of the above expression. 

(b) Find the numerical valto of k if thcloxprossion 9j*— 12B*+fct+48-2 
falls short of a perfect square by 3. 

* 4. (a) There is a misprint in one (but only one) of the coefficients of the 
following simultaneous equations : a+15y— 33=0 ; lla-7j/+ll=0. The correct 
answer is a=3, p=2. Which equation is wrong ? Find all the possible corrections. 

5. (a) Iff, 2, r, s be in continued proportion, prove that 

(i) r~p : g+r=r : s. (ii) +^)(2+r)-r0+^)(r+f) = (g-r)®. 

4fre+6n 6n+3J 3I+4w *1 i. n i 

(b) If f = — ^ =— g — » prove thntp =2 or -1. 

6. Draw with the same axes and the same unit the graphs o[y= —3a® and 
Sx‘=3y+2 for values of a= — 2 to a=2, and read off the co-ordinates of the points 
of intersection. Plot at least six points on 3/=— 8a®. (Unit?='6"). 

7. (a) State, giving reasons, whether the following statements are true or 
false ; — 

j (i) If (8-l-jf)(a-y)=a-i-y, thona-p=0. 

(ii) S is not a root of the equation a® — 7a’ -i- 4a -16=0, 
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(ill) Tho H. O. r.o£4£-209x*+15 and x»(15s*-»20g»*+4) is theBMoe 
as that of 4aj* - 209x* +16 and 15»® - 209x* + 4, 

(iv) The ratio o£ a man’s age to that of his younger brother inoreases 
with the lapse of time. 

(5) Find the least integer that must be added to each term of the ratio 
30 : 17 to make it less than 11 : 7. 


Solreithe following equations - 
(i) ^-^=109-971. (li) 


z 

x+1 


X 

X— 2’ 


Si- 


and 


i^+i^+10=0- Or, (iv) a,+ | = i|;s,+ ? = 

9. (a) The product of two expressions of the fourth degree is (13®’ — 8Ba— 33)*, 
their L. 0. M. is (13i* — 35*— 33)*. Find the expressions and their H. 0. F. 

(5) An aeroplane flying between two towns takes 24 minutes less than its 
usual time when its normal speed is increased by SO miles pet hour, and 24 minutes 
more than its usual time when its normal speed is decreased by 20 miles per hour. 
E'ind the distance between the two towns and the time usually required by the 
leroplane to fly from one town to the other. 

10. (a) If a;y4-vs+z2=:0, prove that -ji — +--5-^ =0. 

" " X —yi y'-sx ^t*—xy 

[b) Beconstruot the following multiplication example by supplying the 
missing numerical flgures (represented bylcrosses) : 

x**-7a*+ X!b’+5*- X 

xx?-xs- X, 

X*‘- XiB* + X**+25**- x’»’ 

- X** + X**- X*’-Xs*+22* 

-248*-bxg*-Xx*-x*+ X 

X®*-68*‘ + X**+x*'-97s''- x*+ X 

11. (o) If X, y, s be three different quantities such that *+ i =y+ r + r’ 

y 8 X 

prove thafx’j/’s’ = 1. 

(b) A and S have 1035 articles between them. A transfers to B as many 
as B has : B then transfers to A as many as A then has : A then transfers to B as 
many as B then has : and so on. After four such transfers A has 331 artioles more 
than B. Find the number of articles with which each started. 


12. (a) If 


« = = — and 
3-y 


= express z in terms of *. 
o— z 


(5) The profits of running an omnihus vary as the lengthy of the joumey 
when the number of passengers is constant and vary as the excess in the number of 
passengers beyond a certain minimum when the length of the journey is constant. 
In a journey of 16 miles with 19 passengers the profits were Es. 12, and in a journey 
of 20 miles with 38 passengers the profits wore Rs. 30. Find the minimum number 
of passengers which can be oarriod without loss. 


1 . 


CALCUTTA 
1941 

Compulsory Paper 

Either, (i) Factorize (»+l)(®+3)(*+5)(*+7)+15. 

(li) If ; + i 


* i-a-l-j-i - . 

o*'*'b’'’’c’ a*+b’+e’ 
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Or, (iii) If ' (®+a) be the H. C. F. of x’+pz+q and a’ +2)'® +2', show that 
(p-2»')a=Q-a'-, 

(iv) If 2s=o+b + c, prove that s® + (s-o)“ + (s— 6)’' + (s-c)’ =o’+b’+c’. 
(ii) If ^ j = ^ • show that 


a®+c +e“ 


d f 
3. (i) Solve 


<x 

'df 


6®+d®+/® 

5-10 
-5 ■ 

Or, (ii) A person rowed down a river, a distance lof 70 miles in 10 hours with 
the stream and rowed bach again in TO hours. Find the rate of the flow of the river 
per hour. 

4. Draw the graphs of any two of the following equations : 


(i) 0=-^^ 


(ii) ■f + "g — li and (iii) 6x—ly=i'2. 


Additional Paper 

1. Either, (i) Find the sum of the first » terms of a series in arithmetical 
progression. 

(il) The sum of the ‘first » terms of a series in arithmetioal progression is 
5n^+lii. Find the first two terms of the series. 


Or, (iii) Simplify 



(iv) Solve »y*+2+ \/®— 3— 5" 


2. Draw the graph of a® + j/® »= 86. 

3. Either, (i) Extract the square root of (a-l)(a— 3)(a''6)(8— 7)+16. 

(ii) The difierenoe between a proper fraction and its reciprocal is 
Find the fraction. 


Or, (iii) Find a value of a which will make 

a*+6a* +lla®+8a+31 a perfect square. 

(iv) Prove that the arithmetic mean between two positive numbers is 
greater than their geometric means. 


1942 

Compulsory Paper 

1. (i) Factorize, Eiflier, o®+6®— c®— 2o6. Or, s'‘+a®+2»®+s+l. 

(ii) If (i® = b+o, 6® = c+o, c®=o+6, show that — r-r+r^'i — 

' ' ' ’ ’ tt+1 6+1 c+1 

2. Either, (i) Find the H. 0. F. of ' 

*‘—8®— 4®— 2 and a' + S®'* — 8® — 7a®— 6a— 1. 

(ii) Simplify + given 3s=o+b+c. 

.Or, (iii) Solve ^+^+^+a+6+c=0. 


,(iv) If 5 “ ^ J 


'2 fl+3c+5c y 

b + 3d + 5// 


ace 

'‘bdf 
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8. Either, (i) A man who went out between 3 p.M. and i P.M. and letamed 
between 4 P>M> and 5*P.M. found that the hands of the olook had exactly changed 
places. ' When did he go out ? 

Or, (ii) A General can arrange bis rSgiment in a hollow square 3 deep ; if he 
had 800 more men he could' have arranged them in a hollow square 4 deep with 
the same number of men in the front row ; find the number of men in the regiment. 

4. Draw the graph of any one of the following equations . 

» * 

(i) ^ + -^=1, (ii) 2a!+3!/=6, and (iii) !s=7(y+l). 

Additional Paper 

1. Either, (i) Find the sum of the first n terms of a series in a geometrical 
progression. 

(li) In a geometrical progression the (jp+q)'’^ term is «t and (p— g)"* term 
is n. Find thep** and terms of the series. 

Or, (ill) SolTe, without assuming any formula, the equation s'— ll(c= 82052. 

(iv) Extract the square root of a!*+4a!+2+^+^+^- 

2. Draw the graph of i/” 4x. 

3. (l) Simplify : + 

(ii) If a=2+2*+2^, prove that ffl*-6x*+6a-2=0. 


1943 

Gompuleory Paper 

1. Either, (i) Find the value of (®— jf)®, whena+j/=s3 and a;y=2, 

(ii) Find the H. C. F. of ffi’+4a*+4x+8 and s’+8s°+21x+18. 

Or, (iii) Express *® +2xy—e’‘ —2ye as the difference of two squares. 

(iv) lfo+b'bc=0, show that a'*+i*+c**=2(o*b’+6*c® + c’o*). 

O O 1 ^ ^ * 

1 ° 2a+6 2x+a~4®®+2o5 

(ii) If ^ = show that (a'— 5®)(c»-d*) = (6®-c®)». 

0 C a 

3, Either, (i) A man bought an equal number of two kinds of mangoes, 

one kind at 2as. each and the other at la. 3p. each. If he bad spent his money 
eqnally in the two kinds ho would have had 9 mangoes more. How many of each 
kind did he buy ,? . , ' , 

Or, (li) A number consists of two digits. The digit in the tens’ place 
3 times the’digit in the 'units'‘plac'ei It 54 is subtraoted from the number the digits 
are inverted. Find'the number. ■ 

4. 'Draw the graphs o{‘'y=5 and 5®+6!/=30 and obtain their point of 
intersection. 

Additional Paper 

1. (i) If *+j/=a, a®+j/*=6® andB*+y’=c®, prove that a®+2c*=3ab®. 

(ii) Solve 3®.9»-27', 4f.8»=S2*, 2*.5''.7’=70. ' 
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2. Eititer, (i) Draw the graphs of ffl*+y*=25and g +g-=l, and find the 
co-ordinates of their points of intersection graphically. 

Or, (ii) Find the square root of 4x*-h20»*-^3 — ^+^* 

(iii) Solve 3»’-20 j!-79=0. 

3. Either, (i) Find the sum of the first n terms of a series in arithmetical 
progression. 

(ii) Four numbers are in arithmetiesl progression. The sum of the ei:- 
tremes is 10, and the product of the means is 24. Find the numbers. 

Or, (iii) If a : b=& : 0=0 : d, prove that (d— fl)’=(d-6)*4-(6— e)'‘ + (o— a)’. 


(iv) Simplify 


8 *’ 


1944 


Compulsory Paper 

1. Either, (a) Factorise !c'‘+4a!’— 12. 

(5) Find the H. 0. F. of a:*-i-3*’— Oe-fS and »*— 19»+30. 


Or, (c) If (B=a-i- — and y=a — find the value of *'*+ 2 /*— 2**j/*. 


(d) If 2s=o+b+c, show that 

s'* + (s — a) (s — b) + (s — b) (s — c) -b (s — c) (s — a) = ob + bo + on . 

q f-\ a_i_. (a!+2)fc4-3) _ e+5 
3- W Solve 

(b) If g = -^ = -gi show that (a*-t-b*+c*)(b®-bc*+d*)={ob+bc-bcd)*. 


3. Either, (a) A man who went out for an evening walh between B and 6 
returned between 6 and 7 and found that the hands of the clock had exactly ohangod 
places. 'When did he go out ? 

Or, (b) A person bought an article and sold it at a profit of 6 per cent. Had 
he bought it at 4 per cent, less and sold it at Bs. 2 6a. more, his profit would have 
been 12 per cent. For how much did he buy it ? 

4. Draw the graphs of any Uoo of the following : — 

(o)y=2x; (b) j/=7 ; (c) | + = 


Additional Paper 

1. Either, (a) Find the sum of the first n terms of a series in arithmetical 
progression. 

(b) A man undertakes to pay ofi, by monthly instalments, a debt of Bs. 650 
on which no interest is charged. He pays Bs. 20 in the first month and continually 
increases the instalment in every subsequent month by Bs. 10. In what time will 
the debt be cleared up ? 

Or, (c) Solve l-i-«= T~. 


(d) If a, b, 0 be in arithmetical progression, and », y, s in geometrioal 
progression, prove that s®”^=l. 
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2. Either, (a) S'lnd the Bum of the first n teimB of the series Ix2+2x3 

+3X4+4X5+ 

(6) Prove that the arithmetic mean of two positive numbers is greater than 
, their geometric mean. 

Or, (c) Shew that (o*-6e)'+(6*-ca)*+(c’‘-fl6)*-3(o®-&e)(6*-ca)(c“-ob) 

= (a“ + 6® + c* — 3o5c)’ . 

(d) Find for what value of n will len® -248’ +41®® -na+16 be a perfect 

square. 

3. Draw the graph of ^+g=l. 

1945 

Compulsory Paper 

1. Either, (o) If a+b+c=15and a®+b*+c*=77, find the value of ot+Jc+co. 
(b) If ab+hc+ca=0, show that 

+-r^=0* 

a^—bc b^^ca o ‘•^ab 

Or, (c) If ^a+ =3, find the value of ®®+^,- 

(d) Pind the H. 0. P. of 2x®— a— 1 and 3x* -7 b® + 4. 

2. (a) Paotorise a’(6— c)+6°(c— a)+c®(a-6). 

(6) If ^ = I » prove that 

a®+a6+5® a®— c&+6® 
c'+ed+d' c®— ci+d® 

3. Either, (fl\ The product of two numbers is 18235 and the quotient when 
the larger number is divided by the smaller is 81. Find the numbers. 

Or, (b) At the time between 4 and 6 o’clock will the hands of a watch be at 
right angles to one another ? 

4. Draw the graphs of anp Itao of the following equations • — 

(al ®-p=3, (6] I + 1^=1 and (c) 7 b-3.v=21. 


DACCA 

1940 


Compulsory Paper 

1. (a) Find the Highest Common Paotor of is®-3*®+4t-2 and b’+2i’ 
— 4* +1 and verify your result. 


* + 1+? 1+|, 
Or, (6) Simplify ^ ” — X- 

— +-+1 

,/* ^ y y 


^ a?* v* 

i- — cL 


2. Pind the co-efiSoient of s® fn the product of 

(l+*+e®+a*+*®) (1— a+*®— 8* +®*)- 

Find the factors of a® +(b— l)®+(l”2a)*. 
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3. (a) Explain what is meant by a “root” of an equation and solve the 
following equations, verifying your results ; — 


(i) 


1,7 5 3 . 

9i+l a:+5 s+3 x+7 ' 


(ii) 2(a!-2/) = 3 ; 5®+8y=li. 


Or, (6) One customer buys 14 lbs. of tea and 10 lbs. of oofiee for £2 3s., and 
another buys lldbs. of tea and 15 lbs. of coffee for £2 4s. Gd. Find the prices of 
tea and coffee per. lb. 

4. Solve graphically y—x = 2,8x—2y=5. 


Additional Paper 

1. (a) Solve the equation J ■*" J * 

If ax+liy-t-gz‘=0,]ix+by+f2=0,a.ndLgx+fij+cz=0, prove that 
abc+ifgli—af' — bg'—ch^ =0. 

Or, (6) Simplify +a:i^»+ x+x’^’‘+x^' 

2. (a) Establish the formula s={2o+(m— l)d}^ » where s is the sum to 
n terms of an A. F. of which a is the first term and d is the common difference. 

(6) The first two terms of an A. P. arc li and 2i. How many terms of the 
series must be taken to give the sum 171 ? 

Or, (c) Sum the aeries 1, i, i, to n terms without assuming any rule. 

What does the sum reduce to when » is infinitely large ? 

(d} The sum of the first 4 terms of a &. P. is 40, and the sum of the first 
8 terms is 3280. Find the series. 

3. (o) Draw the gr.aph of 2+a— 2»® and find from it the maximum value of 
the function. 

Or, (61 A regiment of soldiers, when formed into a solid square, has 16 men 
fewer in the front than when formed into a hollow square 4 deep. Find the 
number of men. 


1941 


Compulsory Paper 

1. (a) Factorize ; (i) p’+2p2+g®— p— q. (ii) p*+4. 

(6) Find the H. C. F. of o’ — 1 and o’ — 1. 

Or, (c) Find the simplest value of 


1'52 X 1-52 X 1-52 + 8'48 X 8’48 X 8'48 + SO X 1-52 X 8' 
(d) Find the L. C. M. of o*-l, o’.-l, o*-l. 

(o-b)’ . {b-cf . (c-o)’ 


2. Prove that 


(b - c) (c — o) Ic — o) (o - b) (o - b)(b - c) 

„ a c , . o®— c* (o+c)" 

If -=^,showthat 


= 3- 


48. 


3. (fl) Solve: (i) (») ®+J/=3(a-!/)=6. 

Or, (b) There are fifteen 24-pounder guns in one fort, and twelve 32-pounder 
guns in another fort. All the 24-poundBrE with one 32-pouuder are worth £l,969 ; 
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and all the 32-poundors with one 21-paunder are worth the same sum. Pind the 
value of a gun of each sort. 

4, Draw the graph of the equation 14£+ 10^= 35 and find the co-ordinates of 
the points of intersection of this line with the lines !t=0 and y^O. 

Additional Paper 

1. (o) If »+ - =1 and y+ - =1, piove that s-f i =1. 

2 / * X 

Or, {b) Find the square root of 
(c) Solve a’ -*=1800. 

2. (a] Show that the sum of n terms of an A. P. is equal to n times half the 
sum of the first term and the last term. 

(6) Sum to n terms 1.2-t-2.3-l-3.4-t- — 

Or, (c) Sum to n terms the series of which the term IB i'+2i, 

3. (a) Draw the graphs of j/=** and *— j/-fG=0. Hence find the solution 
of the equation a’ —a— 6=0. 

Or, (6) What is the price of eggs per dozen if one moie for six annas reduces 
the price by one anna per dozen ? 


1942 


Compulsory Paper 

1. (a) Factorize 

(h) Find the H. 0. F. of 

o’ — J*— o’ — 2ic, i’— c’— o’— 2c(i and c’— o’— 5’— 2a6. 

Or, (c) Find the simplest value of . 

8’1416 X 3’J41C X 3’1416 -3 X 3-1416 x2-141G-2-1416x21416x 2-1416. 
V) the L. C. M. of a’-3a+2, a’ + 2a*-3a and a’-4a. 

2. (o) Show that if — + t + — 

' ' ' 0 G o+o+c 

1,1,1 1 , 1 , 
o’'^b’^c’'°o*-h6*+c’ {a+b+c)‘ 

Or, (6) If tt-i-|=l, and 6+ ^ = 1, then c+ i =1. 


3. (o) Solve : 


(,)^lii_5WExl)x3=2-3x. 


(ii) 6a-5p = ai ; 5s-62; = ll. 

' Or, (f.) The sum of two numbers is 61, and twice the first number exceeds 
two-thirds of the second by 10. Find the numbers. 

4. (o) Solve graphically x+y=0; a— 1/=2. 

Or, (b) Find graphically the value of 9a+4 when a= J. • 

Additional Paper 

1. (o) If a! = 2-i-2^-i-2^, prove thata’-6**-i-6x-2=0. ^ ^ 

. Or,(b)Ifa-«:f/-a:;®'' 

t ' ' 
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(c) Given that jb— 1 is the H. 0. P. of the two expressions x^-f-px+q^ and 
x^+qx+p, prove that the L. 0. M. of the two expressions is x^ + {pq—l)x—pg. 

Or,(d) Solve the equation 61 ’+ a— 1080= 0. 

2. (a) Show that the sum of n terms of the Arithmetic Progression of which 
the first term is a and the common difference is |2®+(w— l)d!| Deduce from 

this the sum of the first n natural odd numbers. 

Or, (h) Find the sum to 11 terms of the Geometric Progression of which the 
first term is a and the common ratio r. What does the sum reduce to when r=l 7 


(c) Bum to infinity l+3as+6*’+7a‘+ .where a lies 

between 1 and — 1 . 

3. (a) Solve graphically the equation »® + 5 b+S= 0, correct to the first decimal 
place. 

Or, [b) A boatman rows 42 miles up a river and back again in 14 hours ; he 
finds that he can row 7 miles with the stream in the same time as 3 miles against 
it. Find the rate at which the river flows* 


1 . 


(iii) (a!-p)®-{l~»s)* 


1943 

Compulsory Paper 

(а) Factorize any Uoo of the following ; 

(i) 125*®if’-64s’y‘. (ii) a!*+ic’p®+j/*. 

( б ) Divide 8 a’ — 6’ — 27c* — ISahc by 2o— 6 — 3c. 

Or, (c) Find the H. 0. F. of »“+ll»— 12 and »‘+lla!’+54. 

(d) Find the continued product of 0 + 6 +c, 6 -t-c— o, c+a— 6 , 0+6 — c. 

(а) Express (a’+h®)(c'+d’) as the sum of two squares. 

( б ) Show that {2*-!)’— (*— 2)’— 3(2a;-l)((e— 2)(x+l) is a perfect cube. 
Solve the following equations : 

®+2 


2 . 


3, 


ft-t-c 0—0 a+b 


<» ( ct ) 


X+i 


Or, (c) A father’s present age is to his son’s present age in the ratio of 7 to 3. 
Ten years ago the father was four times as old as the son. Find their present ages, 
(d) Solve a+y=7 ; 2s+Sp=18. 

4. (o) Solve prapiucalip 3/=4 z ; x+y=5. 

Or, (b) Find graphically the value of »+5 when ®=7. 

Additional Paper 


1 . 


(a) If ^(b-c)+ ~(c-a)+ ~(a-b)=0. 


show that -(y— e)+ V (a— a)+ -( b-p)= 0 . 


Or, ( 6 ) Extract the square root of ®+|~ + 




(e} Solve the equation 


a+b+« a h X 


2. (a) Find a formula for the sum to n terms of an A. P. of whioh the first 
term and the common difference are given. , 
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(6) The sums to tlie first p, g, r terms of an A. P. are a, b, c respeoUvely. 
Prove that ~(g.—r)+ ^(r-p)+ ^{j)-g)=0. 

Or, (c) If a bo the first term of a G. P. of » terms, I the last term, and P be the 

n 

product of the terms, show that P= (af)^- 

3. Solve graphically the Bimultancons equations 
(1) a:’+p'‘ = 18, (2) 8j:+p=13. 


1944 

Compulsory Paper 

1. (a) Divide a* + 1 /® by s+y and from the result write down the quotient of 
(*+j()*+27o® by a+y+3r. 

Or, (b) Find the factors of : 

(i) IGi® — 40*i/+25p®. (ii) 4(si/-ob)*-(c®+ir*— o*-b*)*. 

2. (a) It find the value of 4i+7p : 9*+2p. 

(6) Find three consecutive numbers whose sum is 114. 

Or, (c) A person sold 6 hens and 2 ducks for Bs. 8 to one buyer and 2 hens and 
3 dneks for Bs. 6-8 at the same rates to another buyer. Find the price of eaoh. 

3. (a) Provo that tho product of any two algebraical espressions is equal to 
the product of their H. 0. F. and L. C. hi. 

(b) Find tho L. 0. M. of Bs’ — 6n— 6 and 4a’ -2a’ -9. 

Or, (e) Solve graphically 3x—y=5 ; 4a+8y=ll. 


Additional Paper 


1. (a) Solve 2a‘^'*'2l^“®' 

(b) Find tho square root of 
Or, (c) Assign a meaning, with reason, to o"'l and to a® 




l 

(?) ’‘S 




2. (a) Find without assuming any formula tho sum of tho series 44 7-HO-i- 
18+ to 112 terms. 

(b) Tho first term of a G. P. exceeds the second by 2, and the sum to 
infinity is 60. Find tho series. 

Or, (c) Find tho sum to n terms of the series 1.2+2.3+3.4+4.5+ 

(d) Show that tho sum of tho series l+r+r’+— to iufiniiy is if r bo 
numerically greater than nnity 7 
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3. (a) The sum of the squares of two consecutive odd integers is 290 ; find 
the integers. 

/i\ Tr N/(a+ 26 )+ js/(a — 2M . , « . « 

®=7(S+26F^;/(S^)' J>x--ax+b=0. 

Or, (c) Trace the graphs of (i) y=x, (ii) y=-^ and determine the points where 
they intersect. 

1945 


1. Simplify (a) 


Compulsory Paper 

o‘+a’&’+6'* tt*+2ab-36’ . 1 

a^~iab-2lb‘ a*-b' ' a-lb 


Or, (b) Find the remainder when **+3i’+4i+12 is divided by *—2. 

2. (a) The figure given represents a square lawn measuring p feet each way, 
in which four square tanks have been dug, c.ich measuring q feet each way. (i) Find 
in a {factorised] form suitable for calculation the area of the lawn excluding the 
tanks, (ii) Calculate the area when p=146 and 9=27. 



L 


i 

...q... 

1 

1 

{ 

1 


Or, (6) I have a large number of match boxes. I wish to sot them side by side 
on a table so that they shall form a rectangle in which the number of rows of boxc.s 
is the same as the number of boxes in 'a row. The first time I arrange them 
in this way there arc 2S boxes short of the number required. 1 try to arrange 
them, therefore, with one box less in a row. This time there are 4 boxes over. 
How many boxes are there ? 

3. (a) The incomes of A and B are in the ratio of S to 2 and their expenditures 
arc in the ratio of 5 to 3. Each saves Bs. 1,000 a year ; find their yearly incomes. 

Or, (b) Find the greatest common measure of — 
aj’+x— 6, s®+3x— 10, x’+x®— 5i— 2. 

• W ^*"d‘hevalnoof 

4. (a) The salary of an officer is inorcased each year by a fixed sum. After 5 
years of service his salary is raised to Bs. 120 and after 12 years to Hs. 17G, Draw 
a graph from which his salary may bo road off for any year and determine from it 
(i) his initial ^salary and (ii) the salary ho should receive for his 21st year. 

Or, (b) Taking one inch as unit (1) draw the graphs of x— 2=0, j/— 1=0 and 
2x+3)/=6 and (2) find the area included between them. 
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MADRAS 

1929 

1. Resolve into factors ; 

(i) 81a*-7a:*i/+j/* ; (li) <i<(6-cH6*(c-o)+cMa-6). 

2. (i) If a— ^ =1, prove that a*— ^, = 4; 

(ii) Divide a’+a'^+S by a^+a”^— 1. 

3. {a) Solve the equations : 

(«) (®- |)(^ + |) + 1=0 . (ii) S-55a-55‘3!/=55-8a-3-552/=5-8S5. 

(6) A man bicycled from one tovrn to another going the first half of the 
distance one and a half miles per hour slower than his usual rate, and the second 
half, two and a half miles pec hour faster than his usual rate. His average rate for 
the whole journey was TJ miles an hour.. Find the usual rate of bicycling. 

4. Solve gfliphically the equation ai’+5s+3=0, correct to the first decimal 

place. 


1 . 


1930 

Resolve into factors : 

(i) 6a:*-a:j/-12j/*— 4i-lli/— 2 ; (ii) (a’-5’)(6*-c’)-(6®-c*)(o’-6*). 


„ n. 11 7 11 11 

2. (i) Simplify 

(ii) Show that, if a(6-c)x’+6(c-a)a:j/+c(o-6)j/’ is a perfect square, 
then 6(a+c) = 2ae. 

3. (i) Solve the equations : 


(a) 

(&) 


4g-ll 2a;-17 . 3g-22 ic-lO 
s— 3 ® — 9 ®— 7 ® — 9 



2 


= 0 . 


(li) A walks a certain course and back again ; B, starting ^ at the same 
time and from the same place, walks at half the pace of A over five-eighths ^ of the 
cour^ and back again. A passes B half a mile from the starting-point. Rind the 
length of the course. 


4. Draw the graph of 3/=s’‘-3x, using a large x unit. Hence solve, as 
.iccurately as you can, the equation x*— 3®=4’5. Check by calculation. 


1931 

(i) Given that x+ - =5, find the value of x’+Jj- 

SB 

(xi) ]?ind tho values of I and m in order that 

a,‘ +Ia» +mx" -12»-b9 may be a perfect square. 

(i) Factorize s'* — 14®’j/*-by*- 

/ .V r,. ... fa-<-6F— c* ■ (6 -fc)’— a* , (e+o)*— 

(ii) Simplify b:i:yTr7«+(6+^^:::^+(c-bo)»-6* ^ 



592 


ALGEBBA MADE EAST 


3. (i) Solve the equation: -+-=3, — +— =4. 

X y ’ X y 

(ii) Qlhero are two cliosts oE mixed tea ; in one the green is mixed with 
the blach in the ratio 2 : 3 ; in the other the ratio is 3:7. How many pounds 
must be taken from each chest so as to form a now mixture containing exactly 3 lbs. 
of green tea and 6 lbs. of black tea ? ' 

4. Draw the graphs of y=3a:’ and y=2a!+10. Hence, find the roots of the 
equation 3s® — 2®— 10=0. Verify by oalculalion. 


1934 

1. (i) If s=6+c-2a, y=c+a— 26, c = o+6 — 2c, find the value of x'+y~ 
+c* + 2si/+2i/c+2rs. 

(ii) Bcsolve into factors 4s®— 35s+24. 

(iii) Hind the v.iluo of a so that the expression 4s®+4fls®— s— o may 
contain s— 3 as a factor, and factorize the expression when s— 3 is a factor. 

2. (i) Provo that when in is a positive integer o'" x 6"= (o X 6)"“. 

(ii) . Simplify (2as®)’ X3{a®6s*)*-f 12(a’6s)'*. 

(iii) Simplify 

3. Explain the method of solving the quadratic equation by the method of 
completing the square. 

Solve by the above method 

4. A farm consists of wet lands lot at Hs. SO per acre and dry lands let at 
Bs. 20 per acre, the total rent being Be. 910. When the rent of wot lands is reduced 
by Bs. 5 per aero and that of dry lands by Bs. 10 x>cr acre, the total rent is reduced 
by Bs. 290. Obtain the number of acres of land of each kind in the farm by first 
reducing the given data to algebraic equations and solving the equations graphically. 
Verify the result by (xilculation. 


PATNA 

1931 

1. Either, (a) Simplify 

Or, (6) Provo that (o® + 6’ + o°)® = 4(a’c®+6*c° + c’rt®), ifo+6+c=0. 

Either, (o) Bcduco to its lowest terms the fiaotion, * 

Or, (d) Show that, if the four quantities, a, 6, c, d are proportional, then 
(o+6+c+d)(o— 6— c+d) = (o— 6+c— d)(o+6— c— d). 

2. (a) Solve, by completing the square, thelcqnation 7®’+13®=2. 

(6) Draw the graph of i/+3®+2=0, for values of x from t=0 to a= - 1 
and by the aid of your graph, obtain the value of x, when j/=8. 

, 3. Alifhcr, (a) Bind the square root of B^-4a!’^+4®+2s^.-4®^+* 

Or, (6) Twomon, 40 miles apart, walking in opposite directions, meotiu 
62 hours : but if one of them had doubled his pace, they would have mot in 5th of 
the time. Find their respective speeds. 
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1931 (Supplementary) 

1. Either, (o) Fnctorizc a’(6-c)+6*(c-a)+c’(a-M. 

Or. (6) If x=n’ -6c, i/=6’-ac, s=c^-ab, show that 
a»+6j/+cs=(a+5+c)(»+»/+s). 

Either, (c) Find Iho H. 0. P. of 2*»+3x’j/-j/“ and 4x’+ay'‘-y’. 

Or, (d) Simplify + 

2. Either, (o) Soivo, by completing the square, the equation 15®’ — 38=x, 

Or, (b) Find a vniuo of ® so that ICr’' -21®+ 25s^-20®^+20, may he a 
perfect square. 

(c) Plot the graphs on the same axes of (i) j/=3*+2 ; (li) j/+l=4ffi ; from 
®=0 to ®=4 and find from the giaphs the \nluo of a and y where they intersect. 

3. Either, (n) It y show that 

(«*+c’+c’)(6’ +d' +/‘)= (ab+ed+ej)". 

Or, (6) A man and a hoy can do in 16 days a piece of work which would he 
done in 3 dajs by 7 men and 0 boys. How long would it take one man or one hoy 
to do it ? 


1932 , 

1. Eiihci , (a) Find the continued product of 

e’+a+l, a’+»-l and a*-2»’+a’+l. 

(6) Find Iho II. 0. P. of 10®’ +11 b’+ 9 and Ca’+Sa’+O. 

a") ^w) ^{sTI ' 

id) Find the h. 0. M. of 

a’--laa+4o’, a(B-p)-2a(2a-y)and -y'+iay-ia^. 

2. Either, (a) Find the vaiueof a’+y’+c’ + 2ap+2j/c+2Be, when ®"=a + b— c, 
y=6+c— a, c = c+o— 6. 


(6) If 


c 

‘S' 


T) show that 


2o’ — Sc’+lc’ o’« 


6 26*-3d'+4/’ 6*/ 

Or, (e) Solve graphically the equations Sa+2y=5 and 6a— 2p=3. 

(d) Find o BO that 4s* + 12a’+25x*+oa+lC may bo a peifeot square, 

3. Either, (a) Solve, without assuming any formula, the equation 
3 ^ 2 ® 

®— 6 a— 3 

Or, (6) Five years henoo father’s age will bo 3 times the son's age and S years 
ago father was 7 times ns old ns his son. Find their present ages.^ 


1938 

1. (a) Kcsolvo into factors ^ 

(i) (a®-2/’)(a’-6’)+4Bpa6; . (n) Bp-j/’+&?y-3B-&. 

1—88 

/ 

/ 
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Or, (6) Find the H. 0. P. of 4a’ -12a:-8 and 6a’ —24a’ +30a-12. 

(c) Simplify ^T!:^+p^+^5^6>-wi0na6+-6c+co=O. 

2. (o) Solve, by completing the square, the equation 0a’ — Jb=3j— a. 

(6) Find a so that -^a’- 8^ + ^a+36j/"*— ^ +1 may be a perfect square. 

Or, (c) Show that 2(o'‘ + b*+e'‘)=(o’+6*+c’)*, Tvhen ffl+6+c=0. 

3. (a) Draw, with the same axes, the graphs of 

(i) y=4a ; (ii) 2a+j/=18 ; and find from the graphs the point where 
they intersect. 

Or, (6) A man rows 30 miles down a river in 6 hours and returns in 10 hours. 
Find the rate at which the man rows and also the rate at which the river fiows. 


* 1934 

1. (a) Besolve into factors : 

(i) a’-32a’+4; (ii) 26’c’+2c’a’ + 2o’b'‘-(i*-6''-o’. 

Or, (b) Find the G. 0. 31. of Sr’- 94a’+16 and Sa’- S0s’+22Qa— 72. 

(c) If {ffl+6+c)’ = 3(a6+6c+ca), prove that ?-+— +^=3. 

OC COt CLO 

Or, (d) Find the value of a so that 

4a+6a^ +4a ^+4a”‘+a”®+a may be a perfect square. 

2. (a) Solve, by completing the square, the equation 12a’+56a-255=0. 
[h] Using the same axes and unit, draw the graphs of 

(1) (2) — g — » between a>= +2 and a= — 2. 

Hence, show how to solve the equation 

* 5 


Or, (c) A traveller walks a certain distance. If he hod gone 2 miles an hour 
faster, he would have taken 3 hours less time ; but if he had gone 1 mUe an hour 
slower, he would have taken 3 hours longer. Find the distance. 


3. (o) If 


“» find the valus of 


2+r— ^ r+2^— 2 r 

(a -r)a+ [r-ii)y + (p- 3)2. 

Or, (6) Simplify 


1935 


1. (n) Find the L. 0. M. or G. G. M. of 

16a’ +54 ; 16a* + 36a’ +81 and 8a’ - 24a’ + 36a -27. 
Or, (6) If 2s =a+ 6+ c, prove that 

(2as + 6c) (2i)S + co) (2os + ab) = (a + b) ’ (6 + c) ’ (0 + n) ’ . 


, (c) Simplify 
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Or, (d) Fi&d the value 
^i+4e+ca=36. 


o£ o*+l)*+c’— 3obc, when a+i+c=9 


and 


3. (o) Solve, by completing the square, the equation - +— - ^(6+g) 

3 6-11 15 

(b) Praw, with the same axes, the graphs of 
( 1 ) 2ai+3j/=7 : ( 2 ) ai-2j/=0 ; 

and find from the graphs the point where they interseot. 

Or, (c) Solve the equation iB+a=i/+5=s+c,ax+bB+cz=2(ob+bc+ca). 

3. (o) Find the square root of a:^+9a:'^+6a!^+12x"i+4a;5+4. 

Or, (b) A number consists of two digits. The sum of the digits falls short 
of the number by 51 ; if the digits be reversed, the number exceeds the old number 
fay 27 ; find the number. 


1936 

1. (a) Emd the continued product of a+b+c, b+o-o, e+o-b, o+b— c. 

.Or, (b) Factorize (i) (x-l)(ffi-3)(x-3)(x-4)-120 ; (ii) a* -p>+3p’-8p+l. 

2. (a) Find the H. 0. F. of 

dx* - lx’ + 13*’ -7*+ 6 and 2*'* - 7®* + 16®’ - 17® +12. 

Or, (b) Simplify / 77^ 7T+7 rtV" T' 

('-IK-D H)H) 

3. (a) Solve the following equations : 

(i) |(2®-ll)-|(s^5) = |-(10-®); (ii) | + |+i = | + |,33. 

Or, (b) Extract the square root o£ p+^»- | +^- | • 

4. (o) If = prove that — ’ 

' b+e e+o o+b ^ y+e— ® t+x-y x+y-e 

(b) Without assuming any formula, solve the equation 
®’ + 105*+2000=0. 

6. (o) The temperature of a room from 8 A sl. to 4 P. M is given hj' the 
following table : 


6 A.U. 

3 

10 

1 

11 1 

1 

IS 1 

1 

1 P.M. 

1 

s 

3 

4 

66° 

■68'' 

1 

70® 

1 

I 

72° 

74° 

I 

76' 

78® I 

1 i 

80® 

1 

82° 


Eapresent the above graphicaRy and read off the temperature at 10-30 A.Jt. 

Or, (b) The sum of the two digits of a number is 10 ; and if 36 be subtracted 
from the number, the digits ate reversed. Find the number. 
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1937 ( Supplementary ) 

1. (a) Multiply a^+ + b^c^ by + b^ — c^. 

Or, (b) Simplify 2-[2-{l-(l- -1+a)}]. 

2. (a) Find the greatest common measure' of 

, 4®’ + 10* — 6 and Sa* + 12a® — 128a + 60. 

Or, (b) Bind the value of a*+i/*+4(a— y)*, when and aj/=6i 

3. (a) If a : b : a : d, prove that = ^ ■ 

Or, (b) Find the square root of a'* + 2a + 6a® + i+ - +9'. 

CD X 

4. (a) Solve the equations — + - =1 ; - + ~ =^- 

' ' ^ X y X y id 

8 7 6 

Or, (b) Find the value of a in the foUowing equation q^a+r^= =-a. 

Id Ids? / 

5. (a) Find the length of a pole in a tank oue*third of which is in mud, andi 
one-fifth in water and 14 ft. above the level of the water. 

Or, (b) A man walks at the rate of 3 miles an hour. Construct the graph ot 
his walking, and find from it the distance walked by him in 5 hours and 45 minutes.. 


1938 (Supplementary) 

1. (a) Factorize: (i) a:*— 2a!‘’-H; (ii) ab(l+c’)— c(o*+b“). 

Or, (b) Find the L. 0. M. of »:*+*— 6, *’+2®— 3 and »*— 3a*-h2®. 

2. (o) Simplify _ (b_c)® ■‘‘b® -(c-o)® ’’'c® -[l-by' 

Or, (b) If bc+ca+ob=0, prove that ^ = 0- 

3. (tt) Solve 10s® — 69x— 45=0. 

Or, W If M^=c+^b=i?l='c’ (b-c)s+(c-a)y+{a-b)r. 

4. (o) Simplify | x ^ X * . Or, (b). Solve |-| = |’ = 

5. (a) A father’s age is three times that of his son, and in 10 years it will be 
twice as great. How old are they 7 

Or, (b) If one cubit be equal to 1'5 feet, construct a conversion graph for 
cubits and feet. Bead off from the graph the number of feet that are equivalent to 
3| cubits. 


1939 

1. (o) Divide a“-f-8b’— c* + 6obc by o + 2b — c. 

Or, (b) If o+b+c=0, prove thato* — bc=b®—co=c“—ab. 

2. (a) Find the L. C. M. of 8s’ +27, 16s* +36s® +81 and 6s® +5s-6. 
Or, (b) Factorize: (i) s* — 23s®+l. (ii) a'-729p‘. 
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S. («) Simplify 


(^- l)t- dV-I)"!!- iV-l) 


Or, (&) If A; c are in continued proportion, prove that 
a® +06 : . c*. 


4. (o) Simplify [v3x,~ x ‘Va-*}”* 0>, (6) Solve +®^?+ 2 =0. 

, V® J a;+2 JC+6 

5. (a) Find the fraction which becomes iwhen 1 is added to its dono- 
olinaior and i when 2 is subtracted from its numerator. 

Or, (6) Solve the following equations graphioally : 3a;=l7 — 2i/, 3p=2®+C. 


1939 (Supplementary) 


1. (a) Find the continued product of jp'— Pff+3’, p’+p?+s’ and 

p*-p’<2“+2''. Or, {b) If s=a’ — 6c, y=6’-co, 2 = c“^o 6, prove that 

ax+bij+cz=(a+b+e)ls+ij+z]. 

2. (a) Find the H. 0. F. of a!*-3a:’-2x’+12i-8 and !C“-7a: + e. 

Oi, (5) Factorize (i) a®{6-c) + 6’(c-a)+c’{a-6) ; (ii) a:’ + 2ai(-n* -Qay. 


3. 


0». 


(а) Simplify 

(б) Extract the square root of ^+^+(>7 -G'^ +7. 

y Si y X 


4. (a) Solve6**-gf!B+328=0 Or, (6) Simplify 

.x .x ^ 

5. (a) One-half of a certain integer exceeds one-third of tbo next grc>atcr 
integer hy two. Find the integer. 

Or, (6) Solve the following equations graphically : 3x-i-4y=26, 4r-3»/=0. 


PUNJAB 

1929 

4. Assuming that for all v.alues of x 

-a’ = (x+ a)(Px+r), determine a, P, y. 

Deduce that (a-^6)® = o’ •(-2«6-i-6’. 

If Jl8+6J5= + V jT, find * and V- 

2. (i) Factorize — 19x— 30. 

(li) Determine the common factors of the expressions ! 

6x’-llx®-4x-f4 and 10i’-19r’-5x-bG. 

(iii) For what value of x will x*-12x*-f 217x-b320 he a perfect square ? 

3^ (a) Show that an equation of the first degree in x cannot have mote than 
one root, x and y are connected by the relation 

3)xy+2x+ti(+s=0, where JJ, fi, r, s arc real numbers. 
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Given y, show that x is unique and is, in general, difierent from y. What is 
the condition that y may be the same for all values of a; ? 

4. (i) If “ = . show that 

a b c \ a*x+b‘y+c's / V abe 

(ii) Solve the equations 5a:— 3j;=9 and 3a:+5?^=19. 

Verify the solution by graphs, and measure the angle between the lines repre- 
sented by the equations. 

5. (i) Prove that where m and ii are positive integers. 

(ii) Eliminate y from m^y^ and n=x'', 

(iii) Verify that [(l-l-a;)’]’ = [(l-f *)’]’. 

1930 

1. (a) Write down 5rie/7y S4‘3x54‘3x54‘Syl, 000, 000. 

(6) Bind the value of V32*. 

(c) Multiply by the method of detached co-efncients 
4x^—B + Gx’‘ by Tx+x'—3. 

2. (a) Solve the equations : aix-i-b,y=c, 1 

Oji-f5sj/=C5 J 

(6) Use your result to find the solution of 2s-3!/-f6 = 0 1 

4x— j/— 8=0 J 

(c) And test the solution graphically. 

3. (o) Simplify a.«-ha:-2^g*-f4g’-He“g'‘-f-2g’-f4g’ 

(6) Simplify ^(tt- 6)(g- similar terms. 

' 9 

(c) Find the value of g in 0*=gi' 

4. (a) Show algebraically that 10"— 1 is always divisible by 9. 

Or, (b) Einc chairs and 5 tables cost Bs. 90 ; while 5 chairs and' 4 tables cost 
Bs. 61. Find the price of 6 chairs and 3 tables. 

(c) Eliminate t from the equations v=u+ft, s=tit+ifl'‘. 


1931 

1. (o) Divide 2g’-t5g’— «ig-t4 by »’’+2g— 1, and find the value ofgfor 
which the given divisor would be a factor of the given dividend. 

(6) Extract the square root of g*-I»4g’-H0g’-H2g-t-9. 

2. (a) Supply the missing terms in the following identity : 

(p+ )(p+ )(P+ )= )-}• 

H(n-l)(»i-2)(n-3) . »i(«-l)(»-2)_(«-H)n(rt-l)(«-2). 
(6) Provo that + ^ ^ g g ^ 

3. Solve the equations : 

(a) g-(-j/ = 25, p-tB = 27, B-Hg=82. (6) *^/2g-f8+ JZx — X = 3. 
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4. (a) Simplify by factors 

a’+6* E^+aV+o* •aj’+o’i 

(b) II ?. = ^ = “ , prove that ?^±|1±4=22?. 

® if s a® +6* 4-6* a6c 

Or, (c] Eliminate I, m, » from tbe egoations 

vii+ny=l, iuc+le=m, ly+vix=n. 

5. (a) The difference between the length and breadth of a reotanele is 14 ft. 

and its area is 275 sq. ft. ° 

(1) Bind its semi-parimeter. (2) Find its length and breadth. 

(b] Find the values of A, J9 and C in 

p’ - lOp + 13S A(p ’ - 5p +6) +B(p - l)(p - 2) + C(p _ 1) (p _ 3) . 


19B2 


1. (o) ^^+^^ = 2 : find ai 


(h) In the cyclic quadrilateral ABOD, A.A=(2x+l8) degrees, 

Z.B = (2y- 18) degrees, ZC=(p+3l) degrees, ZB= (3a: -29) degrees. 
Find the values of x and y, 

2. (a) Simplify (a+l)*- (a- 1)*. 

(b) Find the square root of 4x* +8x* +Bx' +4X+1 : banco find tbe square 
root of 48841. 

8. (a) (x+B) is a factor of 2a® + 9a:’ -8®- 16 ; find the other factor by 
decomposing the given expression, and if possible factorize that factor still further. 

,1.1 a . (o+6)’-4o6 

(6) Simplify 2^5 X jj, _goj(o+6) {o+j,)»-Sa6' 

{®) fv/314-4 ((721= jja: + /Jy ; find x and y. 


(6) Prove that 




iT^ 

+jr‘ 


2 ®!/ 


5. (o) Bliminate x from the equations ax+ - =vi and ax— — =7i. 

(6) If 3®’+9®’+7a+2sA(®+l)®+B(a+l) + C, find the values of A, B, C. 

Or, tc) Given that 1 cubic foot contains C'25 gallons, draw a graph to convert 
cubic feet into gallons. Bead off the number of gallons in 18’S cubio feet. 


1933 

1. (o) Eesolve into factors *'—729. 

(6) If ^ value of 

12 3 

2. (a) Solve the equation 

(b) Find the square root of 10— 2i\/2l. 

3. (a) For what value of ,o will the expression 4*' -12s’ +25*’- 24*+ o 
become a perfect square ? 

(6) Find the H. C. F. of 6*’ - 13s® + 6s’ and 8*' - 36*® + 54*’ - 27*. 
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4. 


5. 


(a) If I 


1=7’ prove 


that 


Q‘*ce 4/a''c’e*' 
h‘af V 6”dT' 


(6) Eliminate t from r + — =*, 7 — - = !/• 
c c to 

(а) Solve the equations 2a+y=18 and 3y=33+!E. 

(б) Verify the result by means of a graph. 


(b) Factorize ; 
2. Simplify : (a) 


1984 

ess so 

(i) a* + a* + 2n+8 ; (ii) y® 


1. (a) What value should aj possess so that x+l may be a factor of the 
expression 2*’— as’ — (2n-3)a:+2. 


qi igi 37^ gi 

10^ 4 ^ 18- 81^ 


. X a:+3 . g’+Q 
0 "3^)+3(9^)‘ 


3. (a) Find the H. C. F. of a:*— 3iB’ + 2i and x'' — 4a!* + 6a!’ — 3£. 

(b) Extract the square root of *“ +|s'‘ 

4. (a) li a, 6, c bo in continued proportion, prove that 

(6) Eliminate t, •when i)=u+// and s=«t+J/f'. 

5. A number consists of two digits whose sum is equal to 8. When 18 is 
added to the number its digits are reversed. Find its number. 


1935 

1. (a) m and n being positive integers and vi > n, prove that 

(i) (o'")"=n’"" and (ii) 

Of 

(6) Divide ®'+4a'’— 3®^ — 16»’+2x“+®+3 _ by *®+4»’+2x+l. 

2. Resolve into factors : 

(i) X*— 64 ; (ii) 2.'rj/r+x’(y+c)+y’(c+x)+e’(*+7/) ; (iii) n® -19o+S0. 

3. (a) Solve for y 


c+^ — '^^0—1+^' (6) 

iti «i ' ' 




^ Simplify 

4. la) Reduce to its lowest terms the fraction -i — = — ; — 77' 

' SB — 

(6) Find the value of s/a — when a=5+2s/i5. 
ija 

5. (a) Draw the graphs of Zx—Zy—G and 3»+2y=9 and read the co- 
ordinates of their point of intersection. 

(6) Find the value of x’-hy’+a®— Sa'pr, when x+y-i-r=9 and fxy+ys 


+ ZX—11. 
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Allahabad, 1934 

1. (i) (a+&)(o+cKb+c) : (li) {ix+7y)(l5x-iy) ■, (iii) (a*-+b’)(s’+j/"-). 
a. (a) 0. (b) ®=3. j/=2. 3. 1500. 

4, After 2^ brs. from starting of B. At 12J miles from the starting point 
Equation is 4a:+3i/=12. 

All. 1935 

1. (i) 3(2!e-3j/)(3y-r)(z-2a!l , (li) (o— b)(<i-cl(b-c) , 

(lii) 2. (i) !b= 5 ; (n) x=i, 3/=l. 

3. Tin 126 lbs., lead 144 lbs. 4. Intercept =5. 

All. 1936 

1. (0 (a’+2a+a)(x’-2s+2) , (ii) (fl®+l)(x+o) ; 

(lii) — (b— el(c— fl){o— b)(a+b+c). 2. (i) x=4i , 

(li) x=4, ^ = 6, 2 = 8. 3. 72. 4. 3 hours 25 minutes 

All. 1937 

1. (i) x=— T 1 2. (i) (x*+3x+9)(x’+x+l)(x-3)(x-l). 

y=xV J (ii) — (b— c)(c— a)(o-b){ob+flc+bc). 

(h) — 2i. (iii) x''(x*+l)(x+l). 

3, A, 'in 10 days and B, in 15 days. 

4. At 12 in the night, and at the distance of 360 miles from Calcutta. 

All. 1938 

1. (a) (x-2y+l)(x-2i/-l). 

(b) (2a-b+3o)(4a’+b’+9c'‘+2ob-6«c+3bc). ’ (c) {x+y)(x+:){y-i-z). 

2. (a) x=J, iy=J, ®=i. (b) »=2, or, -1 

3. 737. 4 *=12, 5=4. 

All. 1939 

1. (o) 4^/7. (6) (i) (a’+2ob+2b'‘)(o*-2ob+2b') ; (ii) (*+S)(x-3)(x+2). 

2. (a) 0. (b) Wrong 

3. (a) x=-~-— » (b) The rate of the boat 8 miles and that of the 

26 

stream S miles per hour. 4. 9 tV miles, 

Bombay, 1938 

1, (a) a-b+c-d; (b) l-=-18. 2. (o) (x+18)(x+3)(x-a)(x-12) ; 

(b) {®+2)(2x+l)(2x-5). ■(«) (*’ + ll!c+40)(x’ + llx-2). 



602 


AIiGEBEA MADE EASY 


3. W ^ (» 3. 3. W w W S: } 

6. (4, 16) and (-3, 9). 7. (a) 40. (6) a+7. 8. (i) 3?. 


9. (o) j)=25 ; (6) Ji'+l+^s ; 3. 


(ii) +3. (iii}a=— 3, y=i. 

11. (a) The mistake is in taking ‘h' to be the common constant of Tariationi 
The proper solution is as follows : — 


a cc a® ; .\ a=hx^ \ 6 <= — » .". 6= — and c « ! .'. c=^' 

a X ah ah 

•• ^ h'a'^b'lcx^ *.6'a®“fc.5'7t'» 7ck“'° ' '' 

12, Total cost (including discount) of x copies= (3a+2000)-rnpees. 

P’s share in the profit= (4®— 1000)-rupees. 

P’s share=B8. 5000, if 4000 copies be sold. 


Bom. 1939 


I. (a) 17; (b) 0. 2. (i) 2(3»-l)(5-3»)(9x®-18*+13) ; 

{a) {x+y)(.y+s){z+x} ; (iii) 6(ffi+3j/+3s)(2a+3y+12s)(4a!+8p+6s). 

3. (a) 2/"-8y“+24p*-32y+16, i.c., (j/- 2)‘ ; a- ^-2.- {5)7c=-2. 

4. (a) The 2Dd equation is wrong ; the correct equation is either 

a— 7y+ll=0, or, l£e— 22y+ll=0. 

(b) -1. 6. (J, -i), (-4, -J). 

7. [a) (i) true, if x+yy^ 0 ; (ii) true ; (iii) true ; (iv) true ; (b) 6. 

8. (i) I'OOOl : (ii) 1, -2; (iii) ®=-2, j/=4. Or, (iv) a=4, y=5. 

9. (o) (4a+3)’(3a-ll) ; (4a +3) (8a -11)’ ; (4a+3)(3a-ll) ; 

(b) 240 miles, 2 hours. 

10. (a) The missing co-efficients are as follows : — 

1st line — 3, 4, 2 respectively ; 2nd line — 6, 11, 8 respectively. 

Hence, find the others. 

II. (b) A had 683 and B had 342 articles. 12. (o) W) 10. 


Calcutta, 1941, Compulsory 

1. (i) (a -H 2) (a +6) (a® -t- 8a -1-10). 2 . (i) 1. 

(ii) 3 miles per hour. 

Additional 

1. (i) |[2a-i-(«-l)b}. (ii) 12,22. (iii) 1. 

3. (i) a’-8a-Hl. (ii) |. (in) 10. 


3. (i) Si. 


(iv) 7. 
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Cal. 1942, Compulsory 

1. (i) (a— 6+c)(a— 6— c). Or, (ati®+ffl+l)(a’+l). 2. (i) a:*— 2c— 1. 

(li) 3. (iii) (a+6+c). 3. (i) 21^ mins, past 8 P. M. 

(ii) 2iiB. 


Additional 

^ aocording as r > or <1. Book Article. 

(ii) tp=a.(~j 1 lq=a • • (lii) 292, - 281. (iv) ®* + ^ + Jj” 

3. (i) 1. 


1. (i) 1 ; 


2. (i) 


ah 

2{a+h) 


Cal. 1943, Compulsory 

(li) c+3; (lii) (c+y)®-(i/+s)''. 

3. 60 of each kind ; 93. 4. (0, 5). 


1. (ii) *=3, y— 1, s=l. 

(lii) 10± ^/3^ 

6 

(ii) 2. 4, 6, 8 : 


Additional 

2. (i) (S, 0) and (0, 5) , (n) 2x'‘ + 5-^ I 

5. (i) or> ^|^2a+(«-l)6 j 1 

(iv) -i— 

' ' fl — X 


Cal. 1944, Compulsory 

1. (a) (*'‘+6)(»»-2) ; (6)(®+5); (c) 16. 

3. (a) 6 -32 Aw. (6) Rs. 156 4o. 


y 


1 . 


2 . 


{«) 


m(w+1) 

2 


, . n(n+ll(n+2) 
(a) g 


Additional 

(6) In 10 months 
(d) 24. 


2. (a) *=13. 


(c) a= 


3+ is/I5 

2 


Cal. 1945, Compulsory 

1. (a) 74. (c) 0. (d) (c-1). 

2. (a) -(6— c)(e— a)(a-h). 3. (a) 1216, IS. (S) Stt, 38tV- 
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■m 

Dac. 1940, Compulsory 

1. (a) *-1. ib) 2. {a) 1. (6J 3s(»-l)(l-2a). 

3. (a) Any particular value of the unknown quantity for which an equation is 
■true, is said to satisfy the equation and is called a root of the equation. 

(i) 9 ; (ii) x=2, ;/~i. (b) Tea — 2s., Coffee— Is. Bd. 4. a=li, t/=3j- 

Additional 

.1. (o) -a, -b. (b) 1. 2. (a) Book Article ; 19. (6) 2^1 -|ij. 2 ; 1, 3, 9,— 

or, -2, G, -18— .3. (o) 2. (6) 576. 

Dac. 1941, Compulsory 

1. (a) (i) ( 2 )+g)(p+ 2 -l) ; (h) (p*+2j)+2)(p*-2j)+2). (6) a-1. (c) 1000. 

(d) (a+l)(fl— l)(a®+l){a’+a+l). 3. (o) (i) s ; O') ®=4i f/=2. 

(6) 24'pounder — £121, 32-pounder — £154. 4. (0, f) ; (y, 0). 

Additional ' 

1. (a) x+Si^z-hl. (c) 43, -42. 2. (6) «0t+lH»+ . 2) . 

(c) «*-t-M-t-2"'*'-2. 3. (o) 3, -2. (b) 9 as. per doz. 


Dac. 1942, Compulsory 

1. (a) (sc +3) (a: -3) (a:’’ +3® -I- 9) {*’-3® +9). (b) a+b+c. (e) 1. 

(d) ®(®-l)(®-2)(®-i-2){ffi-(-3). 3. (a)(i)l; (ii) ®=1, y= -1. 

(b) 19, 42. 4. (a) ® = 1, j/=-l. (b) 7. 


Additional 


, 27 40 

1. (d) or, j- 

,a(r"-l). o(l-r") 

(W -rZT' ’ 1 j:7 


3. (a) --7, -4-3 ; 


according as r > or < 1 
(b) 2" miles per hour. 


; lift : 


2. (a) 


, , 1-f® 

(c) rrz 


Dac. 1943, Compulsory 

1. (a) (i) a'j/’‘(5®-4p)(25®'‘-i-20ayH-162/*) ; (ii) (»’+ay-t-p’)(«®-»l/+l/’) : 

(iii) (l-f®)(l-j/)(l+ 2 /)(a!-l) ; (b) ia^+b^+Qo'+2ab+6ac-3bc; 

(c) ®’-2®-i-3-, (d) 2 a^b’‘+ 2 a'‘o^+ 2 b^o^-a*-b*--c\ 

2. ^ac+bd)^ + {ad—boy. 3. (a) x=a+b+c ; (b) ®=— ii 

(c) Father’s age 42 years, son’s age 18 years ; (d) ®=3, 3/=4. 

4. (a) ®=1, p=4 ; (b) 12. 
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Additional 

1. (i) ~“| Oft —l>‘ 2. (<i) gj^2o + (n-l)!»J' 

3. ar=2, i/«=3; * = S, y=-9. 

Dac. 1944, Compulsory 

1. (a) a’— aj/+j/’; a'+Say+j/’— 3«— 3i/r+9£’. 

(2>) (') (4x-6j/)(4a-5y). 

(ii) (a+y+a+6)(a+y— a— 6)(a— 6+x— y)(o-b— a+;/). 

(a) J ; (M ST, 33, 39 ; (c) Hcd Ro. 1 c.icb niiA duck Rc. 1 S as. each.. 

3. (b) {2a-3)(3a+2)(2a’ + 2a+3). (c) a=2, i/=l. 

Additional 

1. (n)a=4orl. (ft) ® (,?) i. 

2. (n) 1909G. (b) 10, 8, Ac. (c) 

3. {nl 11 ftiid 13. 

Dae. 1945. Compulsory 

1. {«) a’-ai+b*. (b) iO. 2. (a) (i) a*-(2b)^ (ii) IS-lOO sq. ft. 

(b) 200. 3. (a) A’s income Rs. COOO, B’s incomo Rs. 4000. 

, fb) (a -2). (c) 0. 4. (a) (i) B^, 80. (ii) Rs. 240. 


Madras, 1929 

1. (i) (.'5i’+y’+ay)(3a’+j/’-ay)(9x‘+y*+6z’’7/') ; 

(lii) (b— c)(a-c)(a— b)(a’+b’+c’+ab+ne+bc). 

2. (ii) x'‘+x~'+x^+x~^. 3. (a) (i) ; 1 ; (li) a,= 7 '.,, y=-i',-; 

4. -‘7, -4‘3. 

Mad. 1930 


(b) 7. 


1. (i) (3x+4J7+l)(2a-3j/-2) ; (li) (o-b)(b-c)(c-a)(ab+bo+ca). 

-• (»> (>)(“)G; (b) »=J or, -J, y=iot, -i, 

or, .’ff. (ii) 1 mile. 4. 4'1 or, -1*1 approx. 


Mad. 1931 


1. (i)llO; (ii) f=-4, «i=10. 2. (i) (x^+ixy+y‘)(x‘-4xy+y’); 

?!jt.b!.'ll£. . 8. (i) a=— 1, y=i. (iii) 3 lbs. from tlie 1st niid 

' ' a+b+c 

0 lbs. from tho 2nd. 4. 2-189 or, -r022. 
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Mad. 1934 

1. (i) 0 ; (ii) (4a! -3) (a -8); (iii) a=-3 ; 

-4. Wet land =18 acres ; Dry land =30 acres. 


(»-3){2a-l)(2a+l). 
3. a=6, or, 5- 


Patna, 1931 


(a) 0 ; (b) 

3. (a) x’'-ix^+x~^ ; 


1— a— 2a^ 
2+a+a'‘ 


2. (a) -2 or, ; (b) »=- V. 

(6) 2 ingles per hour, 4 miles per hour. 


Supplementary Paper 

1. (a) -(a-b)(6-c)(c-tt){a+b+c) -, (c) 2a;-5; ; 

■2. (o) -Ji Of. i ; (6) a=8; (^0 »=3, S/=ll. 

3. (6) Man, 20 days ; boy, 60 days. 


• Pat. 1932 

1. (a) a!''-3a!«+ai<+4!D‘-l ; (b) 2a!+3 ; (c) 1 ; 

(d) (a— 2ap(ai+2o-j^)(!e— 2a+j/). 2. (a) o®+6’+c’+2Bb+2oc+2bc. 

(c) a=l, j/=l ; (d) 0=24. 3. (a) 4, or, 7 ; 

(b) Father's ag6=40 years, son's Bga=10 years. 

Pat. 1933 

(o) (i) {(a-b)a+(o+b)2/}{(o+6)a-(o-6)3/} ; 

(ii) (j/-3)(a-j/+2) ; (6) a— 2 ; (c) 0. 2. (a) ■i"5(— 1± t/IBB ) ; 

(b) 0=12. 3. (a) (3, 12) ; (b) rate of ro\ring=4 miles per hour and rate 
of the current =1 mile per hour. 


Pat. 1934 

1. (<») (i) (a’‘+6a+2)(a*-6a+2) ; 

(ii) (o+b+c)(b+c— o)(c+a— b)(o+b— c). (6) 2 (b— 1). (d) o=4. 

•2. (a) V ; - V. (b) lY. (c) 36 miles. 3. (o) 0. (b) 1. 


Pat. 1935 

i. (a) G. 0. M.=4a“-GB+9. 

L. O’. ]M.=2(2a-3)(2a+3)(4a*+6a+9)(4a*-6a+9) ; 

(e>a»P‘’+'’’+‘*^ ; (d) 27. 2. (a) a=l, or, 9': (b) (2, 1) ; 

■(c) a=b+c, i;=c+o, s_=a+b. 3. (a) a*+3a~^+2. (b) 69. 
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Pat. 1936 

1. (tt) 2o’6*+2b’c''+2a“c*— a*— o'*. 

(6) (i) (x+l)(x—6)(x^ —Sx+ie). (ii) (x—i/+l)(x^+xi/-x+3/’‘—2i/+ll. 

2. (o) s®— 2x+3; (6) 1. S. (o) (i) »=9; (ii) a=40, i/=60 ; 

(6) The square root= ^ 

4. (6) ffl = — 80, or, —25. 5. (a) 71“ ; (6) the number is 73. 

Pat. 19S7(S) 

l,'(a) a+b—c+9c^b^c^ ; (5) a— 1. 2. (a) 2(2®— 1) ; (6) —40. 3. (b) «® + S+ 
4. (a) ®=4, i/>=10 ; (b) a=+2|. 5. (a) 80 ft. : (6) 17i miles. 


Pat. 1938(S) 

1. (a) (i) (a-l)(a*— ; (li) (6c— a)(ca-6) ; (6) ®(®-l)(a— 2)(a+3). 

<*) *-« ”• “• 

4. (a)*#y3-, (6) »=9, j/=13. 5. (a) Father’s age =30 years ; 

son’s age =10 years ; (6) 5 ft 7'5 inches. 


Pat. 1939 

1. (a) o®+46®+c® — 2o6+ac+26c. 2, (a) (3»— 2)(2 b+3)(4®® — 6»+9) 

x(4®®+6®+9) : (6) (i) (s® + 5®+1)(»®-6»+1). 

(li) (a+3j/)(®-3y){B’ +3s7/+gi/’)(®® -3xt/+9ff’‘). 

3. (a) 1. 4. (a) 2 , (6) 2, -4. 5. (a) J ; (6) »=3, y=4. 


Pat. 1939(S) 

1. (a) y)“+j)*2'‘+g'. 2. (a) (®-l)(»-2) ; (6) (i) — (o-b)(6-c)(c-o) , 

(li) (»+2y+a)(»-a). 

4. (a) 55, '9.1; ' (6)1. 5. (0)14; (6) b = 3, 7/=4. 


1. (iii) »=15, i/=3. 
(iii) 4. 


Punjab, 1929 

2. (i) (b-6){b+8)(»+2) ; 
4. (ii)®=3; i;=2. 


(ii) (®— 2)(2 b— 1) ; 
a. (ii) «=*"* . 


^ 1. (a) 6480’ ; 


Pun. 1930 

(6) 16; (e) 6*'+4»‘+42®’+5»’-12s®-S5»+15. 
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_ Cj b f P i<^g ** 

t 7 * ?/“* 1' ' '■'«* • 


S. (a) «- , j- 

ai6a— a^o, 

(a) 1 ; (7>) 


1 . 
a 6c 


(c) 


4, (6) Ks. 57 ; 


(5) a: = 3, i;=4. 
(c) »’—«'= 2/s. 


Pun. 1931 

1. (a) Q«o(. = 2i+l, r«m.=5— ws, x= (5) a;'+2j:+3. 

3. (a) (p+j)(7J+2r)(p+3s)Si3’+^’(9+2r+3s)+i)(25j+Crs+3sa)+6?rs. 

3. (a) x=15, 3/=i0, = = 17 ; (6) a:=i. 4. (a) : 

(i) !E’+j/*+=’+2a:i/=-l = 0. 5. (a) (1) CG (t. (2) 25 ft. ; 11 ft. 

(5) A=2, B=-4, C=3. 

Pun. 1932 

1. (a) a:=iJ+?. (5) a:=45 ; y=dC. 2. (a) 2(6a;*+lOj:'*+J). 

(5) ai-’'+2*+l ; 221. 3. (a) {ai+5){2a:-3)(a:+l). (5) 

4. (rt) a:=28, 2/=8. 5. (a) >»*■-«* =4afc. (5) A = 3,B=-2, C=l. 

(c) 116'G25 gallons. 

J t 

Pun. 1933 

1. (a) {a!+3)(a:— 3)(a:’'+3!c+9)(®’— 3®+9) ; (l>) c’+Sc. 2. (a) ■} ; 

(5) ^/7- s/3. ' 3. (a) IG ; (5) «(2x-3). 4. (5) a:’-»/- = 4. 

3. (a) a:=3, j/=12. 


1. (a) tt=3. 

2- (a) (6) 

4. (6) o‘’-J(“ = 2/s. 


Pun. 193i 

(5) (i) {a+2)(a=-a+4) ; (ii) (a:*+2/*)(»'+?/'‘){x+y)(*-J/). 


9(0!’ -9)’ 


3. (a) ®(a:-l). 
5. 35. 


(5) a!’+ia!+^. 


1. (b) a:’-5o!+3. 

(li) (ij+z)(:-hx)(e+y). 

3. (») V^~- 
5. (a) (8, 0). 


Pun. 1935 

3. (i) (s— 2)(a:+2)(a:'’+Qa:+4)(o:’-2a:+4). 
(ill) (a-3)(tt-2)(a+6). 
a+1 


4. (a) 


a:+2 


(6) K.‘ +2. 

(b) 432.. 


(1) 2 s/2. 




